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GENERALIZED QUADRATIC MAPPINGS IN 2d
VARIABLES

YEeEoL JE CHO*, SANG HAN LEE AND CHOONKIL PARK

ABSTRACT. Let X,Y be vector spaces. It is shown that if an even
mapping f : X — Y satisfies f(0) =0, and

2d 2d
2(24-2Ca-1 —24-2 Ca) f (Z xj) + Z ! (Z(—l)b(j)xj)

=012, uG)=d  \J=1
2d

= 2(24-1C4 +2d4—2 Ca—1 —24-2Ca) Y _ f ()
j=1
for all z1,--- ,299 € X, then the even mapping f : X — Y is
quadratic.
Furthermore, we prove the Hyers-Ulam stability of the above
functional equation in Banach spaces.

1. Introduction and preliminaries

In 1940, S.M. Ulam [14] raised the following question: Under what
conditions does there exist an additive mapping near an approximately
additive mapping?

Let X and Y be Banach spaces with norms ||-|| and || - ||, respectively.
Hyers [3] showed that if € > 0 and f : X — Y such that

1f(z+y) = fl2) = fFly)ll < e

for all z,y € X, then there exists a unique additive mapping 7' : X — Y
such that

If(2) =T ()] <€
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for all z € X.

Consider f: X — Y to be a mapping such that f(tx) is continuous
in t € R for each fixed x € X. Assume that there exist constants ¢ > 0
and p € [0, 1) such that

1z +y) = ) = F) < ell]]” +[lyl[")

for all z,y € X. Th.M. Rassias [6] showed that there exists a unique
R-linear mapping 7" : X — Y such that

If(2) = T ()] <

for all z € X. Gavruta [4] generalized the Rassias’ result.
A square norm on an inner product space satisfies the important
parallelogram equality

2¢
2 —2p

[|[”

2+ ylI* + llz — gl = 2]|=[* + 2]|y]]*.
The functional equation

flx+y) + flo—y) =2f(x) +2f(y)

is called a quadratic functional equation. In particular, every solution
of the quadratic functional equation is said to be a quadratic function.
The Hyers-Ulam stability problem of the quadratic functional equation
was proved by Skof [13] for mappings f : X — Y, where X is a normed
space and Y is a Banach space. Cholewa [1] noticed that the theorem
of Skof is still true if the relevant domain X is replaced by an Abelian
group. In [2], Czerwik proved the Hyers-Ulam stability of the quadratic
functional equation. Several functional equations have been investigated
in [5]-[12].
In this paper, we solve the functional equation

2d 2d
2(24-2Ca-1 —24-2 Ca) f (Z %’) + Z f (Z(—l)b(j)%)
7=1 10(J)=d

U(5)=0,1,532 7=1
2d
(1.1) = 2(24-1C4 +24-2 Ca—1 —24-2 Ca) Z f(zj),
j=1

and prove the Hyers-Ulam stability of the functional equation (1.1)
in Banach spaces.



Generalized quadratic mappings 19

2. Stability of generalized quadratic mappings in 2d variables

Throughout this section, assume that X and Y are vector spaces.

LEMMA 2.1. If an even mapping f : X — Y satisfies f(0) = 0 and
(1.1), then the mapping f : X — Y is quadratic.

Proof. Letting 1 = x, 9 =y and 23 = -+ = x99 = 0 in (1.1), we get

2(24-2C4-1 —2d—2 Ca) f(x + y) + 224-2Caf (. + y) + 224—2C4-1 f(x — y)
= 2(24-1C4 +2d-2 Ca—1 —24-2 Cq)(f(x) + f(v))

for all z,y € X. So

2d—2Ca1(f(x+y)+f(x—y)) = (2a-1Ca+24-2Ca-1—24—2Ca) (f(2)+ f(y))
for all z,y € X. Since 94-1Cq +24—2 Ci—1 —2d—2 Cq = 224—2Cq_1,

fl@+y)+ fle—y)=2f(z) +2f(y)
for all x,y € X. Thus the even mapping f : X — Y is quadratic. O

From now on, assume that X is a normed vector space with norm
|| - || and that Y is a Banach space with norm || - ||.
For a given mapping f : X — Y, we define

2d
Df(z1,- ,22q) : = 2(24—2Ca-1 —2d—2 Ca) f (Z xj)

Y g (Z(—ﬂ%)
)=d

1(5)=0,1,532, u(j j=1
2d
_ 2(2d—1cd +24—2 Cd,1 —92d—2 Cd) Z f(x])
j=1

for all ¢, , x99 € X.

THEOREM 2.2. Let f : X — Y be an even mapping satisfying f(0) =
0 for which there exists a function ¢ : X** — [0, 00) such that

Gz - Ny ﬁ@)
(21) 80(3:17 7x2d)- - ;9¢<3]7 73] <OO,

(22) HDf(xl? 7I2d>|| < (,0(131,"' 7I2d>
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for all xy,--- ,x9q € X. Then there exists a unique quadratic mapping
@ : X — Y such that

1 ~
2.3 z)— Q)| < ——o(z,z,x, 0,---,0
23) @) - Q@) < 15— )
2d — 3 times
for all x € X.
Proof. Letting 1 = x9 = 23 =z and x4 = -+ = 294 = 0 in (2.2), we
get

12(2d0-2Ca—1 — 2a-2C4 +24—3 Ca) f(32)
— 6(2a-1C4 +2d—2 Ca—1 —24-2 Cq —2a—3 Ca—1) f(z) ||
< QO(I,ZE,I', 0770>
——
2d — 3 times

for all z € X. Since

2d-1Cd +2d—2 Ca—1 —2d—2 Ca —24-3 Ca—1 = 3(20-2Ca-1 —24—2 Cq +24—3 Ca)
= 324-3Cq_1,

(2.4) 122a-3C3-1.f (3%) — 1824-3Ca—1) f ()]
= 122a-3Ca-1(f(3x) — 9f ()]
S gO(ZL‘,.T,iE, 07 70)
——
2d — 3 times

for all z € X. So
x 1 T T
_ - < - (= Z =
|£@) 9f<3>H_22d30d190(3,3,3,0, 0)

——
2d — 3 times

for all z € X. Hence

2 or(2) o (2]

m—1

Z 97 T T .
>~ — 22d73Cd71 90(3]4-1 ’ 3]+1 5 3J+1 , U, , )
a 2d — 3 times

for all nonnegative integers m and [ with m > [ and all z € X. It follows
from (2.1) and (2.5) that the sequence {9"f(37)} is a Cauchy sequence
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for all z € X. Since Y is complete, the sequence {9"f(3%)} converges.
So one can define the mapping ) : X — Y by
o T
Q(z) := lim 9"f(2)
for all z € X.
By (2.1) and (2.2),

. T Tad
DQ(z1, -, — 1m 9"|D (--)H
IDQ(w, -+ waa)l| = lim 5 3

. n x Taq
< Jim 9 (G ) =0
for all 1,--+ 299 € X. So DQ(xy,- -+ ,T2) = 0. By Lemma 2.1, the
mapping @) : X — Y is quadratic. Moreover, letting [ = 0 and passing
the limit m — oo in (2.5), we get the inequality (2.3).

Now, let @' : X — Y be another quadratic mapping satisfying (2.3).

Then we have
x , [T
Q(5) -2 ()l

1Q(x) = Q)] = 9"

<o (Jo() () o )
2.97n ~, T "X

which tends to zero as n — oo for all x € X. So we can conclude that
Q(z) = Q'(x) for all x € X. This proves the uniqueness of Q. O

COROLLARY 2.3. Let p > 2 and 0 be positive real numbers, and let
f: X =Y be an even mapping satistying f(0) = 0 and

2d
(2.6) IDf (w1, s waa)| <0 [ag][?
j=1
for all xy,--- ,x9q € X. Then there exists a unique quadratic mapping

Q@ : X — Y such that

17() ~ Q) < 5o

(37 — 9)24-3Ca—1

[|[[”

forallz € X.

Proof. Defining ¢(xy, -+ ,224) = 923; ||z;||P in Theorem 2.2, we
get the desired result, as desired. O
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THEOREM 2.4. Let f : X — Y be an even mapping satistfying f(0) =
0 for which there exists a function ¢ : X — [0, 00) satisfying (2.2) and

o0

~ 1 A
(27) @(371, T 7x2d) = Z WY (10(3]'1:17 ,3]$2d) <00
§=0
for all x1,--- ,x9q € X. Then there exists a unique quadratic mapping
Q) : X — Y such that
1

2.8 T —(x,x,2, 0,--- ,0
28 f@) = Q@) < e )

2d — 3 times
forall x € X.

Proof. Tt follows from (2.4) that
— —f(3z —(x,x,2, 0,--- ,0
1)~ 5760 < el )
2d — 3 times
for all x € X. Hence
1 l 1 m
29) || - gesena)
m—1
3x,3x,32,0,---,0
97 - 182d 30— 180( Bv—’)

]:l 2d — 3 times
for all nonnegative integers m and [ with m > [ and all z € X. It follows
from (2.7) and (2.9) that the sequence {z: f(3"z)} is a Cauchy sequence
for all z € X. Since Y is complete, the sequence {gx f(3"x)} converges.
So one can define the mapping ) : X — Y by

1
Q(z) := lim — f(3"x)
n—oo 9N
forall z € X.
By (2.2) and (2.7),

[1DQ(z1, -+, aa)l| = lim 9—n||Df(3 Ty, 3" o)

1
< lim —gp(3”x1, e 3Mmg) =0

n—oo 9N

for all z1,--+ ,x9q € X. So DQ(z1,--+ ,x9q) = 0. By Lemma 2.1, the
mapping ) : X — Y is quadratic. Moreover, letting [ = 0 and passing
the limit m — oo in (2.9), we get the inequality (2.8).
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The rest of the proof is similar to the proof of Theorem 2.2. O

COROLLARY 2.5. Let p < 2 and 0 be positive real numbers, and let
f: X — Y be an even mapping satisfying f(0) = 0 and (2.6). Then
there exists a unique quadratic mapping () : X — Y such that

30

x) — Q)| < x|
I50) - Q@) < 55—yl
forallxz € X.
Proof. Defining ¢(xq, -+, x2q4) = 92?; ||z;||” in Theorem 2.4, we
get the desired result, as desired. O
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