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ROBUST SEMI-INFINITE INTERVAL-VALUED OPTIMIZATION
PROBLEM WITH UNCERTAIN INEQUALITY CONSTRAINTS

REKHA R. JAICHANDER, [ZHAR AHMAD, AND KRISHNA KUMMARI*

ABSTRACT. This paper focuses on a robust semi-infinite interval-valued optimiza-
tion problem with uncertain inequality constraints (RSIIVP). By employing the
concept of LU-optimal solution and Extended Mangasarian-Fromovitz Constraint
Qualification (EMFCQ), necessary optimality conditions are established for (RSI-
IVP) and then sufficient optimality conditions for (RSIIVP) are derived, by using
the tools of convexity. Moreover, a Wolfe type dual problem for (RSIIVP) is for-
mulated and usual duality results are discussed between the primal (RSIIVP) and
its dual (RSIWD) problem. The presented results are demonstrated by non-trivial
examples.

1. Introduction

Charnes et al. [12], developed the theory of semi-infinite programming in 1962.
The class of semi-infinite programming problem is an important class of constrained
optimization problem in which the number of decision variables is finite, but the
number of constraints is infinite. Semi-infinite programming problem, has been the
area of interest for many researchers in the recent past, as this structure spontaneously
occur in many mathematical applications viz., engineering design [29], air pollution
control [36], economics [37], finance [21], optimal control problems [30], robotics [17],
geometry and optimization under uncertainty [3]. Some of the latest advances in
semi-infinite programming can be seen in [22,23, 35].

A mathematical programming problem under data uncertainty refers to robust op-
timization. In recent years, robust optimization has gained more importance due to
its ability, tractability and applicability while handling the “uncertain-but bounded”
non-stochastic optimization problems. The objective of the robust optimization prob-
lem is to arrive at the best solution for entities “immunized” against uncertainties.
For a comprehensive study of robust optimization, the readers are advised to refer
to [5-7]. Robust optimization has a wide spectrum of real-world applications, in par-
ticular, finance [15], energy [38], supply chain [28], healthcare [32], engineering [16],
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scheduling [18], machine learning [11], queueing networks [4] and revenue manage-
ment [8] etc.

Interval-valued optimization problems serve as a substitute option to tackle uncer-
tain parameters that cannot be calculated accurately. It is based on interval coeffi-
cients, which are taken as closed intervals. Many advances related to the theory of
interval-valued optimization problems were analyzed in detail, readers are advised to
refer [13,14]. The interval-based models have various applications in real life domains
namely inventory [31], production planning [27], financial and corporate planning [25],
healthcare and hospital planning [34] etc.

In the recent past, several methods have been adopted to deal with interval-valued
optimization problems. Bhurjee and Panda [9] designed a framework to evaluate an
efficient solution for an interval-valued optimization problem. Ahmad et al. [1] have
investigated sufficient optimality conditions for LU-optimal solution with interval-
valued optimization problems, based on generalized (p, r)-p-(n, 0)- invexity. To relate
to LU-optimal solutions of primal and dual problems, they deduced Wolfe and Mond-
Weir type duals, using theorems of weak, strong and strict converse duality. Later,
Jayswal et al. [19] has presented a new class of interval-valued variational-like inequal-
ity problem, using the notion of LU and weakly LU-optimal solutions. In [33], Singh
et al. have employed weakly continuously differentiability, to develop the necessary
and sufficient optimality conditions for Karush—Kuhn—Tucker type in which, objective
and constraint functions are assumed to be interval-valued. Zhang et al. [39] focused
on some fundamental characterizations of an interval-valued pseudo-linear function,
based on the properties of pseudo-linearity. They also obtained characterizations for
the solution set of an interval-valued pseudo-linear optimization problem. Kummari
and Ahmad [24] discussed sufficient optimality conditions, for non-smooth interval-
valued optimization problems via L-invex-infine functions, using the concepts of LU-
optimal solution. They also deduced duality results for a Wolfe type dual problem.
Furthermore, sufficient optimality conditions and Mond-Weir type duality results, for
an interval-valued optimization problem with vanishing constraints, related to the
concepts of generalized convexity were derived by Ahmad et al. [2].

Motivated by the above developments, we dedicate this paper to analyze some
new results related to robust semi-infinite interval-valued optimization problem (RSI-
IVP). This study is categorized in the following way: In Section 2, a few prelimi-
nary and basic notions are specified. In Section 3, we discuss robust necessary LU-
optimality conditions, based on the assumption of extended Mangasarian—-Fromovitz
constraint qualification (EMFCQ) and derive robust sufficient LU-optimality condi-
tions for (RSITVP). In Section 4 we propose a duality model of Wolfe type, and duality
results which hold between (RSIIVP) and its dual (RSIWD) are examined. Finally,

the conclusion is presented in Section 5.

2. Preliminaries

An n-dimensional Euclidean space is R" and its non-negative orthant is R}. The
set of all closed bounded intervals in R is I. Suppose I = [n%,nY], I, = [y, 4] € I,
then

(i) L+ I ={n+v:n€land y € I} = "+~ 10" +7Y],
(i) =l ={-n:n€ L} =[-n"—n"],
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(iii) 1y = I = Iy + (=) = [n* =7, 0" =41,
(iv) e+ 1 ={c+n:ne€ L} =[c+n* c+nY],

[en®, en¥], if ¢ >0,
[ = ne |} =
(v) ely ={cn:nel} { en? ent, if ¢ < 0,

where c is a real number.

For I; = [n*,nY] and I, = [y*,~4Y], the partial ordering <;; on I is defined as
I, <py Iy if and only if n < ~% and nV < AY. Moreover, we represent I; <y Iy if
and only if Iy <py I along with I; # I5. In the other words, I; <py I if and only if

nt <At ¥ <qY,
or nt <At ¥ <Y,
or nt <At 7 <Y

DEFINITION 2.1. A function ¢ = [¢f,¢Y] : R* — I is said to be convex if for all
t€[0,1],

(1) CI(1 =D+ 8] <o (1= )C(a) +4(8). ¥ o, 8 € R™.

The following example demonstrates convex functions for an interval valued func-
tions.

EXAMPLE 2.2. Let {(«) = [|a|, |a| + 2], where a € R".
By (1), it follows that

(2) CH(A = ta+16] < (1 —1)¢"(a) + 15 (D),
(3) ¢CUl(1 =ty + 18] < (1 = )¢ () + 17 (D).
Consider the following equations:

(4) CH(1 =+ 18] = |(1 — t)a + 4],

(5) ¢Vl =t)a + 5] = |(1 = t)a + 5] + 2.

By triangle inequality and ¢, (1 —¢) > 0, (4), (5) reduces to

(6) CHl(1 = ta+ 18] < (1 —t)|al +|5],
(7) ¢l —=ta+t6] < (1 —t)(Ja] +2) + (8] + 2).
Therefore, from the above inequalities, ( is a convex function on R™.

DEFINITION 2.3. A function ¢ = [¢F,¢Y] : R® — [ is said to be strictly convex if
for all t € (0,1),

(8) ([ =t)a+1tp] <pv (1 —t)¢(a) +1C(B),V o, 5 € R".

The following example demonstrates strictly convex functions for an interval valued
functions.
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EXAMPLE 2.4. Let ((a) = [o@?, o 4 2], where « € R".
Let «, 8 be such that a # § and t € (0,1).
By (8), it follows that

¢ = t)a+th] < (1 —1)¢"(a) +t¢"(B)

®) I = )+ 1] < (1— )¢V (@) +1¢V(5),

(10) Ml =t +tp] < (1 —t)¢H(a) +tCH(B)
I = o+ 1] < (1 )¢V (@) +1¢V(5),

- CH(L — t)a + 18] < (1 — 1)) + (CH(B)

Ul =t + 18] < (1 — )¢ () + ¢ (B).

Consider the following equations:

(12) CEA = t)a+tB] = (1 — t)%a® + 1262 + 2t(1 — t)ap.

(13)  CY[(1—t)a+tB] = (1 —t)’a® + 28> + 2t(1 — t)aB + 2t + 2(1 — t).
Since a # 3, (o — 3)? > 0. This implies,
(14) o + % > 2a8.
Using (14) in (13) and (12) we obtain
(1—-1)2® +26% +2t(1 —t)af < (1 — t)*’a® + 8% + t(1 — t)(a® + B?),

(1—t)a* + 26 +2t(1 —t)af +2t +2(1 —t) <
(1 =822 + 282+ t(1 — t)(® + B2 + 2t +2(1 — t).
Therefore, from the above inequalities, ( is a strictly convex function on R™.

Let us study the below given semi-infinite interval-valued optimization problem in
the absences of data uncertainty:

(SITVP) min () = [¢"(@),¢" (o))

CVGR"
subject to

U(a) <0, VjeJ,

where (¥, ¢V : R* — R and ¥, : R" — R, j € J are differentiable functions with the
first order partial derivatives being continuous and J is an arbitrary index set(possible
infinite).

The semi-infinite interval-valued optimization problem with data uncertainty in the
constraints as shown in the below mentioned problem:

(USITVP) i ((0) = [(*(0),¢" (@)
subject to
U,(a, X)) <0, V5 €,

where (&, ¢V : R — R and U; : R" x R? — R are differentiable functions with the
first order partial derivatives being continuous and A\; € R? is an uncertain parameter
which belongs to the convex compact set A; C R?, j € J. The uncertainty set-valued
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function A : J = RY, is given A(j) :=A; ,Vj € J, so,

graph(A) = {(J; Aj) A € Ajyj € J}
and A € A implies that A is a choice of A thatis, \: J =2 R7and \; € A; ,Vj € J.
The below mentioned problem (RSIIVP) is robust counterpart of (USIIVP):

(RSIIVP) - min (o) = [¢"(a), (" ()]

subject to
U,i(a,\j) <OV A €A,V ) €
The robust feasible set H of (RSIIVP) is explained as follows:
H={aecR":V(a,\;) <0, VjeJ VA €A}

DEFINITION 2.5. The robust feasible point @ is called a robust LU-optimal solution
of (RSIIVP), if there does not exists a robust feasible solution a of (RSIIVP) such

that ((a) <zv ¢(a).

All through this manuscript, we assume that the following assumptions hold:

(B1) J is a compact metric space.
(B2) A is compact valued and upper semicontinuous on J.

(B3) ¥, (an,Aj,) = Vi(a, Aj), whenever j, € J = j € J, N\, €\ — )\ €Aj and
o, € R" —a € R"asn — oo.

(B4> V\Ifjn(ozn,)\jn) — V@j(()é,)\j), whenever ]n eJ —>_] € J, )\jn S Ajn — )‘j € Aj
and o, € " - a € R™ asn — o0.

3. Robust Necessary and Sufficient Conditions

For a € H, we split J into two index sets.
J = Ji(a) U Jy(a),
where
Ji(a) ={j € J:3 \; € A; such that ¥;(a, \;) = 0},
Ja(a) = T\ Ji(a),
Ajla) ={Aj € Aj: Tj(a, Aj) = 05
DEFINITION 3.1 (Bonnan’s and Shapiro [10], Jeyakumar et al. [20]). The Extended

Mangasarian-Fromovitz Constraints Qualification (EMFCQ) holds at o« € H if and
only if d € R™ such that V,V;(a,X\;)Td <0,V j € Ji(a),V \; € Aj(a).

Lee and Lee ( [26], corollary 1), established the robust necessary optimality con-
ditions for a weakly robust efficient solution of robust semi-infinite multi-objective
optimization problem. In the view point of Lee and Lee ( [26], corollary 1), if we con-
sider [ = 2, then we arrive at the following robust necessary LU-optimality conditions
for (RSIIVP).
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THEOREM 3.2 (Robust Necessary LU-Optimality Conditions). Let & be a robust
LU-optimal solution of (RSIIVP). Suppose that V;(c,.) is concave on A;, for each
a € R"™ and for each j € J. Also, assume that (B1),(B2),(B3),(B4) and (EMFCQ)
holds at &. Then there exist p* > 0, p¥ > 0, not all zero, (;);es € RSLJ) and \; € A;,
j € J such that

P+’ =1,
prVCt(@) + UV (@) + Y §VaT,(a,N)) =
JjeJ
and
EVi(a,\) =0, je
In the next theorem, we discuss robust sufficient LU-optimality conditions for

(RSIIVP).

THEOREM 3.3 (Robust Sufficient LU-Optimality conditions). Let & € H. Suppose
that ¢¥,¢Y : R™ — R be convex functions. Let W;(.,\;) be convex on R", for each
A\j € A; and for each j € J. Suppose that there exist p* > 0, p¥ > 0, not all

zero, (&;)jeq € R(+J) and \j € A\; , j € J such that

(15) PPVt (@) + p' V¢ (@) + ) DG VaTy(a, Ay) =0,
JjeJ
(16) §Ui(a,\) =0, jeJ

Then & is a robust LU-optimal solution of (RSIIVP).

Proof. : Suppose @& is not a robust LU-optimal solution of (RSITVP), then there
exists a* € H, such that

¢(a”) <pv C(a).
That is,

or

or
(M) < ¢Ma)
() < ¢Y(@).

Since p* > 0, pV > 0, then the above inequalities together yield

(17) prei(an) +07¢0 (@) < pr¢Ha) + 77 (@),

By convexity assumption of ¢¥, ¢V and ¥,(., ;) , j € J, for any o € R™, we have
(18) M) = ¢Ha) > VeH (@) (o — @),

(19) ¢"(@) = ¢"(@) > v¢U(@) (o —a),

(20) Uj(a, Ay) — W@, Ay) > Val(a, )" (a —a).
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The inequalities (18) and (19) together with p >0, pV > 0 gives
(21) p"(¢"(e)=¢H(@)+p" (¢ (@) —¢Y(a)) = p"V(H (@) (a—a)+p" V(Y (@) (a—a).
Multiplying (20) by & >0, j € J and by feasibility of « € H , we get
(22)  02&T(aN) = &P (a,N) = &P5(a, ) > §VaT5(a \) (o - a).
By using (15), the inequality(21) implies

FH(CH (@) — CH(@) + (Y (@) — ¢V (@) = — 3 EVaT,(a, %) (o — @),

jed
Above inequality along with (22) gives
prci(a) +p7¢" (@) 2 p¢H(a) + 57 ¢ (a).

This is contrary to (17). Thus, we can conclude the validity of the theorem. ]

The following is a simple example which demonstrates Theorem 3.3.

EXAMPLE 3.4. Let us examine the uncertain semi-infinite interval-valued optimiza-
tion problem.

(USHIVP-1) min ((a) = [¢*(a), ()]
subject to
\Ifj(Oé,S\j) = joz2 - S\jO{ S 0,\V/] S J,

where (¥(a) = o, if @ > 0, (Y(a) = a® + 2, if @ > 0, and the data ); is uncertain,
A €N =[-j+2,j+2]and j € J =[0,1]. The robust counter part of (USIIVP-1)
can be defined as follows:

(RSIIVP-1) min ((a) = [a, a® + 2]
subject to
\Ilj(a, 5\]) = jO./Q — ;\joz S O,V j\j S Aj,Vj e J

One can Validate the robust feasible set is [0, 1]. Let @ = 0, p~ = 1/2, p¥ = 1/2. Let
(&)jes € R ) be such that §=0,0<j<land& =1/2. Let \; € [—j +2,7+2],
Vg €|o, ) and \; = 1. Clearly, J;(0) = [0,1] and A;(0) = {1}. For d = 1,
Va¥1(0,1)Td = —1. So, the (EMFCQ) holds at @. Then, one can see that

prvet(a) + p'v¢Y(a) + ) D §VaTy(a, Ay) =0,

jeJ
and
&Wi(a, X)) =0, jed
Also, it is easy to observe that (“(a) = a, (Y(a) = a*+2 and ¥;(a, \;) = ja*—\ja <
0,V je€J, \; €Aj are convex functions on R. Therefore, by Theorem 3.3, @ = 0 is a

robust LU-optimal solution of (RSIIVP-1).
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F1GURE 1. Graphical view of the objective function of the problem
(USIIVP-1).

4. Wolfe Type Dual Problem

Let us examine the subsequent Wolfe type dual problem for (RSIIVP):

(RSIWD) max - ((f) = {[CL(BLCU(B)] + Z&j‘l’j(ﬂ,%)}

(B\0L,pY 8)

jeJ
subject to
(23) pPVCHB) + 0V (B) + D & VaT,(8,)) = 0,
jeJ
(24) ph+p” =1, p* p" >0,
(25) (§j>jej S Rf),/\J S Aj,j e J

The robust feasible set of (RSIWD) can be represented as Hp, which is the set of

all points of the form (3, \, p¥, pY, &) € R* x A x Ry x R, X Rf) that satisfies the
constraints of dual problem.
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DEFINITION 4.1. The robust feasible point (3, A, p%, pv, &) € Hp is called a ro-
bust LU-optimal solution of (RSIWD), if there does not exists a robust feasible so-
lution (B, A, pf, p¥, &) of (RSIWD), such that ¢(8) + 3. & W;(B,)) <wv ¢(B) +

jeJ
> &8, ).

Jj€J

In the following part of this section, we discuss duality results between (RSIIVP) and
(RSIWD).

THEOREM 4.2 (Weak Duality). Let ¢*,¢Y : R" — R be convex functions and
let W;(.,\;) be convex on R", for each \; € A; and for each j € J. Let a and
(B, pL, p¥, &) be the robust feasible solutions of (RSIIVP) and (RSIWD), respec-
tively. Then the following inequality cannot hold:

C( <ru C + Z g]
jeJ
Proof. : On the contrary assume,

C( <LU€ +Z§J

jeJ
That is,

o) < CHB) + D69

JjeJ

) < ¢V (B)+ DT

JjeJ

CHa) < CHB) + D) &T5(8, A

jeJ

() < ¢V (B) + &0

jeJ

or

or

CHa) < CHB) + D49

jeJ

¢U() <CV(B) + D &05(8, A

j€J
Since p >0, p¥ > 0 and p* + pV = 1, then the above inequalities together yield
(26) PP ¢ (a) + p7¢Y (@) < p"CH(B) + VU (B) + ) &9,

jeJ

By convexity assumption of (£, ¢V and W;(., \;) , j € J, we have
(27) ¢Ha) = ¢HB) = V¢ (B) (a— B),
(28) (@) = ¢7(8) = V¢ (B) (= B),
(29) U0, ) = 58, A5) = Va8, 0)" (a = B).
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By inequalities (27) and (28) together with p* >0, p¥ > 0, gives
(30) p"(¢H(a)=¢H(8))+p" (¢"(a)=¢"(B)) = p"V(H(B) (a=B)+p" V(U (B) (a—B).
Multiplying (29) by &; > 0, j € J and by feasibility o € H, we get
(31) =D GW(BA) = Y&V (8.4) (0= B).
jeJ jeJ
On adding (30) and (31), we have
PH(CH (@) = CH(B)) + (¢ (@) = C7(B)) = D_&W5(8, )
jed
> pPVCHB) (= )+ p VU (B) (= B) + D€ Vay(8, ) (o = B).
jed
Above inequality along with (23), gives
ptct(a) +p" ¢ (@)
> pPCH(B) + p7CU(B) + Y &8, )
jeJ
This is contrary to (26). Thus, we can conclude the validity of the theorem. O
We now re-explore Example 3.4 to demonstrate Theorem 4.2.
ExAMPLE 4.3. Consider the following uncertain semi-infinite interval-valued opti-

mization problem:

(USITVP-1)  min¢(a) = [¢*(a),¢"(a)]

subject to
qjj(Oé,)\j) = jOé2 - )\jOé S O,VJ S J,

given the data uncertainty A\;, \; € A; = [—j+2,7+2] and j = [0,1]. Let ¢*, ¢V and
U, be as in Example 3.4. The robust counter part of (USIIVP-1) is described below:

(RSIIVP-1) min ((a) = [a, a? + 2]

subject to
\Ilj(a, )\J) = jOjQ - /\jOé S O,V )‘j S Aj,Vj e J

The robust feasible set of (RSIIVP-1) is H = [0, 1]. Let us describe the below shown
Wolfe type dual problem (RSIWD-1) for (RSIIVP-1):

(RSIWD-1) max, () = {wz 2+ (8 - w}

(BAp",pY € i
subject to
PP (1) + Y (28) + Y &(248 — A) =0,
j€J

pl+p" =1, php" >0,
(&)jes € R, N € Ay je .
Let v and (B3, A, p*, pY, €) be the robust feasible solutions of (RSIIVP-1) and (RSIWD-
1), respectively. Then, by the convexity of ¢¥,¢Y and ¥;(., \;) on R, we see that

a—B=¢"a) = ¢MB) = (M) (B)a—B) = (a—5),
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(a” +2) = (8" +2) = (“(a) = ¢"(8) = (") (B)(a = B) = 2B(a = B),
and for all j € J,
(jo® = Nja) = (182 = N B) = U (e, N;) — U5(8, ;)

> W8, \j) (o= B) > (258 — Nj)(a — B).

Let p*, pV > 0 with p* + pV =1, (§)jes € Rf). Then, we have
p (= B) = pH(a—B),
P ((0® +2) — (5 +2)) = p"(28(a — 8)),
Y 6lGa* = Na) = (87 = \B)] = Y &(248 = Aj)(a — ).

jeJ jeJ
Since av and (3, A, p, pY, €) are the robust feasible solutions of (RSITVP-1) and (RSIWD-
1) respectively, > (ja? — X\ja) <0, pP(1) + pY(28) + 3 &(258 — Aj) = 0. So, we

jeJ jeJ
obtain
p M) +pY¢Y () — {pLCL(B )+ pUCY(B) + ) &5( }
jeJ
=pH(a—B) + V(0" +2) — (B +2)) = D &8 -
JjeJ
> pP(a = B) + p"(2B(a — B)) + D &§(ja® — Na) = ) &8 -
jeJ jeJ
Zp%a—B%HWQMa—ﬂ»+§:{@KMQ—&a%%ﬂ?—AﬂH}
jeJ

> {me +0U(28) + 36268 - Aj>}<a ~8)=0.

jeJ

Hence pt¢E(a)+pY¢Y () > {pLCL(6)+pU§U(5)+ >&YS(8, )\j)}. Therefore, weak
jeJ
duality holds.

THEOREM 4.4 (Strong Duality). Let ¢¥,¢Y : R® — R be convex functions and
let for each \; € A; and for each j € J, V,(.,)\;) be convex on R"and for each
a € R" and for each j € J, V;(«,.) be concave on A;. Assume that the (EMFCQ)
holds at &. Let & be a robust LU-optimal solution of (RSIIVP). Then there exists
(", pY,€,\) € Ry x Ry x Rf) x A such that (&, \, p*, p¥, €) is a robust LU-optimal
solution of (RSIWD).

Proof. : Let & be a robust LU-optimal solution of (RSIIVP). Then by Theorem
3.2, there exist p~ > 0, pV > 0, not all zero, (§;);es € RSFJ) and \; € A;, j € J, such
that

prant =1,

prvet(a) + p' Ve (@) + ) 4 VaT(a, Ay) =0,

(32) §Ui(a,\) =0, jeJ
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Hence, (&, A, p~, pU, €) is a robust feasible solution of (RSIWD). Suppose (a, A, p*, p¥, €)
is not a robust LU-optimal solution of (RSIWD). Then there exists a robust feasible
solution (8, \, p*, pY, €) of (RSIWD), such that

(33) C(@)+Zgj‘1’j(@,5\ <rv C(B +Z§j (B, A))
JjeJ jeJ
By using (32), (33) gives
C( <LUC + Zgy B /_\
jeJ
which is contrary to the theorem of weak duality 4.2. Thus, we can conclude the

validity of the theorem. O

THEOREM 4.5 (Strict Converse Duality). Let &, (5, A, p*, pU, €) be the robust fea-
sible solutions of (RSIIVP) and (RSIWD), respectively. Assume (¥ ¢V : R® — R are

strictly convex and V,(., \;) is convex on R", for each \; € A;, for each j € J and

(34) pr¢t(a) + pU¢Y(@) < p"CH(B) + V¢V (B) + D &
jeJ
then & = (.
Proof. : On the contrary assume, & # (3. Since (5, A U &) € Hp, satisfies the

relations (23) to (25). That is,
PPV (B) + UV (B) + > Va8, X))

jed
pr+p’ =1, ptp" >0,
& eRY jed el
By strict convexity assumption of (¥, ¢V and convexity assumption of ¥;(., \;), j € J,
we have

(35) ¢h(@) = ¢H(B) > V(B (a - B),
(36) ¢“(@) = ¢"(B) > v¢U(B)(a - B),
(37) W@, Aj) = U5(8, ) = Valy(B,4)" (6 = B).

By inequalities (35) and (36) together with p*, pU > 0, gives
(

(38) p"(¢H(a)—¢H(B))+p" (¢"(a)=¢"(8)) > p"V(H(B) (a—B)+p" V¢V (B) (a—p).
Multiplying (37) by & >0, j € J and feasibility of & € H, we get

(39) =2 GU(BA) 2 D &V (5,0)" (@~ B).
On adding (38) and (39), we have
pr(¢H(a) = ¢H(B) + 07 (¢ (@) )= D &G(BA)
> p" VR (B (@ — B) + p" VU (B) (@ — B) + Y §Val,(B, M) (a— B).

jeJ
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The above inequality along with (23), implies
Pt (@) + pU¢Y(a) > pCH(B) + UCY(B) + D G858, y).

jeJ

This is contrary to (34). Therefore, the proof of the theorem stands verified. ]

5. Conclusion

In the present study, sufficient optimality conditions have been generated for a semi-
infinite interval-valued optimization problem with uncertain inequality constraints, by
using the concept of convexity. An illustration is presented to establish the legitimacy
of the sufficient optimality theorem that has been proved. In addition, the duality
theorems for a Wolfe type dual problem are discussed. An example is demonstrated
for the validity of weak duality theorem. It would be a good pilot study to general-
ize the results of this present paper to linear/non-linear semi-infinite interval-valued
multi-objective optimization problem. This may be taken up as an upcoming research
work for the authors.

Acknowledgments: The authors are grateful to anonymous referees for their
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