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COEFFICIENT BOUNDS FOR A SUBCLASS OF BI-UNIVALENT
FUNCTIONS ASSOCIATED WITH DZIOK-SRIVASTAVA
OPERATOR

MoHAMMAD MEHDI SHABANI AND SAEED HASHEMI SABABE*

ABSTRACT. In this article, we represent and examine a new subclass of holomorphic
and bi-univalent functions defined in the open unit disk 4, which is associated with
the Dziok-Srivastava operator. Additionally, we get upper bound estimates on the
Taylor-Maclaurin coefficients |as| and |ag| of functions in the new class and improve
some recent studies.

1. Introduction

Let A be a family of functions of the form
fz) =2+ a;2, (1.1)
j=2

which are holomorphic in the open unit disk & = {z € C: |z| < 1}. Also, we let S to
denote the class of functions §f € A which are univalent in 4[.

The Koebe one-quarter theorem [4] ensures that the image of 4l under every univa-
lent function f € S contains a disk of radius }. So every function f € S has an inverse
=1, which is defined by

Flz) =2 z€edl,
and )
fH(w)) =w for |w| < 10(f) such that rp(f) > 7
where
FHw) = w — aqw + (2a3 — az)w® — (5a3 — bagaz + ag)w* + - - - .

A function f € A is said to be bi-univalent in & if both f and §~! are univalent in
il Let ¥ denote the class of bi-univalent functions in  given by (1.1).

Lewin [10] enquired the class ¥ of bi-univalent functions and established that |as| <
1.51 for the functions belonging to . Afterward, Brannan and Clunie [3] conjectured

that |as| < v/2. Kedzierawski [9] proved this conjecture for a special case when the
function f and §! are starlike functions. Tan [15] obtained the bound for |as| namely
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las| < 1.485 which is the best-known estimate for functions in the class ¥. Recently,
their relevance to research the bi-univalent functions class ¥ (see [7,8,11-13,16,17))
and get non-sharp bounds on the first two Taylor-Maclaurin coefficients |as| and |as)|.
The coefficient estimate problem i.e. bound of |a;| (j € N —{1,2}) for each f € ¥
given by [1] is still an open problem.

The Hadamard product of two analytic functions

f(Z) =z+ iajzj and f)(z) =2+ ibjzj’
j=2 =
is defined as
(G*0)(z) = (hxP)) =2+ by
j=2

For the complex parameters a,b and ¢ with ¢ # 0, —1, -2, —3, ..., the Gaussian hy-
pergeometric function »F(a, b, ¢; 2) is defined as

 ();(b); 27 o (@)j-1(b); 2
2;1@,[,,@,2):;%?:HZ(a)(c);3 oy et

where (7); is the Pochhammer symbol (or the shifted factorial) defined as follows:

()'_I‘(%—l—j)_ 1 J=0
ITTTG) e+ D+ 2+ — 1) j=1,23,...

Jj=2

the generalized hypergeometric function Fs(a,b,¢;2), (q < s+ 1,z € Y) is defined
by the following infinite series:

o Fs(ar, ...,aq;0q,...,bg; 2) = Z

(

(
_ — (a1)j-1.-(ag)j-1 27!
=1+ (b1)j-1.+(bg)j—1 (j — 1)!

correspondingly a function h(ay, ..., ag; by, ..., bs; 2) is defined by
bar, ..., aq;01,..., b5 2) = 2qFs(a1, ..., aq; b1, ..., b5, 2), 2z €4l
Dziok and Srivastava [5](see also [6]) considered a linear operator
H(ay,...,q4;61,...,052) : A— A
defined by the following Hadamard product:
H(ay, ..., 0q;61,...,05)f(2) = b(ay, ..., aq;61,...,05) % f(2) g<s+1, z€il
If f € A is given by (1.1), then we have

H(ay, ..., 0q;b1,...,05)f(2) = 2 + E [';laq; bl]ajzj
j=2
where

. B (al)j_l...(aq)j—l
[jlar; b1] = (61)-1...(bs) -1 (5 — 1)!

jeN.
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To make the notation simple, we write
Haslar; 015 2] = H(aq, ..., aq; b1, ..., b5)f(2).

The linear operator H,,[a1; by; 2] is a generalization of many other linear operators
considered earlier.

In the present article, we innovate a new subclass of the bi-univalent functions which
are defined by the Dziok-Srivastava operator also we get upper bound estimates on
the coefficients |az| and |as| by applying the methods used earlier by Srivastava et
al. [14] (see also [8]). Our results generalize and improve those in related studies of
several earlier authors.

2. The subclass E’HSQ.,T[al; by; €]

In this section, we represent and examine the general subclass E’Hgf [ay; b3 &].
DEFINITION 2.1. Let the analytic functions ©,7 : 4 — C be so constrained that
min{MRe(O(z)),Re(Y(z))} >0, ze€Uand O(0)=1="7(0). (2.1)
We say that a function f € Z’H%T[al; b1;&], (€ > 1), if the following conditions satisfy

Hq,ﬁ[al; bl? Z]
z

feX and (1-¢) + E(Hgslar; b1;2]) € OL), =z e, (2.2)

and

(1-— f)# +&g'(w) e T(U), w el (2.3)

where the function g(w) is given by
g9(w) = Hglar;b1; 2]

(2.4)
= w — Fg[al; bl]ang + (Q(Fg[al, bl]>2a2 — Fg[al; bl]ag)w3 + -

REMARK 2.2. There are different options of the functions ©(z) and Y(z) which
would provide interesting subclasses of the analytic function class A.

1. If we take

1+ 2
11—z

A
@(z)zT(z)z( ) zell 0 <A<,

then the functions ©(z) and Y (z) satisfy the hypotheses of Definition 2.1. Clearly,
if f € E’H%T [a1;b1;&], then we have

5015 01, ! A
M—i—f(%qﬁ[ﬂl;bﬁz]))‘ < g el £21,

arg (1-)

and

8(w)

arg((l—g) +£g’(w))‘</\—27T we £>1.
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2. If we take

1+ (1-20)2
B 1—-=2
then the functions ©(z) and Y (z) satisfy the hypotheses of Definition 2.1. Clearly,
if f € ZH%T[al; b1;&], then we have

e {“ B g)Hq,g[alz; by; 2]

and

O(z) = T(2) zedl 0<9 <1,

+ E(Hqsla1; bl;z])'} >0 zel, £>1,0<6<1,

Re [(1—5)#%—59’(@0)] >0, wel £>1,0<0<1.

3.Forq=2s=1,a1=a,=b;=¢(=1and O(z) =T(z) = GJ_“Z)/\, we have
sHiy [1511] = H3,

where the class H3 was studied by Srivastava et al [14].

4. Forq=2s=1a=a=0b=¢§=1and O(z) =T(z) = w, we have
sHy (1 1;1] = Hx(6),

where the class Hy(0) was studied by Srivastava et al [14].

5. For O(z) =Y (z) = (?LTZ))\ we have
sHes ar; b1; €] = My [ar; b1; A €],
where the class H;' [a;; by; \; §] was introduced and studied by M. K. Aouf [2].

3. Coefficient Estimates

For proof of the theorem, we need the following lemma.

LEMMA 3.1. [4] If ¢ € P, then |¢;| < 2 for each j, where P is the class of all
functions ¢(z) analytic in 4 for which Re(d(2)) > 0,0(z) = 1+ @12 + ¢z + - - - for
z et

THEOREM 3.2. Let f(z) given by the Taylor Maclaurin series expansion (1.1) be in
the class s Ho;" [a1;b15€], (€ > 1). Then,

. ©'(O)F +[T'(0)* [©"(0)] + [T7(0)]
|az| < min {\/2(5 +1)2[Tafay; 0,2 \/4(25 +1)[Tyfay; by] 2 } ; (3.1)

and
o <o {JLQELTOP | JOOL 0L o) )
2(6 +1)?[Dslar; be]] — 4(26 + 1)[Ts[ag; ba]| " 2(26 + 1)[Ts[ay; by ]|
Proof. First of all, it follows from the conditions (2.2) and (2.3) that,
(1— f)w + &(Hgsla1;61;52]) = O(2) z e 4, (3.2)
and
1-6%) 4 eg(w) = Tw) wetL (3.3)

w
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where the function g(w) is given by (2.4), respectively, ©(z) and Y(w) satisfy in
(2.1). Also, the functions ©(z) and Y (w) have the following Taylor-Maclaurin series
expansions:

@(2) :1+@12’+@222+"' y

T(w) =1+ Tiw+ YTow* +--- .

Now, by comparing the series expansions (3.4) by the coefficients (3.2) and (3.3), we
get

(3.4)

(€ + 1)s]a1; b1]as = 6, (3.5)
(26 + 1)Is[ar; biaz = O, (3.6)
—(&+ 1)afag; by]as =T, (3.7)
(26 4+ 1)(2(Tg[ay; b1])%a3 — Tafay; by]as) = Ta. (3.8)
From (3.5) and (3.7), we obtain
0, =-71,
(3.9)

07 + T3 = 2(¢ + 1)*(Tafay; b)) a3,
Also, From (3.6) and (3.8), we find that

Oy + To = 2(2¢ + 1)(Tzfay; by])%as. (3.10)
Therefore, we find from the equations (3.9) and (3.10) that

2 _ OO + [T (0
92l S S TP fan; bulP

and
1©”(0)] + [1"(0)]

4(2€ + 1)|F2[a1; 61H2 .

So we get the requested estimate on the coefficient |as| as asserted in (3.1). Next, in
order to find the bound on the coefficient |as|, we subtract (3.8) from (3.6). We thus
get

|as|* <

Oy — Ty = 2(2¢ + 1)(T3]ay; by]az — (Cafag; by])%a3). (3.11)
Upon substituting the value of a3 from (3.9) into (3.11), it follows that
02 4+ 13 O, — Ty
as

B 20§ +1)Tsfar; b1]  2(26 + 1)Tsfay; by]
We thus find that

< 19O +TOF | 18(0)] +1"(0)]
T 2(E+ D) 0sfans ba]] 428 + 1)|Tsfas b

On the other hand, upon substituting the value of a3 from (3.10) into (3.11), it follows
that

|as|

az = ©:
* (26 + DTsfag; by]
Consequently, we have
o < 10"0)

2(26 + 1)[T[ar; b4
This completes the proof of Theorem 3.2. m
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4. Corollaries and Consequences

By setting ©(z) = Y(2) = (1+Z) E=1lg=2ands =0, =a;=Db; =1in
Theorem 3.2. we get the following result

COROLLARY 4.1. Let the function f(z) given by the Taylor-Maclaurin series ex-
pansion (1.1) be in the bi-univalent function class Hg. Then

2\ 2)\2
las| < L and |az] < —

3 3

REMARK 4.2. Corollary 4.1 is an development of the following estimates obtained
by Srivastava et al. [14].

COROLLARY 4.3. [14] Let the function f(z) given by the Taylor-Maclaurin series
expansion (1.1) be in the bi-univalent function class H3. Then

V2 (BA+2)A

as| < and |ag| <
| 2‘ = \/m | 3| = 3
By setting O(z) = T(z) = (1) *in Theorem 3.2, we get the following consequence.

COROLLARY 4.4. Let the function §(z) given by the Taylor-Maclaurin series ex-
pansion (1.1) be in the bi-univalent function class s Hg;" [a1;b1;€], (7 > 1). Then

2\ 2\
as| < min
loa] < {|F2[01;51]|(£+ " Dafar: by][y/2(26 + 1) }

< 2)\2
Cafay; ba]|(26 + 1)
Thus, Corollary 4.4 is an improvement of the following estimates obtained by Auof

2].

COROLLARY 4.5. [2] Let the function f(z) given by the Taylor-Maclaurin series
expansion (1.1) be in the bi-univalent function class His[al; bi; A €](€ > 1). Then

2\
<
|2|_|F2a1, V(€ +1)%+ A1+ 26 — &2)

and

and
4N? 2\

Tl b€+ 12 [Tafar 0,J[(2€ + 1)
REMARK 4.6. For the coefficient |ay| with conditions 0 < A < 1,6 > 14 /2
2\ 2A
Tl b€+ 1) - [Palan; 1]\ /(€+ 1)2 + A1 +26 = €2)
and with conditions 0 < A < 1,1 <& <1+ V2
2\ 2\

ITs[ar; b1][\/2(2€6 + 1) _|P2a1, JIVEF1)2+ A1+ 26 —€2)

las| <




Ot
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herwise, for the coefficient |ag|, we make the following investigations:
2\ < 2\
Psfar; ba][(26 +1) 7 [Tslar; be]|(26 + 1)
4\ 2\

= Fafar b€+ 12 [Talar 0] 26 + 1)
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