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ESTIMATES FOR ANALYTIC FUNCTIONS ASSOCIATED WITH
SCHWARZ LEMMA ON THE BOUNDARY

AyvsaN KAYNAKKAN AND BULENT NAFI ORNEK

ABSTRACT. In this paper, we will introduce the class of analytic functions called
R (e, ) and explore the different 5properties of the functions belonging to this class.

1. Introduction

Let A denote the class of functions f(z) = z+ ) ¢,z that are analytic in U. Also,

p=2
let R (a, A) be the subclass of A consisting of all functions f(z) satisfying
S -
(11) p;p|cp| S ﬁCOSA,

where 0 <a<1,0< 3 <3, [\ <3

In this paper, we study some of the properties of the classes R (o, \) and assign
coefficient bounds for functions belonging to these classes. Namely, the modulus of
the second coefficient ¢y in the expansion of f(z) = z + 2% + ... belonging to the
given class will be estimated from above. To find an upper bound for the coefficients
of such functions, we need to give the following lemma.

LEMMA 1.1 (Schwarz lemma). Suppose that p is analytic in the unit disc, |p(z)| < 1
for |z| < 1 and p(0) = 0. Then

i—) [p(2)] < |z]
i—) [P (0)] <1
with equality in either of the above if and only if p(z) = ze', 0 real ( [5], p.329).

Let f € R (a, A) and consider the following function

f'(z) -1

(12) @(Z) = (26 _ 1) (f/(z) _ 1) + 20 (1 — Oé) cos e ™A
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It is an analytic function in U and ©(0) = 0. Now, let us show that |©(z)| < 1 in
U. Now let us check the difference of the modules of the numerator and denominator
of the function ©(z) given in (1.2). Therefore, we take

If'(z) —1] — | 286—1)(f'(2)—1)+28(1 —a) cos)\e’i’\‘

Z pep2t™ !

< 3201 B)plel P — 251~ aeos A

p=2

(28 —1) ch 71426 (1 — a) cos e

p=2

If we pass to limit in the last expression |z| — 17, we take

\f/( ) =1 =28 -1)(f'(z) = 1) +2B(1 — @) cos Ae™ ™

< ZQ (1—=058)plcy| — 28 (1 — a) cos A.

Since Z pley| < 5(11 BO‘ cos A, we obtain

If'(z) — 1] — ‘(26 —1)(f'(z) —1)+26(1— Oz)cos)\e’i)‘| <0
and
f'(z) =
(26 —1)(f'(2) = 1)+ 28 (1 — a) cos Ae~#
Therefore, if we substitute the Taylor expansion of f(z) in the function ©(z), we
obtain

< 1.

B 292 + 3c32% + ...
(28— 1) (2c22 4+ 3c322 + ...) + 23 (1 — @) cos Ae=i
O(z) 209 + 33z + ...
z (28 =1)(2c22 +3c322 + ...) + 28 (1 — @) cos Ae=
Thus, from the Schwarz lemma, we obtain

2
©'(0)] = 2 <

26 (1 — a) cos Ae™#

and
leal < B (1 — a)cosA.
We thus obtain the following lemma.
LEmMA 1.2. If f € R (a, ), then we have the inequality
|f7(0)] <28 (1 — a)cosA.

Now let us consider the following function by taking into account of the critical
points, which are different from zero, of the function f(z) — z,

i=1
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Since w(z) function satisfies the conditions of the Schwarz lemma, we obtain

w(z) = .
(28—=1)(f'(2) = 1) +28(1 —a)cos e L ...
1—-a;z
i=1
B 292 + 3c32% + ... 1
(28 -1)(2c22 + 3c322 + ...) + 28 (1 — @) cos Ae—ir ﬁ oay
1—-a;z
=1
w(z) 2¢9 + 3c3z + ... 1
z  (28—1)(2c2 +3c322+...) + 2B (1 —a)cos he=A 2
=1
w/(0)] = & <1

B(1—a)cosA]] |ai
=1
and

leol < B (1 —a)cos)\H|ai|.

=1

As a result, we get the following lemma.

LEMMA 1.3. Let f € R(«a,\) and ay, as, ..., a, be critical points of the function
f(2) — z in D that are different from zero. Then we have the inequality

70 <281 a)cos AT fal.

i=1

This lemma shows that if the critical points of the f(z) — 2z function are included,
a stronger upper bound for the coefficient ¢, is obtained. Also, these two lemmas are
results for analytic functions inside the unit disk. To examine the behavior of the
derivative of this function at the boundary of the unit disk, the following lemma is
needed [10, 15].

LEMMA 1.4. Let p(z) be an analytic function in U, f(0) = 0 and |f(z)| < 1 for
z € U. If p(z) extends continuously to some boundary point 1 € OU = {z : |z| = 1},
and if |p(1)| = 1 and p/(1) exists, then

(13) YOI
and
(14) P 1,

Moreover, the equality in (1.3) holds if and only if

Z—a

p(z) = S

for some a € (—1,0]. Also, the equality in (1.4) holds if and only if p(z) = ze®.
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Inequality (1.5) and its generalizations have important applications in geometric
theory of functions and they are still hot topics in the mathematics literature [1-4,6—
13].

The following lemma, known as the Julia-Wolff lemma, is needed in the sequel
(see, [14]).

LEMMA 1.5 (Julia-Wolff lemma). Let p be an analytic function in U, p(0) = 0
and p(U) C U. If, in addition, the function p has an angular limit p(1) at 1 € 0U,
Ip(1)| = 1, then the angular derivative p'(1) exists and 1 < |p'(1)| < co.

COROLLARY 1.6. The analytic function p has a finite angular derivative p'(1) if
and only if p’ has the finite angular limit p'(1) at 1 € OU.

2. Main Results

In this section, we discuss different versions of the boundary Schwarz lemma for
R (o, A) class. Also, in a class of analytic functions on the unit disc, assuming the
existence of angular limit on the boundary point, the estimations below of the modulus
of angular derivative have been obtained.

THEOREM 2.1. Let f € R (a, A). Assume that, for 1 € U, f has an angular limit
f(1) at the point 1, f'(1) =1+ '3(%?) cos Ae . Then we have the inequality
B (1 —a)cosA

(2.1) /)] = 21— B

Proof. Consider the function

_ f'(z) -1
O(z) = (26 —1)(f"(2) = 1) +28(1 — @) cos e~

Also, since f'(1) =1+ ﬂ(l a) cos Ae~* | we have

m%?cos Ae A
o(1) = ~1.

(26 —1) (B(l Ba) cos Ae~ ”‘) + 26 (1 — ) cos Ae™A

Therefore, from (1.4), we obtain
26 (1= a) cos A" (1)]
(268 = 1) (£(1) = 1) + 28 (1 — @) cos Ae ™[}
26 (1 —a)cos A|f"(1)]
‘(25 - 1) ( Bl-a) ﬁo‘ cos \e™ M) +208(1 — a) cos Ae™
2(1-58)°

T3 (1 —a)cos A £l

1 < |01 =

2

and
B (1—a)cosA

2(1-8)°

()] =
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The inequality (2.1) can be strengthened from below by taking into account, ¢ =
£"(0)

5, the first coefficient of the expansion of the function f(z) = 2z + co2? + 32 + ...

THEOREM 2.2. Under the same assumptions as in Theorem 2.1, we have
1 3% (1 — a)?cos® A

(1—6)*B(1—a)cosA+ ||

Proof. Let w(z) function be the same as (1.2). So, from (1.3), we obtain

(2:2) (W] =

5 oy 20-8)7
m <O (1)]= B(1—a)cos A 7l
Since |co
, _ 202 _ Co
|©(0)| = 28 (1 — @) cos he—ir _5(1—a)COS>\’
we take 2
2 2 (1 — 5) "
1+mgﬁ(l_@(xm\f (1)]
and 2
, L F(-a)cos’)
|f (1)| > (1 _5)25(1 — a) cos A + |Cz|'
O
(V)

The inequality (2.2) can be strengthened as below by taking into account c3 =
which is the coefficient in the expansion of the function f(z) = 2z + cp2? + ¢32% + ...

THEOREM 2.3. Let f € R («, \). Assume that, for 1 € OU, f has an angular limit
f(1) at the point 1, f'(1) =1+ ’B(%_Ba) cos \e~*. Then we have the inequality
B(1—a)cosA

2(1-p)°

= (1+ (2.3)

4(B (1 —a)cos A — |ea))? ) ‘
2 ((B(1 — ) cos A)? —|eaf’) +138 (1 — a) cos Ae=irez — 23 (28 — 1))

Proof. Let ©(z) be the same as in the proof of Theorem 2.1 and b(z) = z. By the
maximum principle, for each z € U, we have the inequality |©(z)| < |b(z)|. Therefore,

we take
ey = S ( [ -1 )
b(z) 2z\28-1)(f"(2)—1)+28(1 —a)cosie
2c97 + 3c32” + ...
2 (26 —1) (2022 + 3322 + ...) + 253 (1 — @) cos Ae=
2¢o + 3c3z + ...
(28 — 1) (2c22 + 3c322 + ...) + 28 (1 — ) cos Ae=*A

is an analytic function in U and |9(z)| < 1 for z € U. In particular, we have

—_

|2
<1
B(1—a)cosA —

(2.4) [9(0)] =
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and ’
9(0)] = |35 (1 — «) cos )\e’”\czg, —2c3 (28 — 1)| ‘
2062 (1 — )" cos? A

The auxiliary function

1 —9(0)9(z)
is analytic in U, d(0) = 0, |d(z)| < 1 for |z] < 1 and |d(1)] = 1 for 1 € OU. From
(1.3), we obtain

2 1—[9(0)|”
Q) = |d'(1)] = 5 [9'(1)]
1 19(0)19(1)(
1 + 1+0(0)]
< {le' (M) - [¥'(1)[}
1—[9(0)]
— |B (1 Oé) COS/\| + |02| 2 (]— B 5)2 |f//(1)’ -1
B(1—a)cosA—|cz| \ B(1—a)cosA '
Since )
1—19(0
d/( ): ’ ( )’ 219/(2)
(1-v0)0(=))
and
|19/(0)| |35(1—o¢)cosAe’”‘cg—Qc%(QB—l”
282(1—a)? cos2 A
O ;= Ry
1 —[9(0)] 1_ (#)
B(1—a) cos A
}35 (1 —a)cosAe ey — 263 (28 — 1)
2((5(1—&)008)\) — |ea] ) ’
we obtain
2 < 18(1=a)cos Al +ca] ( 2(1 1f7(1)] — >
|3,B(1 a) cos Ae ™ 7‘Acg 202(2ﬂ 1)’ - B( CM)COS)\*'CQ' 5(1 a)cos)\ ’
((B(l a)cos)\)2 lea] )
4(8(1—a) cos A—|ez|)? 2(1-8)> "
2(( (1—a) cos )2 —|ca| )+’3B(1 a) cos Ae~ A ez —2c3 (26— ‘ < B(1—a) cos A |f ( >|
and
1" B(1—a) cos A 4(B(1—a) cos A—|ca])?
|f <1)| = 2(1—8)2 (1 T 2((,8(1704) COS)\)27‘CQ|2)+|35(17Q) cos)\e—i/\032c§(2,81)|) ) U

If f(z) — z have critical points different from z = 0, taking into account these
critical points, the inequality (2.3) can be strengthened in another way. This is given
by the following Theorem.

THEOREM 2.4. Let f € R («, \) and ay, as, ..., a, be critical points of the function
f(2) =z in D that are different from zero. Assume that, for 1 € U, f has an angular

limit f(1) at the point 1, f'(1) =1+ B(llfj;‘) cos Ae . Then we have the inequality

)] > e (14 32 el 2.5)
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4(&(1 a)COS)\zl:I |a;|— |CQ|)2

_|_

n 2 n
2<(ﬁ(1—a) cosA [] |ai|) —|e2| >+H la;]|38(1—c) cos Ae~* g —2(28—1)c2+B(1—a) cos Ae it ey Z %
i=1

Proof. Let ©(z) be as in (1.2) and ay, as, ..., a, be critical points of the function
f(2) — zin U that are different from zero. Also, consider the function

B(z) :zH Z_Ei :

111 —a;z
=1

By the maximum principle for each z € U, we have

1O9(2)| < |B(z)].
Consider the function
Z(Z) - @(Z) o f/(Z)—l 1
 B(z) \(@28-1)(f(2) = 1) +2B(1 — a)cos e~ ; ﬁ i
1—a;z
=1
B 292 + 3c32% + .. 1
(28 —1) (202 + 3c322 4 ...) + 2B (1 — ) cos Ae—A , ﬁ i
1—a;z
i=1
B 2¢co 4+ 3c32 + ... 1
(28 —=1)(2c22 +3c322 4+ ..) +28(1 —a)cos de™r B,
1—-a;z

=1

l(z) is analytic in U and |I(2)| < 1 for |z| < 1. In particular, we have

c
o) = ———=
B(1—a)cosA]] |ai
i=1
and
38(1—a)coshe 3 —2(28 —1)ca+ B (1 —a)coshe™ @i#
0} =

2 (B (1 — «)cos )\)2 ]f[l |a|

The auxiliary function

l(z) = 1(0

sy~ 1610

1 —1(0)l(z)
is analytic in U, |g(z)] < 1 for |z] < 1 and ¢(0) = 0. For 1 € OU and f'(1) =
1+ ’6(%_6“) cos Ae~ | we take |g(1)] = 1.

From (1.3), we obtain
2 1(0)/”

w < |9 = m”(l”

1 + |l(0) (1©'(1)| — |B'(1)]).

|
= T
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It can be seen that 17(0)|
g0)| = —"—=
1 —[1(0)]
and 2
38(1—a) cos )\eiiACS—Q(zﬁ_l)c%+ﬁ(1_Q) cos )\e*ikcz ‘gl #’

2(B(1—a) cos A)2 _ﬁ1|ai|

19'(0)] = :
1— leal -
B(l—a) cos A H |a7;|
i=1

. . n
’3/3(1700 cos e~z —2(28—1)3+B(1—a) cos Ae Ay 3
=1

= H |al| - 2
i=1 2(([3(1—(1) cos A 1;[1|ai‘) —|022)

Also,we have

2

1_|”‘i
ag

|_1+Z |a2 U,

Therefore, we obtain
2

2
n 38(1— a)cos/\e_”\cg, 2(28— 1)02+,(3(1 a)cos/\e_”\CQ Z %
i=1

1+H lag 3
i=1 2(<ﬂ(1—a)cos)\ lglla”) —\c2|2>

B(1—a) cos A ﬁ la;i|+|e2| 2
= 2(1— 1—|s;
< y (B(l(—a)ﬁc)osA ’f”<1)| 1= Z |1 |s| )

n 2
4(&(17(1) cos A ']:Il\ai|f\02|)

n 2 7
2((6(1—&) cos A ]:[ |a,-|) —|c2|2>+ [T |a:l

T B(1—a)cos A [ |as|—|ca]
=1

|ag |

3B(1—a) cos Ae~irc3—2(28—1)c3+B(1—a) cos Ae~reg S -
i=1

i=1

1—|s4]?
Sﬁ(l acos)\|f//( >| 1_Z|ls\
and so, we get inequality (2 5)
If f(z)—z has no critical points different from z = 0 in Theorem 2.3, the inequality
(2.3) can be further strengthened. This is given by the following theorem.

THEOREM 2.5. Let f € R («a,\), f(z) — z has no critical points in U except z =0
and co > 0. Assume that, for 1 € OU, f has an angular limit f(1) at the point 1,

(1) =1+ 5(%_;) cos \e~*. Then we have the inequality

B (1 —a)cos A
S 26)

]

O =

48 (1 — a)) cos Acy In? (W)
20 (B( 2 ) — 138 (1 — a) cos Ae=irey — 263 (28 — 1)]

B(1—a) cos A 1—a)cos A

Proof. Let ¢ > 0 in the expression of the function f(z). Having in mind the
inequality (2.4) and the function f(z)— z has no critical points in U except z = 0, we
denote by In¥(z) the analytic branch of the logarithm normed by the condition

In9(0) = In <5 i _C;) COSA) <0.
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The auxiliary function
_ Ind(2) —Ind(0)
9(2) = Ind(z) + Inv(0)
is analytic in the unit disc U, |¢(z)] < 1, #(0) = 0 and |¢(1)] = 1 for 1 € OU.
From (1.3), we obtain

2 P |21n9(0)]
1+ |¢'(0)] < lPl= In (1) + In¥(0)[>
21Inv(0)

= WZ0(0) + argzoq) 1O WL

Replacing arg? (1) by zero, then

waw
9(1)

1 —1 2 (1 _ /8)2 "
< -1
|3ﬂ(1—o¢)coske 1A03 202(25 1)| hl ( Cco ) {/B (1 - O{) COS)\ |f ( )|
1 - 2[‘32(1704)2 cos2 A ﬁ(l*@l) cos A
2c: C:
B(l—a?cos)\ 1n</3(1—0¢2)005>\>
and ( )
B 48(1—a) cos Acg In? m "
1 B(172:)2COS/\ 1n<,8(17(012) COS/\) |3,3 1— Oé) COS)\E_’L)‘C[; 202 QB 1)| S B 1 a COSA |f ( )|
Thus, we obtain the inequality (2.6). O

The following theorem shows the relationship between the coefficients ¢, and c3 in
the Maclaurin expansion of the f(z) = 2 + 22 + c32% + ... function.

THEOREM 2.6. Let f € R («, ), f(z) — 2z has no critical points in U except z = 0

and co > 0. Then we have the inequality
(2.7)

35 (1 — a)cos xe™ @—2@@B—D\Sqﬁﬂ—aﬁ%k@m<@u—3nmA)w

Proof. Let ¢(z) be the same as in the proof of Theorem 2.5. Here, ¢(z) is analytic
in the unit disc U, |¢(z)] < 1, ¢(0) = 0. Therefore, the function ¢(z) satisfies the
assumptions of the Schwarz Lemma. Thus, we obtain

21In (0 9'(0
- L R [
IIn9(0) + In9(0)|* | ¥(0)
1 [9(0)
210 9(0) | 9(0)
|36(1—a)cos)\e*iAC3—2c§(26—1)|
_ 262(1—a)? cos? A
2c c
,B(I—a)QcosA In (B(l—cf) cosA)
and
C
133 (1 — a) cos Ae ™ %—2%@5—U\gqﬁu—an%A@m<ﬁa_;M%A>w

]
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