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ON STEPANOV WEIGHTED PSEUDO ALMOST AUTOMORPHIC
SOLUTIONS OF NEURAL NETWORKS

HyuN MORK LEE

ABSTRACT. In this paper we investigate some sufficient conditions to guarantee the
existence and uniqueness of Stepanov-like weighted pseudo almost periodic solutions
of cellular neural networks on Clifford algebra for non-automomous cellular neural
networks with multi-proportional delays. Our analysis is based on the differential
inequality techniques and the Banach contraction mapping principle.

1. Introduction

In the past decades, the dynamics of various neural networks have been extensively
studied. Many kinds of neural networks such as Hopfield neural networks and cellular
neural networks etc., have received much more attention from many fields ( [2], [12],
[15]). They are a good tool for the approximation of dynamical systems, and so their
successful application requires an understanding of their long term behavior with
dynamical properties, in specially, their existence, uniqueness and stability.

The mathematical theory that enables machine learning of artificial intelligence
is Kolmog- orov Arnold theorem [9], which is the starting point of neural network
models. A sufficiently large function space can be constructed by choosing a suitable
activation function and repeating only this function and arithmetic operation.

It is known that, as a generalization of real-valued neural networks, the research
of complex-valued and quaternion-valued neural networks have been investigated in
several kinds of neural networks have attracted more and more attention due to have
more advantages than real-valued neural networks in many aspects [5]. However they
are sometimes inapplicable for some for some engineering problems for instance such
as neural computing, computer and robot vision, image and signal processing. For
this reason, researchers attempted recently a more general and complicated neural
networks, which is Clifford-valued neural networks [2], [12], [13]. Clifford-valued neu-
ral networks are a kind of neural networks whose state variables, connection weights
and external inputs are Clifford numbers. They are generalizations of real-valued,
complex-valued and quaternion-valued neural networks. However, because the mul-
tiplication of quaternion numbers does not satisfy the commutative law. In order
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to avoid the non-commutativity of the quaternion multiplication, researchers decom-
posed given system into real-valued systems [15].

Recently, there have been investigate interesting results on the problem of the exis-
tence and stability various type of almost periodic solution for the following:

ri(t) = _Ci(t)xi(t>+Zaij(t)fj(xj(t)) ------ (1)

- Zbij(t)gj(%(qijt)) + L), t>0.

Some authors argue that the first term in each of the right side of (1) corresponds
to stabilizing negative feedback of the system which acts instantaneously without
time delay; these terms are variously known as ”forgetting” or a leakage terms (
8], [13]). The model which has time-varing leakage delays is more general than the
previous ones(model). Therefore, some authors focused on the existence and stability
of equibrium and periodic solutions for neural networks model involving leakage delay.
And it is known from the stabilizing negative feedback terms will have a tendency to
destabilize a system.

Motivated by the aforementioned works, to illustrate our abstract result, we investi-
gate some sufficient conditions to guarantee the existence and uniqueness of Stepanov-
like weighted pseudo almost periodic solutions of cellular neural networks on Clifford
algebra for non-automomous cellular neural networks with multi-proportional and
time-varying leakage delays as follow:

ri(t) = —ci(t)wi(t —n(i) +Zaw ) fix(t) - (2)

+ Zbij(t)gj<xj(%jt)) + Ii(t), t > 0.

The initial conditions associated with system (1) are of the form
zi(s) = @i(s), s € [-13,0],0; € C([—7;,0], A) ,ie I ={1,2,---n},

n is the number of units in a neural network, x;(t) € A, which is known as Clifford
number, corresponds to the state vector of the i-th unit at time ¢, ¢;(t) > 0 represents
the rate with which the #-th unit will reset its potential to the resting state in isolation
when disconnected from the network and external inputs, ¢;;,7,j € I are proportional
delay factors and satisfy 0 < ¢;; < 1, and g;;t = t—(1—g;;)t, in which p;;(t) = (1—¢;;)t
is the transmission delay function and (1 —g;;)t — oo as ¢;; # 1,t — 00 :¢; denotesthe
initial value of x; at s € [1;,0], 7, = minj<j<,{q;}. a;(t),b;;(t) € A are first-
order and second-order connection weights of the natural network, 7;(f) > 0 and
pij(t), 0:;(t), vi;(t) > 0 correspond to the leakage and transmission delays, respectively,
I;(t) € A denotes the external inputs at time ¢, and f;,g; : A — A is the activation
function for signal transmission of the #th neuron.
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2. Preliminaries and notations

The Clifford algebra was establishment by the British mathematician William K.
Clifford in 1878 which is a generalization of the plural, quaternion, and Glassman
algebra.

To begin with, we introduce the definition and properties of Clifford algebra which
is well known. We shall refer to [2], [13], [15] and references therein.

Clifford algebra over R" is defined as A = {} 195 . n) aey,a € R} where
€A = €pChy - Cp,, With A= {hy, hy,--- hu}, 1< hy <hy<hy<---<h, <m.

Moreover, eg = eg = 1 and egpy = ey, h =1,2,--- ,m are called Clifford generators
which satisfy the Hamilton’s multiplication rules; the relations e = —1 and e;e; +
eje; =0, 1=7,1,5=123,---,m. For simplicity, when one element is the product
of multiple Clifford generators, we will write its subscripts together.For example,
e1ea = e1p and ezereses = e3ra5. We define A = {(,1,2,--- A,--- [ 12---m} then it
is easy to see that A = {>_, a’e4,a® € R}, where >, is a brief form of > ,_, and
dimpA =371, () = 2"

For any Clifford number z = >~ , 24 € A, the involution of z is defined as 7 =

_ _ o[A](s[A]+1)
S ates where é4 = (—1)7 2 and

_ 0, if A=10
olA] —{ 1 A= hihy- by

From the definition, it is directly deduced that ejéq = €44 = 1. Moreover, for
Clifford-valued function z = Y , ze4 where 4 R = R, A€ A, and its derivative
. da(t A ) _ o[Al(o[A]+1) .

is given by fi(t) = A%dteA. Since egéy = (—1) 2 egey, we can write
epés = e, or egéy = —e., where e, is a basis of Clifford algebra A. For example,
ehlhzéh2h3 = TCh1hyChohy = TERChyChy = —ehl(—1)€h3€h1€h3 = Chihs- Hence it is

possible to find a unique corresponding basis e. for the given egéy4.
Define

U[B'A] :{ 0, if eges = e,

i, if egeq = —e.
and then egey = (—1)U[B'A]€c.
In addition, for any g € A, we can find g° a unique satisfying gBA = (—1)elBAlge for
epea = (—1)°B4le,. Hence gP4epey = gBA(—1)7BA e = (—1)71BAgCp(—1)01B-AlC
=g%c and g = >, g% € A.

Remark 1. Clifford-valued system (1) includes real-valued systems and complex-
valued systems as its special cases. In fact system (1), when m, the number of
the generators of A, equals m = 0, m = 1 and m = 2, system (1) degenerates
into real-valued, complex-valued, and quternion-valued systems as its special cases,
respectively [8].

Next, let (X, || - ||) be a Banach space and BC(R, X) be the set of all bounded
continuous functions from R to X. For a given 7" > 0 and each p(weights) € U, set

W(T,p)= [} p(t)dt.
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In order to facilitate our discussion, we introduce the following notations:
U = {p:R— (0,00): locally integrable on R with p > 0 (a.e.)},
Us = {peU: lim u(T,p) = oo},
T—o00
BC(R,R") = {f:R — R", the bounded continuous functions}.

Note that (BC(R,R"),|| - ||s) is @ Banach space where || - ||, denote the sup norm

[1£lloo := roax sup |fi(¢)].

Conveniently, we introduce some notations. We will use x = (zy,--- ,x,)7 to denote
a column vector, in which the symbol (-1) denotes the transpose of a vector. We let
|z| denote the absolute-value vector given by |z| = (|z1|,|z2|, -+, |z,])? and define

||| = maxi<i<n |i|. And we put ¢ = {p;(t)} = (p1(2), pa(t), - - on(t))T.
Lastly, we review some definitions and lemmas well known from our references ( [2],
3], [4], [10], [11], [14], [1], [12], [13], [15]) and references therein.

DEFINITION 2.1. A function f € BC(R,A) is called almost automorphic, if for
every sequence of real numbers (s, )nen there exists a subsequence (s,,)ney such that
g(t) = lim f(t + s,)

is well defined for each t € R, and
lim g(t — 5,) = (1)

n—o0

for each t € R. Denote by AA(R,.A) the collection of such functions.

LEMMA 2.2. Ifa € R, f,g € AA(R, A), then af, f + g € AAR, A).

LEMMA 2.3. If z € C(R,.A) satisfy the Lipschitz condition and ¢ € AA(R,A),
then f(p(-)) € AAR, A).

LEMMA 2.4. If f € AAR, A),n € (R,R), then f(-,n(-)) € AA(R, A).

DEFINITION 2.5. The Bochner transform f°(¢,s), t € R, s € [0, 1] of a function
f:R — X is defined by f(t,s) := f(t + s).

DEFINITION 2.6. Let p € [1,00). The space BSP(R, .A) of all Stepanov bounded
functions, with the exponent p consists of all measurable functions f : R — A such
that f° € LP(R; LP((0,1),.A)). This is a Banach space with the norm

1

Il s=sup ([ 5IPar)

We define the Stepanov weighted ergodic space, for f € BC(R, A),
PAAO(LP([O’ 1]7 A)? P)

= (e ([ ) soar = o},

DEFINITION 2.7. Let p1,p2 € Uy. A function f € BSP(R,.A) is said to be
a Stepanov-weighted pseudo almost automorphic(SP-weighted pseudo almost auto-
morphic) if it can be expressed as f = h + ¢, where h* € AA(R, (LP((0,1),.A)),
(pb € PAAO(R7 Lp((o’ 1)>A>7p>



On Stepanov weighted pseudo almost automorphic solutions of Neural Networks 495

The collection of such functions will be denoted by SPW PAA(R, A, p,p) which is
a closed subspace of BC(R, L*([0, 1],.4)) relatively to the norm || - ||s», and therefore
is a Banach space [1].

DEFINITION 2.8. A function f = Y7 fA4 : R — A is said to be Stepanov
weighted pseudo almost automorphic, if fA € SPWPAA(R,R, p,p) for all A € A.

Note that Mla;] = limy_ ;o = 7 f Ty s)ds > 0, using the theory of exponential

dichotomy in [7], one can easily get the followmg lemma.
LEMMA 2.9. Fori = 1,2,3,--- ,n, and a; € BC(R,R") with inf,cg a;(t) > 0. If
f € BC(R,R"), then the linear system
x (t) = A(t)a(t) + f(t)
has a unique bounded solution

x(t) = /t el Awde £(5)ds

—00

where A(t)=diag(—ay(t), —as(t), -+, —a,(t)).

3. Existence results for Stepanov weighted pseudo almost periodic solu-
tion

To overcome the difficulty for the non-commutativity of multiplication of Clifford
numbers, firstly we transform the Clifford-valued system (1) into the real-valued sys-
tem which is easily to handle. This can be established using by e4é4 = é4e4 = 1 and

€Aes = €p. _

For any g € A, We can find ¢¢ a unique satisfying ¢%4 = (—1)715-4l g for epéy =
(— 1)"[3‘”60 So gP4epes = gPA(—1)° [B-Alg, = (—1)° [BA]ng( 1Bl = gCeq
and g =) gcec € A. By decomposing (1) into z = Y , ze, we obtain that

2 () = —a(t)f +ZZ (1)),

j=1 B

T Zzb gy (25 (qi;t)) +IiA(t>7 """ (3),

j=1 BeA
$;4(S) = (10;4(8>? s € [_7170]7 (&S Ia

:Ui(t):ZxA ea, Ii( ZIA e,

where

(—1)"*Plaf(t),

vj

£
<
—~
~
N—
I
=[]
=
< Q
—
~
S~—
m
Q
=
S
sl
—~
~
N—
Il

bij(t) = > b5 (tec, b (t) = (—1)"*P(),

gi(xi(ait) = > 9P (@ (@iit), o5 (qiit), -+ 25" (gist) e
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: : 0 1200m 0 1 1.2 0
Remark 2. It is clear that if z = (29, 21, -+ , 2] Ty, Tyt oy £L‘2 S A
xl2-m)T . L24Y s a solution to system (2), then x = (11, 9, - - - 2,,)T must be a solu-

tion to (1), where z; = Y , zi'es, A € A.

For the sake of convenience to work (3) we established some hypothesis and suffi-
cient criteria, which will be used in this paper, as following:

(Hy) Fori,j el and A, B € A, ¢;(t) € SPWPAA(A, p,p), af;-'B(t),
biy P (1), 1,(t) € SPWPAA(R, A, p,p), 7i(t), 055(t), juij (t) € SPWPAA(R, A, p, p).

(Hs) For any u,v € A, functions f] , g] € BC(A,R),there exist positive constant
Lf , L such that

1P (u) = [P < LY T Hu® =07, f7 R SR,
CcCeA

llgP () — gl ()] < LI ||[u® - R 5 R
CeA

Additionally, we suppose that f]B(O) = ng(O) =0, where j € I, A, B € A.
(H3) Let D = {p : ¢ € SSWPAA(R, A, p,p)}, ||z][sr = max;e; {maxaen [z;']sr}
and g = {(p)#}, where

t

t+1 .
s =sup( [ O o) () = [ e s
teR Jt

—00
respectively. It is clear that D is a Banach space.

(Hy) For i € I, there is a function a; € BC(R, (0,400)) and a constant k; > 0
satisfying the following inequality:

e — [ aitu d“<ke f“’”)d“ for all t,s,k; e R, t — s> 0,

and ¢* = sup,cp |p(t)| for f € BC(R,R).

(Hs) Put
<;f;) (Cifp) ||l =k, p<1 1p—kp <1
where
) ) s (St - ek -

Using similar ideas as in [4], [13]. one can easily show the following result.

LEMMA 3.1. Suppose that assumptions (Hy) ~ (H,) hold. Define the nonlinear
operator I as follows: for each ¢ = (1,2, -+ ,pn) € SPWPAA(A, p,p),le(t) =
x,(t), where

t t t t t t T
T,H(t) = </ e~ ) ““d”Fl(s)ds,/ e~ Js gy ()ds, - - ,/ e~ ) ““d“Fn(s)dS>

—00 —0o0
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and

Fi(s) = —ci(t)z;(t —ni(t)) + Za” ) fi(z;(t

+ Zbij(t>gj(xj(q1'jt>> + L(t),i=1,2,3...,n

j=1
Then I' maps SPW PAA(R, A, p, p) into itself.

Proof. For all 1 < ¢ < n, the function F; is Stepanov weighted pseudo almost
automorphic, by using Lemma 2.2 ~ Lemma 2.4 and the composition theorem of
pseudo almost automorphic function [11]. Consequently, F; can be expressed as

Fi=F +F
where F' € AA(R, A) and F? € PAA(L([0,1],.A), p). So
(i) ()
_ /t e—f;ai(u)duﬂl(s)ds + /t e—f:ai(u)duF;Q(s)dS

(T F)(1) + (D7) ().

Let (s),)nen be a sequence of real numbers; since a; € AA(R,.A) and T; € AA(R, A),
we can extract a subsequence (s, )nen Of (5, )nen such that, for each ¢ € R,

lim a;(t +s,) =a;, lim @;(t—s,) =a;, i=1,2,---,n
n—o0 n—o0
and
,}LIEOFZ‘(H sn) = Iy, Jingofz(t —8,)=1p, i=1,2,---,n
Set

and we have

|| T505(t + sn) — TiLi(t)]] 4
t+sn t

_ / o= fst+8n ai(u)duﬂl(s)ds + / e fst ai(u)duFiQ(s)dS

— 00 —00

t+sn t t
_ / _fs o @ p+sn)dpF1( )d$+/ e*fs ai(u)dquiZ(s)dS

— 00 —00

t t
_ / e—f:ai(P'i'Sn)dpﬂl(S)dS—}—/ e_f:ai(p+5n)dpFi2(S)dS

—0oQ —0o0
t t t t
—i—/ e~ Js ai(p“”)dpFil(s)ds +/ e~ Js ai(“)duFf(s)ds
t

t
_ / e—f: ai(u+s")du(Fi1(S + Sn) B FZI))dS +/ - fst a;(utsp)du efst al(u)du)FZ-Q(S)dS.

—0o0 —00
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By the Lebesgue dominated convergence theorem, we obtain that

lim (T;T5)(t + s,) = (T;T;)(t), foreacht € R, p=1,2,--- ,n.

n—-+4o0o

Similarly, one can prove that

lim (T;T)(t — s,) = (T;T)(¢), foreacht € R, i =1,2,--- ,n,

n—-+00

which implies that T;F}! € AA(R, A).

Next we show that [';F? € AA(R,A), by the Holder inequality and Fubinis’s
theorem
(p~' + ¢! =1), we obtain that

1T E7 |
1 T - t+1 1
o Sy M AT B LR T

1 T t+1 [ i o2 ) 1
= lim / sup/ / ke~ Js @i @ YF7(s)ds|Pdz t)dt
T—oo (T, p) Jo1 Lter | (s)ds } p(t)
1 T t+1 ) ) ) 1
< lim / sup/ / ke \V*T Sa’*F ds|Pdz t)dt
T—oo (T, p) J_r Lier | (5)ds } P

A
5
’tﬂ*—‘

p(t)dt

1 T _ t+1 e
li / sup/ / ke 3 z+s pdsdz}
T—oo (T, p) Jo1 Licr Ji @i ‘ )

1 1 (T 9 1
li 2TQ/ sup/ / ke 2 F2 (2 + s)|[Pp(t)dsdzdt|”
T—oo pi(T), p)( ) T [teR s ' () }

A
5

< lim ( )l(2T)l( 2 );/ he S / [ /m |F2(z + s)[Pp(t)d dtd]’l’
< lim Z a— i€ sup (2 + 8)|Pp(t)dzdtds
Too u(T, p) Gix/  J oo M(Tm) 1 Lier Ji
1 172\ [0 aeps 1 T t+1 »
< lim p(2T)a [ — q/ kie2/ sup/ F2z+s Idz )
T—00 u(T,p)) (3T) <az) —0 u(T, p) fT[tEIR t [Fi(z 4 9) ) (2
1,91 (0 e 1 T t+1 1 1
dtds|® [ = q/ kie2/ sup/ Ff 2+ )%z ) p(t)dtds|”
:| <az*) -0 :u’(Ta p) -T |:t€R t | ( )‘ ) p() :|
t+1 p=1 1 2ki\ & =l 0 arps ] T i
. F2(z+s)|%dz) * p(t)dtds|” < (=) "||F?||L / 62/ sup/
[ anas) o)’ < CE)URIE [ gy [ e |
1 1
|F2(z + s)\qczz) L p(t)dtds} ’
Since F? € PAAy, T';F? € AA(R, A),
[ maps into SPWPAA(R, A, p, p) itself in the region D. ]

By applying the similar mathematical analysis techniques in [5], we derive some new
sufficient conditions ensuring the existence, uniqueness and of weighted pseudo almost
periodic solutions of system (3).

THEOREM 3.2. Assume that (H; — Hjs) hold, then system (3) has a unique S?
weighted pseudo almost automorphic solution in the region D* = {g0|g0 €D :||lp—

@ollsr < kap};
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where

t
solt) = (/ ~ audull(s>ds,/ o L (s /

- - —00

t t

t T
e Js ““d“[n(s)ds) :

Proof. Firstly, it is easy to see that the region D is a closed convex subset of
SPWPAA(R,
A, p,p). Using the Holder inequality and Fubinis’s theorem we obtain

[ s < ([ [ el

o0

1
leo(®)llsr = sup / | / i (5) rsd]”
teR t
Qk aj,.sp t+1 1
< ( sup [/ e 2 / |I(s—|—t)]paltds]p
Uixq teR o :

)

() [ / e [ o]
()

k.

IA

Therefore, for all ¢ € D* by applying the estimate just obtained technique, we can
easily obtain:

pk
lells? < [le = wollse + [[¢ollsr < i, +k

and
1(T)i (8) = (o)l 50
t+1 .
= [ \/ , <ci<t>/tm it 355 ?
(5) [ (ps(s +Zzb $)g; (5 (qit) }ds‘ dt}
Jj=1 BeA

IN

ieR /\/ G <>/tm di(s))as|"aul]
—l—{/tt—kl‘/_ooe_saz duzza fB (0;(s ds’ dw]

=1 BeA

/t+1 ‘ / e — [ ai(u) duz Z bAB 903 qu ))} ds|pdw]%dt}

j=1BeA

D=
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s t+1 [e’e) _
s)L; Z(/t ’/0 ke Paix

t+1 00 N - A-B
[ weranislls + {3 o
t 0

=1 ~ BeA Cen
1 " = t+1
~]<,ojc(w — o) Pdodw)r] + Z { [ Z bf}-'B(s)Lg (/ ’ / ke Paix
j=1 ~ Bea Cea
1 . 1
-]gojc(l —7(w — a))’pdadwﬁ < <pl:;l )p cnt 2mz Z bAB
j=1 BeA

pk

b Lg —_

2 WP lelsr < 77
BeA

which implies that ['p € D*, therefore the mapping I' is a self mapping from D* to
D*.

We see that the equation (3) has a unique weighted pseudo almost periodic solution
as following

@A) = / oot [ aner Y3 at

—o0 j=1 BeA

+Z > () - [P (pslat) + 1) ds.

j=1 BeA

Define a mapping I' : D* — D* by given (®,) By using the Minkowski’s inequality,
we have

1(Te) = (Te){ 5o
t+1 .
= -/ Lag u)du ’ e
ig]g / ‘/ Cl(t)/t m(t)((pZ(S) ¢z(5))d5

+Z Z % — ;) + Z Z bAB ‘P] Gijt) — ¢j(q1'j7f))}d8‘pdt}p

j=1 BeA j=1 BeA

<o [T [ e tteen o [ <¢;<5>_¢;<5>>ds‘pdt}i
teR t—n;(t)
t+1 P 1
W] ke e §™ S B (s) - 1B (oy(t) - wy(0)ds| e}
j=1 BeA
t+1 p o
[ / e S S BB () 6B 50) — st e}
j=1 BeA
. 1
< (kf >p2 max[cnlp—i-z Za Lf+Zb ]||g0 Y| sp,
Pix BeA j=1
< plle —Yllse



On Stepanov weighted pseudo almost automorphic solutions of Neural Networks 501

where

n

r= () e (nt + X5 (i nd + o o))

Qa
P Ben 1

Since p < 1, it implies that I" : D* — D* is a contraction mapping. By Contraction
mapping principle of the D*, we obtain that the mapping ' has a unique fixed point
z € D* such that I" which means that the equation (2) has a unique weighted pseudo
almost periodic solution. The proof of the theorem is completed. O

4. Examples

In this section we consider a simple application of our abstracts results we give an
modified example [13], [15] for n = 2 as the following neural networks with time-varing
leakage delays:

Z(t) = ezt —m() + ) ay(t)fia;(1) - (4)

2

+ > byt — pis(1) + Li(t), £ >0,

=1

where

z;(t) = 29 (t)eo + z; (t)er + (t)ez + 2} (t)612 € A

filz) = gloeosmx + 5 ey els'm:c + +5: L egszmc + 3 elgsmx , =12,
9; xj) = 13603mx + 3 elsmx ++17egsm$ + 3 6123znx , 7 =1,2,

[1 t B %sinQ\/gth 1+%)eg + %Osin\/gt 12620052\/_75 + 156123in\/_t
%sz‘nQ\/gt + 1+%)eg + %sm\/ét 1062008\/_t + 55 61282”\/_t ’

(t) 0.16 + 0.012cos+/3t

11 (t) bia(t)) 0.1legsiny/6t + 0.2e1sin/6t 0.13e + 0.1le1asin/7t
bor(t) bao(t)) — \0.ley + 0.161003\/515 + 0.2612608\/§t 0.11eqg + O.2€2$in\/§t

1.2 + 0.2cos/3t

( 1+ 0.1sin\/2t ) (nl(t)> _ (o.15+0.02sm\/§t)

011 ) c(t)) 0.16egsin/3t + 0.12e1 sin/3t 0.12e + 0.1e1asinV/Tt
ca(t) co(t))  \0.15eq + 0.13e1c0sV/5t + 0.12e15c05/4t 0.12¢9 + 0.12e5sin\/3t )

By detailed calculation, we get:

p= () 2" maxaea |(n)? + Xpea (Xjoyaf B L + T b3 P ()L9) | < 1.
Henceforth, we can show easily that all the conditions in our main Theorem 3.2

are satisfied, which means the existence unique Stepanov weighted pseudo almost
automorphic solution of (4).
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