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NONTRIVIAL SOLUTIONS FOR THE NONLINEAR
BIHARMONIC SYSTEM WITH DIRICHLET
BOUNDARY CONDITION

TACKSUN JUNG AND Q-HEUNG CHOT*

ABSTRACT. We investigate the existence of multiple nontrivial so-
lutions (£,7n) for perturbations g1, gs of the harmonic system with
Dirichlet boundary condition

A% 4 cAE = gy (26 + 3n) in Q,
A%+ cAn = 92(2€ + 3n) in Q,

where we assume that A\; < ¢ < A2, ¢1(00), gh(c0) are finite. We
prove that the system has at least three solutions under some con-
dition on g.

1. Introduction

Let € be a smooth bounded region in R" with smooth boundary 0f2.
Let Ay < Ay < ... < M\ < ... be the eigenvalues of —A with Dirichlet
boundary condition in €. In [8] Jung and Choi studied the multiplicity of
solutions of the nonlinear biharmonic equation with Dirichlet boundary
condition

(1.1) A*u+ cAu = g(u) in

u=0, Au=0 on 0f),
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where ¢ is a differentiable function from R to R such that ¢g(0) = 0,
¢ € R and A? denotes the biharmonic operator. Here we assume that
g,(OC)) = lim|u|_>oo @ € R.

In this paper we investigate the existence of multiple nontrivial solu-
tions (&, n) for perturbations g, g of the harmonic system with Dirichlet
boundary condition

(1.2) A€+ cAE =g (26 +3n) inQ,

A’n+cAn=g(2(+3n)  inQ,
E=0,n=0,A=0,An=0 on 0f),

where we assume that \; < ¢ < Ay, ¢1(00), gh(00) are finite.

Problem (1.1) was studied by Choi and Jung in [5], [6]. They showed
that problem (1.1) has at least three solutions. The authors proved that
(1.1) has at least two solutions by a variation of linking Theorem. The
authors also proved in [7] that the problem

(1.3) Au+cAu=but +s  inQ,

u =0, Au=0 on 0f)

has at least two solutions by a variational reduction method when \; <
c <A, b< MM —c)ore< A, MM —¢) <b < MNg1(Agr1 — ©).
This type problem arises in the study of travelling waves in a suspension
bridge ([9,10,11]) or the study of the static deflection of an elastic plate
in a fluid ([1,2,3,4,12,13]).

In section 2 we define a Banach space H spanned by eigenfunctions
of A%+ cA with Dirichlet boundary condition. We recall a Linking Scale
Theorem which will play a crucial role in our argument. In section 3
we prove that problem (1.1) has at least three solutions under some
condition on g. In section 4 we investigate the existence of multiple
nontrivial solutions (§,n) for perturbations g¢i,gs of harmonic system
(1.2).

2. Linking scale theorem

Let Ap(k = 1,2,...) denote the eigenvalues and ¢y (k = 1,2,...) the
corresponding eigenfunctions, suitably normalized with respect to L?(£2)
inner product, of the eigenvalue problem Au + Au = 0 in §2, with the
Dirichlet boundary condition, where each eigenvalue )\ is repeated as
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often as its multiplicity. We recall that 0 < Ay < Ao < A3 < ...\ —
+00 and that ¢i(z) > 0 for x € Q. The eigenvalue problem A?u +
cAu = pu in Q with the Dirichlet boundary condition © = 0, Au = 0
on 0f), has infinitely many eigenvalues A\y(\x — ¢), & = 1,2,..., and
corresponding eigenfunctions ¢g(x). The set of functions {¢x} is an
orthogonal base for W, ?(Q). Let us denote an element u of W,*(2) as
u="> hior, > hi < oo. Let ¢ be not an eigenvalue of —A and define a
subspace E of W,?(Q) as follows

E={ueWy?(Q): ) | — )|k} < oo}
Then this is a complete normed space with a norm

alll = 1> e = o)lRF12.

We need the following some properties which are proved in [6, 7]. Since
A — +00 and c is fixed, we have:

(i) (A?u+ cA)u € E implies u € E.

(ii) |[|u]]] > Cl|ul| 2y, for some C' > 0.

(iii) [Jul|z2(q) = 0 if and only if [||u]|| = 0.

DEeFINITION 2.1. Let X be a Hilbert space, ¥ C X, p > 0 and
ee X\Y, e#0. Set:

B,(Y) = {x € Y|le|x < o},
S,(Y) = {z € Y]allx = p}.
Ay, Y) = {oe+vlo = 0,0 € Y, oe +v]x < ph.
S,(e,Y) = {oe+vlo > 0,0 € Y, [loe +vllx = p} U{vlo € Y, [lo]lx < p}.

Now we recall a theorem of existence of three solutions which is linking
scale theorem.

THEOREM 2.1. (Linking Scale Theorem) Let X be an Hilbert space,

which is topological direct sum of the four subspaces X,, X, X and
X;. Let F € CY(X, R). Moreover assume:

(a) dimX; < +oo fori=0,1,2;
(b) there exist p >0, R > 0 and e € X5, e # 0 such that;

p<R and sup F < inf F;
Sp(Xo®X10X2) Er(e,Xs)
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(c) there exist p' >0, R > 0 and € € X, ¢ # 0 such that:

o <R and sup F < inf F,
S, (Xo®X1) g (e, Xo®X3)
(d) R < R/<:> AR(Q,Xg) C ER/(GI,XQ D X3)>;
(e) —0o < a=infa,, (e xo0x5) F;
(f) (P.S.)c holds for any c € [a,b] where b= supp (v ax,ex,) I
Then there exist three critical levels ¢1, ¢ and c3 for the functional
F such that:

a<c3< sup F< inf F< inf F<ec
S,(Xo®X1) g (e, X2®X3) Ag(e,X3)

< sup F< inf F<e¢ <b

Sp(Xo®X1BX2) Zr(e.X3)

PROPOSITION 2.1. Assume that g : E — R satisfies the assumptions
of Theorem 1.1. Then all solutions in L*(2) of

A?u 4+ cAu = g(u) in L*(Q)
belong to E.

With the aid of Proposition 2.1 it is enough that we investigate the
existence of solutions of (1.1) in the subspace F of L*(Q). Let I : E — R
be the functional defined by,

(2.1) I(u) = / S8 — SVul? — G,

where G(s) = [ g(0)do. Under the assumptions of Theorem 1.1, I(u)
is well defined. By the following Proposition, I is of class C' and the
weak solutions of (1.1) coincide with the critical points of I(u).

PROPOSITION 2.2. Assume that g(u) satisfies the assumptions of The-
orem 1.1. Then I(u) is continuous and Fréchet differentiable in E and

(2.2) DI(u)(h) = / Au-Ah —cVu-Vh —g(u)h

Q
for h € X. Moreover [, G(u)dx is C* with respect to u. Thus I € C'.

Let Z; act on E orthogonally. Then E has two invariant orthogonal
subspaces Fizz, and Fizyz . Let us set

H = Fixy,.



Nontrivial solutions for the nonlinear biharmonic system 477

The Z; action has the representation v +— —u, Yu € H. Thus Z,
acts freely on the invariant subspace H. We note that H is a closed
invariant linear subspace of E compactly embedded in L?(Q). It is easily
checked that A% 4 ¢A and ¢ are equivariant on H, so [ is invariant on
H. Moreover (A% + cA)(H) C H, A+ cA : H — H is an isomorphism
and DI(H) C H. Therefore critical points on H are critical points on
E.

3. A single biharmonic equation

In this section we prove the existence of multiple solutions of the a
nonlinear biharmonic equation.

THEOREM 3.1. Assume that \; < ¢ < Ao, Me(Ar — ¢) < ¢'(0) <
M1 (A1 =€) Mepm(Mkpm — ¢) < ¢'(0) < Apgmpt (Mkgpmyr — ¢) and
g (t) <v < Mermi1(Mktmi1 — ¢), wherem > 1, k > 2 and v € R. Then
problem (1.1) has at least three solutions.

Let Hy be the subspace of H spanned by ¢4, ..., ¢r whose eigenvalues
are A\ (A1 —¢),..., \e(Ax —¢). Let Hit be the orthogonal complement of
H,in H. Let r = %{/\k()\k —¢)+ Mer1(Aky1—¢)} and let L: H — H be
the linear continuous operator such that

(Lu,v) = /(A2u + cAu) - vdx — r/ uvdz.
Q Q

Then L is symmetric, bijective and equivariant. The spaces Hy, H;- are
the negative space of L and the positive space of L. Moreover, there
exists v > 0 such that

VueHe © (Luu) < Ol — 1)) / w2dz < —v|[ul|,
Q
Vu € Hi- (Lu,u) > (Akr1(Agr1 —©)) / wdz > vl||ul||*.
0
We can write )

where
P(u) = /Q[G(u) - %ruﬂdm.

Since H is compactly embedded in L?, the map D : X — X is compact.
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LEMMA 3.1. Assume that g(u) satisfies the assumptions of Theorem
3.1. Then I(u) satisfies the (P.S.)y; condition for any M € R.

For the proof see [8].

LeEMMA 3.2. Under the same assumptions of Theorem 3.1, The func-
tion I(u) is bounded from above on Hy;

(3.1) sup I(u) <0,

uEHy,

and from below on Hj-; there exists Ry > 0 such that

(3.2) inf I(u)>0
uGHIi-
lllulll =Ry,
and
(3.3) inf  I(u)> —o0.
uGH]i‘
Hull <Ry

Proof. For some constant d > 0, we have G,(s) > %asQ + d, where

G, (s) = [ gr(0)do. For u € Hy,

(Lu,u) < (Mg —c¢) — T)/QUQdJZ

Me( Ak =€) = A1 (M1 — ©) / 2
2 Q ’

/Grm) > 9/u2+dm|,
Q 2 Q
so that

I(u) < 1 XA =€) = Mgt (A1 — ©) / 2o / W2 —d|Q] <0,
2 2 WA

since ’\’“(’\’“_0)_’\5“(’\’““_6) < a. Thus the functional I is bounded from
above on Hj. Next we will prove that (3.2) and (3.3) hold. To get our
claim (3.2), it is enough to prove that:

lim [(u) = +oo.
ueHL
[lull|—+oo
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We have
li I
i (u)
Il || —+o0
1 r
> lim —(1-— ull* =  lim /GTud;,;
- Hﬁflkl 2( AHI(AHI_C))H' H| Hﬁﬁ]ﬁ @ ( )

1 r 1 )
> li —(1 — 2 _ li - 2 bl
B “Glgg 2( A1 ( Ak — c))|||u|” uelgiL Qﬁ/gu it

[Jw|||—+o0 {2 || — o0

1 r ﬁ _
> hm —(1 — — u 2 b Q
= o wwrpvrenes Ealb ooy vl LR

ul||—=—+o0
— +00,

since there exists b € R such that
1 _
GT(U) < 55%2 + b,

and

A1 (Aka1 — €) = A(Ae — ©)

f< 5

Now we will prove (3.3). Since
Akt (Aem =€) < '(0) < Attt (Akpmsr — )
and
gt) <7 < Megmsr Mepms1 — ©),
there exists
Mot (Akgm — €) <F < Aegrmg1 (Mepme1 — €)
and d > 0 such that G(u) < Zu® + d. Thus

inf I(u)

wEH L

[ull| <R

—'fﬁmm—/Gm}

= L Gl - f 6t
[lulll<R

> inf (1 T [l — d9} > —oo.
lrrelﬁl,i 2 Net1(Akg1 — €)
ul||<R
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LeEMMA 3.3. Under the same assumptions of Theorem 1.1, there exists
pr > 0 such that

sup I(u) < 0.
uEHy,
Hulll=pk

Proof. Let Ly, : H — H be the linear operator defined by

(Lo, v) = (Au + cAu)v — ¢'(c0) / uvdzx,
Q
where \iy1(Aiy1 — ¢) < MM —¢) < ¢'(00) < M1 (M1 — ), B >+ 1.
Then L, is an isomorphism. The spaces Hy, and Hj- are the negative
space of L., and the positive space of L., respectively, and

H=H,® ;.
Set G (s) = G(s) — 54/ (c0)s*. Then
1
I(u) = =(Loou, u) /G
2
Thus, by Lemma 4.2, limuen T ”'2 fQ u)dx > 0. Then
u—0
. I(w) _ 1
lim < lim Ak (g — g (0 /u2
R < 2|||u|||2[ A A
- lim 0 / Goo(u)dzr < 0.
ueity \HU|H
thus there exists py > 0 such that
sup < 0.
u€Hy,
lulll=pp,

LEMMA 3.4. Under the same assumptions of Theorem 1.1,

inf  I(z—o0e;) >0.
z€HL,0>0
[lz—ceylll=Ry

Proof. By Lemma 3.2, there exists Ry > 0 such that
inf  I(u) > 0.

uEHkL
[lulll=Rg
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To get our claim, it is enough to prove that

(3.4) lim  I(z —oe) = +o0.
ZEHL,O'ZO,
lllz=cey lll—+oo0

To prove (3.4), we need to show that

(3.5) max [ 2= max (z — o).
2€H;L z€HL o>0,
li=liI=1 lliz=aeq]ll=1

. . 2 2
In fact, we have immediately max cemt J #* < max cerL o0 [(z—oer)*.
[l1=1l1=1 lllz—eq|lI=1
Now we prove that max ... [ 2* > max st a0 [(z—oer)?
[lI=z[l1=1 lz—oeqlll=1

If 0 > 0, then
2/(z—ael)vzy(z—ael,v), Yo e H @ Hi

Taking v = z — oe; we get v =2 [(z — 0ey)? and taking v = e; we also
get

0< 2/(2—061)61 - 2/(,2—061)2(2—0—617@1)
— —20/(2’—0’61>2 <0

which gives a contradiction. Then z — ge; = 2z € Hi- and so
max qt [(z — oe1)* = max et i
lllz==oep =1 ll=ll=1
Thus we proved (3.5). Now we prove (3.4). For some constant (3,
b >0, we have G (s) > $35% +b, where Goo(s) =[5 goc(0)do, goo(s) =
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g(s) — ¢g'(c0)s. For z € Hif and o > 0, by (4.5) we get

I (2—0'61)
1
> —H|Z—U€1’HQ—§9< >/<z—oe1 ——B/z—ael -0l
1 2—0'61 0'61
= Sl oall - (o) [T g [LEZT) g
Iz = aei|]? Iz = 06|H2
1 (2 — oep)?
> ||z — oer]||P(1 — (¢’ (c0) + max ——) — b|Q
> 3l oallF = (g0 +0)_max [ E=200) — e
1
> Slllz = oedllP(1 = (g'(00) + ) maX/ZQ)—blﬁl—WO-
zEHk
ll=ll=1
as |||z — oeq||| — +oo0. Thus we proved the lemma. O

From Lemma 3.3 and Lemma 3.4 we have

LEMMA 3.5. Under the same assumptions of Theorem 1.1, there exists
pr > 0 such that

sup I(u) < inf  I(z—o0e),
u€H), z€8(—e1,Hib)
Nulll=pk
where
E(_elaHlj_)
= {z € Hyllll2|| < R} U{z — oei|z € Hy,0 2 0,[||z — oer]|| = Ry},
wdith Ry, > Pk

LEMMA 3.6. Let Gy : R — R be a continuous function such that
inf Gio(s) 00 lim Gio(s)

s€R1—|—82> ' s—0 52 20
Then
1
lim —/ Go(u)dz > 0.
vy |[lul]]?
Proof. Let
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Then h : R — R is bounded, continuous, with h(0) = 0 and Gy(s) >
—h(s)s*. If (u,) is a sequence in H with u,, — 0, then up to a subse-
quence, u, — 0 a.e., and v, = |IISZ|H is strongly convergent in L?((Q).
Since

1
W/QGO(un)de —/h(un)vidm,

Q

the claim follows. O]

LEMMA 3.7. Under the same assumptions of Theorem 1.1, there exists
Pk+m > 0 such that

sup  I(u) < inf I(z),
wEH 4, Zez(ek-&-maHkl_‘_m)
el l1=ph4-m

where (e sm, Hiy) = {w € Hiyll[0lll € Rapm} U{w + gepplw €
H]i:}—mJ oz 07 H|w + Uek+mH| = Rker} with Rk+m > Pk4m.
Proof. First we will prove that

(3.6) sup I(u) < 0.
uer«l»'m
lulll=pp o0

From the assumptions of Theorem 1.1, Apym(Aprm — ¢) < ¢'(0) <
Merma1(Mgrma1 — ¢), m > 1. Let Ly : H — H be the linear opera-
tor defined by

(Lou,v) = (A%u + cAu)v — ¢'(0) / uvdz.
0

Then L is an isomorphism. The space Hy,,, H, kﬂm are the negative
space of Ly and the positive space of Ly, respectively, and

H = Hyym ® Hi -

Set Go(s) = G(s) — 2¢/(0)s*. Then

2

I(u) = %(Lgu,u) - / Go(u)dz.

Q
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Note that inf €06 > oo, lim, Gggs) > 0. Thus by Lemma 3.1,

1+s2
hmzag i |”2 fQ Go(u)dz > 0. Then
I(u) 1
lim < lim ——— M (Aerm — ¢) — ¢'(0)] / u?
B R | T .

u—0

uEH

) 1
— lim W/QGQ(U)dQL’ < 0.

Thus ther exists pgi, > 0 such that sup  wem,,, [I(u) < 0. By
Hll|=pk o0

Lemma 4.2, inf .0 I(u) > 0. Thus we have

[lulll=Rg
sup I(u) < inf I(u)
“er+m uEH}i-
[ lllulll=Ry,
with Ry > prim. In other words, there exists ey, € Span{dgs1, ..., Okem}
such that
sup I(u) < inf I(u).
WEH 4 wEHL, | ®ep i
lulll=pg+m Pk 4m—0 eltm €SPan{dp 1, bppnblllulll=Ry

]

PrROOF OF THEOREM 3.1. By Lemma 3.5, there exists pp > 0 such
that
sup I(u) < inf  I(z—o0e),

u€Hy zEE(—el,Hé-)
ulll=p

where X(—ey, Hit) = {z € Hit|||lz|]| £ Re} U {2z — oei|z € Hi5 o >
0,|||z—oe1||| = Ry}, with Ry > pi. By Lemma 3.7, there exists pgym > 0
such that
sup  I(u) < inf I(2),
UEH 4 o Zez(ek+m:HkL+m)
llell1=Pk

where S(ex i, Hiy ) = {0 € HE ol € R} U {0 + oei il €
Hkﬁrm,a > 0,|[|w + oepiml|l| = Resm} with Regim > prem and Ry >

Ryt Thus by Linking Scale Theorem 2.1., (1.1) has at least three solu-
tions. []



Nontrivial solutions for the nonlinear biharmonic system 485

4. Nontrivial solutions of biharmonic systems

In this section we investigate the existence of multiple nontrivial solu-
tions (&, n) for perturbations gi, g, of the harmonic system with Dirichlet
boundary condition

(4.1) A%+ cAE =g (26 +3n) inQ,
A+ cAn = g2(2€ + 3n) in €,
E=0,n=0,A =0,An=0 on 012,

where we assume that A} < ¢ < g, ¢1(00), g5(c0) are finite.

THEOREM 4.1. Assume that \; < ¢ < Ag,

MMk = ¢) < 2g1(00) + 3g5(00) < Mg (Apsr — ©),

Ak (Aem =€) < 261(0) + 395(0) < Attt (A1 — ).

Assume that 2g(t) +3g5(t) < v < Metmt1(Metms1 —¢), wherem > 1,
k > 2 and v € R. Then system (4.1) has at least three solutions.

Proof. Let L = A? 4+ c¢A. From problem (4.1) we get the equation
(4.2) L(2£ 4 3n) = g(2§ + 3n + 2) in Q,

E=0,n=0,A=0,An=0 on 0f),

where the nonlinearity g(u) = 2¢;(u) + 3g2(u).
Let w = 2£ 4+ 3n. Then the above equation is equivalent to

(4.3) L(u) = g(u) in
u=0,Au=0 on 0f).

With the condition of the theorem, the above equation has at least
three solutions , two of which are nontrivial solutions, say wy, wy. Hence
we get the solutions (£, ) of problem (4.1) from the following systems:

(4.4) L& = g1 (w;) in €2,

Ln = ga(w;) in €,
E=0n=0,A=0,An=0 on 0f),
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where ¢ = 0,1,2 and wy = 0. When ¢ = 0, from the above equation we
get the trivial solution (£,7) = (0,0). When ¢ = 1,2, from the above
equation we get the nontrivial solutions (£1,11), (&2, 72).

Therefore system(4.1) has at least three solutions (&, ), two of which
are nontrivial solutions. O]

THEOREM 4.2. Assume that \; < ¢ < Ag,

291(00) 4 3g5(00) < Mi(A1 —¢),

291(0) + 395(0) < Mi(M\1 — o).

Assume that 2¢)(t) + 3¢5(t) < v < A\ (A — ¢), where v € R. Then
system (4.1) has only the trivial solution (§,n) = (0,0).

Proof. Let L = A? 4 cA. From problem (4.1) we get the equation

(4.5) L(2€ + 3n) = g(2¢ 4+ 3n + 2) in €,

E=0n=0,A=0,An=0 on 0f),

where the nonlinearity g(u) = 2¢;(u) + 3g2(u).
Let w = 2§ + 3. Then the above equation is equivalent to

(4.6) L(u) = g(u) in €,

u=0,Au=0 on 0f).

With the condition of the theorem, by Theorem 2.1 the above equa-
tion has the trivial solution. Hence we have the trivial solution (£,7n =
(0,0) of problem (4.1) from the following system:

(4.7) LE=0 inQ,
Ln=20 in €,
§=0,n=0,A=0,An=0 on 0f).

From (4.7) we get the trivial solution (£,7) = (0, 0). O
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