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ON THE GROWTH OF POLYNOMIALS

Rubia Akhter, B. A. Zargar, and M. H. Gulzar

Abstract. In this paper, we study the growth of polynomials P (z) of degree n

defined by P (z) = zs(a0 +
n−s∑
j=t

ajz
j), t ≥ 1, 0 ≤ s ≤ n−1 which do not vanish in

the disk |z| ≤ k, k ≥ 1 except for the s-fold zeros at origin. Our result generalises
and refines many results known in the literature.

1. Introduction

Let P (z) =
n∑
j=0

ajz
j be a polynomial of degree n and let ||P || = max

|z|=1
|P (z)|,M(P,R)

= max
|z|=R

|P (z)|. For a polynomial P (z) =
n∑
j=0

ajz
j of degree n, it is well known and is

a simple consequence of the Maximum Modulus Principle [9] that for R ≥ 1,

M(P,R) ≤ Rn||P ||.(1.1)

The result is best possible with equality holding for P (z) = λzn, λ being a complex
number. Since the extremal polynomial P (z) = λzn in (1.1) has all its zeros at the
origin, it should be possible to improve upon the bound in (1.1) for the polynomials
not vanishing at the origin. This fact was observed by Ankeny and Rivilin [1], who
proved that if a polynomial P (z) has no zeros in |z| < 1, then for R ≥ 1,

M(P,R) ≤
(
Rn + 1

2

)
||P ||.(1.2)

Inequality (1.2) becomes equality for P (z) = λ+µzn where |λ| = |µ|. As a refinement
of (1.2), Govil [6] show that if a polynomial P (z) has no zero in |z| < 1, then for
R ≥ 1,

M(P,R) ≤
(
Rn + 1

2

)
||P || − n

2

(
||P ||2 − 4|an|2

||P ||

)
×
{

(R− 1)||P ||
||P ||+ 2|an|

− ln

(
1 +

(R− 1)||P ||
||P ||+ 2|an|

)}
.

(1.3)
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The above inequality becomes equality for the polynomial P (z) = λ + µzn, where
|λ| = |µ|.

Dalal and Govil [2] used a recurrence relation and sharpened the bound in (1.3) as
follows:

Theorem 1.1. If P (z) =
n∑
j=0

ajz
j, is a polynomial of degree n which does not

vanish in |z| < 1, then for R ≥ 1 and N, 1 ≤ N ≤ n

M(P,R) ≤
(
Rn + 1

2

)
||P || − n||P ||

2

(
1− 2|an|
||P ||

)
h(N),(1.4)

where

h(N) =

(
RN − 1

N

)
+

N−1∑
ν=1

(
RN−ν − 1

N − ν

)
(−1)ν

(
1 +

2|an|
||P ||

)(
2|an|
||P ||

)ν−1
(−1)N

(
1 +

2|an|
||P ||

)(
2|an|
||P ||

)N−1
ln

(
1 +

(R− 1)||P ||
||P ||+ 2|an|

)
,

for N ≥ 1 and h(0) = 0.

Gardner, Govil and Musukula [3] used the coefficients of the polynomial P (z) and
proved the following generalisation and refinement of (1.3).

Theorem 1.2. If P (z) = a0 +
n∑
j=t

ajz
j, t ≥ 1, at 6= 0, is a polynomial of degree

n and P (z) does not vanish in |z| < k, k ≥ 1, then for R ≥ 1,

M(P,R) ≤
(
Rn + S1

1 + S1

)
||P || −

(
Rn − 1

1 + S1

)
m− n

1 + S1

(
(||P || −m)2 − (1 + S1)

2|an|
||P || −m

)
{

(R− 1)(||P || −m)

(||P || −m) + (1 + S1)|an|
− ln

(
1 +

(R− 1)(||P || −m)

(||P || −m) + (1 + S1)|an|

)}
(1.5)

where

S1 = kt+1

{(
t
n

) |at|
|a0|−mk

t−1 + 1(
t
n

) |at|
|a0|−mk

t+1 + 1

}
.(1.6)

Several papers and research monographs have been written on this subject (See,
for example [3], [4], [5]- [7]).

2. Main Result

In this paper, we prove the following result which generalises and sharpens the
Theorem 1.1 due to Dalal and Govil and Theorem 1.2 due to Gardner, Govil and
Musukula.

Theorem 2.1. If P (z) = zs(a0+
n−s∑
j=t

ajz
j), t ≥ 1, 0 ≤ s ≤ n−1 is a polynomial

of degree n having no zero in |z| ≤ k, k ≥ 1 except s-fold zeros at the origin, then
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for R ≥ 1

M(P,R) ≤
(
sΛt(R

n − 1) + n(Rn + Λt)

n(1 + Λt)

)
||P || −

(
Rn − 1

n

)(
n− s

ks(1 + Λt)

)
m

−
(
ks(n+ sΛt)||P || − (n− s)m− nks|an−s|(1 + Λt)

ks(1 + Λt)

)
h(N)

(2.1)

where

h(N) =

(
RN − 1

N

)
+
N−1∑
ν=1

(
RN−ν − 1

N − ν

)
(−1)ν

(
nks|an−s|(1 + Λt)

ks(n+ sΛt)||P || − (n− s)m
+ 1

)

×
(

nks|an−s|(1 + Λt)

ks(n+ sΛt)||P || − (n− s)m

)ν−1
+ (−1)N

(
nks|an−s|(1 + Λt)

ks(n+ sΛt)||P || − (n− s)m
+ 1

)
×
(

nks|an−s|(1 + Λt)

ks(n+ sΛt)||P || − (n− s)m

)N−1
× ln

(
1 +

(R− 1)(ks(n+ sΛt)||P || − (n− s)m)

ks(n+ sΛt)||P || − (n− s)m+ nks|an−s|(1 + Λt)

)

(2.2)

and Λt is defined in (3.1).

Remark 2.1. From Lemma 3.5, we have h(1) ≤ h(N). Using this in (2.1), we get

M(P,R) ≤
(
sΛt(R

n − 1) + n(Rn + Λt)

n(1 + Λt)

)
||P || −

(
Rn − 1

n

)(
n− s

ks(1 + Λt)

)
m

−
(
ks(n+ sΛt)||P || − (n− s)m− nks|an−s|(1 + Λt)

ks(1 + Λt)

)
h(1)

(2.3)

and from (2.2)

h(1) =(R− 1)−
(

nks|an−s|(1 + Λt)

ks(n+ sΛt)||P || − (n− s)m
+ 1

)
× ln

(
1 +

(R− 1)(ks(n+ sΛt)||P || − (n− s)m)

ks(n+ sΛt)||P || − (n− s)m+ nks|an−s|(1 + Λt)

)

where Λt is defined in (3.1).

Using Lemma 3.6 in (2.3) and substitute the value of h(1), we get the following
result

Corollary 2.1. If P (z) = zs(a0 +
n−s∑
j=t

ajz
j), t ≥ 1, 0 ≤ s ≤ n − 1 is a

polynomial of degree n having no zero in |z| ≤ k, k ≥ 1 except s-fold zeros at the
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origin, then for R ≥ 1

M(P,R) ≤
(
sΛt(R

n − 1) + n(Rn + Λt)

n(1 + Λt)

)
||P || −

(
Rn − 1

n

)(
n− s

ks(1 + Λt)

)
m

− 1

ks(1 + Λt)

(
(ks(n+ sΛt)||P || − (n− s)m)2 − (nks|an−s|(1 + Λt))

2

(ks(n+ sΛt)||P || − (n− s)m)

)
×
[(

(R− 1)(ks(n+ sΛt)||P || − (n− s)m)

ks(n+ sΛt)||P || − (n− s)m− nks|an−s|(1 + Λt)

)
− ln

(
1 +

(R− 1)(ks(n+ sΛt)||P || − (n− s)m)

ks(n+ sΛt)||P || − (n− s)m+ nks|an−s|(1 + Λt)

)]

(2.4)

where Λt is defined in (3.1).

3. Lemmas

For the proof of the theorem, we need the following lemmas. The first lemma is
due to E. Khojastehnezhed and M. Bidkham [8]

Lemma 3.1. If P (z) = zs(a0 +
n−s∑
ν=t

aνz
ν), t ≥ 1, 0 ≤ s ≤ n− 1 is a polynomial

of degree n having no zero in |z| ≤ k, k ≥ 1 except s-fold zeros at the origin, then

||P ′|| ≤ n+ sΛt
1 + Λt

||P || − n− s
ks(1 + Λt)

m

where

Λt = kt+1

{(
t

n−s

)
ks|at|

ks|a0|−mk
t−1 + 1(

t
n−s

) ks|at|
ks|a0|−mk

t+1 + 1

}
(3.1)

and m = min
|z|=k
|P (z).

Lemma 3.2. If P (z) is a polynomial of degree n, then for |z| = R ≥ 1,

|P (z)| ≤ Rn

{
1− (||P || − |an|)(R− 1)

|an|+R||P ||

}
||P ||.

This lemma is due to Govil [6].

Lemma 3.3. The function{
1− (x− |an|)(r − 1)

|an|+ rx

}
x

is an increasing function of x for x > 0.

We omit the proof of the above lemma as it follows easily by using derivative test.
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Lemma 3.4. Let h(N) =
R∫
1

(r−1)rN−1

r+a
dr for N ≥ 1. Then

h(N) =

(
RN − 1

N

)
+

N−1∑
ν=1

(
RN−ν − 1

N − ν

)
(−1)ν(a+ 1)aν−1

+ (−1)N(a+ 1)aN−1 ln

(
R + a

1 + a

)
.

Lemma 3.5. The function h(N) defined in Lemma 3.4 is a non-negative increasing
function of N for N ≥ 1.

Lemmas 3.4 and 3.5 are due to Dalal and Govil [2].

Lemma 3.6. If P (z) = zs(a0 +
n−s∑
ν=t

aνz
ν), t ≥ 1, 0 ≤ s ≤ n− 1 is a polynomial

of degree n having no zero in |z| ≤ k, k ≥ 1 except s-fold zeros at the origin, then

n|an−s| ≤
n+ sΛt
1 + Λt

||P || − n− s
ks(1 + Λt)

m

where Λt is defined in (3.1) and m = min
|z|=k
|P (z).

4. Proof Of Theorem

Proof of Theorem. For each θ, 0 ≤ θ ≤ 2π and R ≥ 1, we have

P (Reιθ)− P (eιθ) =

R∫
1

eιθP ′(reιθ)dr.

which implies

|P (Reιθ)− P (eιθ)| ≤
R∫

1

|P ′(reιθ)|dr

Now applying Lemma 3.2 to the polynomial P ′(z) which is of degree n− 1, we get

|P (Reιθ)− P (eιθ)| ≤
R∫

1

rn−1
{

1− (||P ′|| − n|an−s|)(r − 1)

n|an−s|+ r||P ′||

}
||P ′||dr.(4.1)

Since by Lemma 3.3, the integrand in (4.1) is an increasing function of ||P ′||, hence
applying inequality of Lemma 3.1 in (4.1)
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|P (Reιθ)− P (eιθ)|

≤
R∫

1

rn−1

1−

(
n+sΛt

1+Λt
||P || − n−s

ks(1+Λt)
m− n|an−s|

)
(r − 1)

n|an−s|+ r
(
n+sΛt

1+Λt
||P || − n−s

ks(1+Λt)
m
)


×
(
n+ sΛt
1 + Λt

||P || − n− s
ks(1 + Λt)

m

)
dr

=

(
n+ sΛt
1 + Λt

||P || − n− s
ks(1 + Λt)

m

) R∫
1

rn−1dr −
(
n+ sΛt
1 + Λt

||P || − n− s
ks(1 + Λt)

m

)

×
R∫

1

rn−1
(

ks(n+ sΛt)||P || − (n− s)m− nks|an−s|(1 + Λt)

nks|an−s|(1 + Λt) + r(ks(n+ sΛt)||P || − (n− s)m)

)
(r − 1)dr

=
(Rn − 1)

n

(
n+ sΛt
1 + Λt

||P || − n− s
ks(1 + Λt)

m

)
−
(
ks(n+ sΛt)||P || − (n− s)m

ks(1 + Λt)

)

×
R∫

1

rn−1
(

ks(n+ sΛt)||P || − (n− s)m− nks|an−s|(1 + Λt)

nks|an−s|(1 + Λt) + r(ks(n+ sΛt)||P || − (n− s)m)

)
(r − 1)dr

=
(Rn − 1)

n

(
n+ sΛt
1 + Λt

||P || − n− s
ks(1 + Λt)

m

)
−
(
ks(n+ sΛt)||P || − (n− s)m

ks(1 + Λt)

)

×
R∫

1

rn−1

(
1− nks|an−s|(1+Λt)

ks(n+sΛt)||P ||−(n−s)m

r + nks|an−s|(1+Λt)
ks(n+sΛt)||P ||−(n−s)m

)
(r − 1)dr

That is

|P (Reιθ)− P (eιθ)| ≤ (Rn − 1)

n

n+ sΛt
1 + Λt

||P || −
(

n− s
ks(1 + Λt)

m

)

−
(

(ks(n+ sΛt)||P || − (n− s)m)(1− a)

ks(1 + Λt)

) R∫
1

(r − 1)rn−1

r + a
dr

(4.2)

where a = nks|an−s|(1+Λt)
ks(n+sΛt)||P ||−(n−s)m . By Lemma 3.5, the integral

R∫
1

(r−1)rn−1

r+a
dr is a non-

negative increasing function of N for 1 ≤ N ≤ n, therefore for every N , for 1 ≤ N ≤ n,
we have

R∫
1

(r − 1)rN−1

r + a
dr ≤

R∫
1

(r − 1)rn−1

r + a
dr
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The above inequality is equivalent to

|P (Reιθ)− P (eιθ)| ≤(Rn − 1)

n

(
n+ sΛt
1 + Λt

||P || − n− s
ks(1 + Λt)

m

)
−
(

(ks(n+ sΛt)||P || − (n− s)m)(1− a)

ks(1 + Λt)

)
h(N)

(4.3)

where h(N) =
R∫
1

(r−1)rN−1

r+a
dr by Lemma 3.4. Now substituting the value of ‘a’ and

using the obvious inequality

|P (Reιθ)| ≤ |P (Reιθ)− P (eιθ)|+ |P (eιθ)|

in (4.3), we get for 0 ≤ θ ≤ 2π and R ≥ 1,

|P (Reιθ)| ≤
(
sΛt(R

n − 1) + n(Rn + Λt)

n(1 + Λt)

)
||P || −

(
Rn − 1

n

)(
n− s

ks(1 + Λt)

)
m

−
(
ks(n+ sΛt)||P || − (n− s)m− nks|an−s|(1 + Λt)

ks(1 + Λt)

)
h(N).

(4.4)

The inequality (4.4) is equivalent to inequality (2.2) and this completes the proof of
Theorem 2.1.
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