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BERWALD AND DOUGLAS SPACES OF A FINSLER SPACE WITH
AN EXPONENTIAL FORM OF (a,f)- METRIC

Br1JESH KUMAR TRIPATHI AND DHRUVISHA PATEL

ABSTRACT. In the present paper, we have undertaken a study of Berwald space and
Douglas space in a Finsler space with exponential form of («, §)-metric. We have
examined the conditions under which this metric will be a Berwald and Douglas
space.

1. Introduction

We consider an n-dimensional Finsler space F" = (M", L), i.e., a pair consisting
of an n-dimensional differentiable manifold M"™ equipped with a fundamental function
L(z",y").

DEFINITION 1.1. A Finsler space F" of dimension n is a differentiable manifold
such that the length s of the curve z(t) of F™ is defined by s = [ L(z*,y")dt, where
y' = % is a tangent vector. The fundamental function L(z",y") = L(z', ..a", y', ..y")
is supposed to be differentiable on manifold M"™ and satisfy the following conditions:-
(i) Positively homogeneous: L(z',py') = pL(z',y"), p > 0.

(4i) Positive: L(z',y") > 0, y* # 0 on differentiable manifold (M™ — 0).
1_0%L

(4ii)Positive definite metric g;; = 5 o005 > 0.

The interesting and significant examples of an («, §)- metrics are Randers met-

ric (a + /), Kropina metric "‘T; and Matsumoto metric [9] ﬁ The notion of an

(o, B)-metric was introduced by M. Matsumoto [8] and has been studied by many
authors [3,13,16].

DEFINITION 1.2. A Finsler metric L(c, §) in a differentiable manifold M™ is called
an (v, B)-metric if L is a positively homogeneous function of degree one of a Riemann-
ian metric o = (aij(x)yiyj)% and a one-form 3 = b;(x)y’ on M™.

In 1928, L. Berwald [4] defined an affinely connected Finsler space if the connection
coefficients G; . of Berwald connection BT are functions of position coordinate x* alone
with respect to the linear connection and defined the equation of geodesics, which is
given by
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d*x’ LG )dxj da*
[ ) — —
ds? IR ds ds

DEeFINITION 1.3. A Finsler space is called a Berwald space if the connection coef-
ficients G, of BI" are functions of position z* alone in any coordinate system.

The notion of a Douglas space was introduced by S. Bacso and M. Matsumoto [3]
as a generalization of a Berwald space from the point of view of geodesic equations. It
is remarkable that a Finsler space is a Douglas space if and only if the Douglas tensor
vanishes identically. Afterwards, the conditions for Finsler spaces to be Berwald space
and Douglas space with different special kind of («a, 3)-metrics have been studied by
many authors [5,12,13,17].

In 2020, Tripathi [15] considered a special type of Finsler exponential («, 3)-metric
and studied the basic properties of Finsler space with this significant metric and
various hypersurfaces with this metric. The present paper is devoted to study the
condition for a Finsler space with the («, 5)-metric L = aes + Be‘g to be a Berwald
space and Douglas space.

2. Preliminaries

In this paper we consider an n-dimensional Finsler space F™ = {M™, L(«a, 3)}, that
is, a pair consisting of an n-dimensional differentiable manifold M™ equipped with a
Fundamental function L as a special Finsler Space with the metric

(1) L(a, ) = aex + fe =,

where a = /a;;(z)y'y’ is a Riemannian metric and 8 = b;(z)y" a differential one
form f.
Differentiating equation (1) partially with respect to a and § are given by

( ;o ales — afen + Ble I aes +aes — Bed
T s @ s zaﬁ - ¢ . 8
aea —2aB%ea + B aea —2aew + Bea
Loa = o , Lgg = o :
5 -s 8 5 s s
9 —afles +2aPBes — BPea —afles +2afea — (P
s @ 5 s -8 X s
L —3a?f%ea — afPea + 6a%f%a —6afPea + flea
I 202Bea + af’ea —4a’few + baB?ea — Blea
aaff = 5 .
\ «

Since an exponential form of Finsler (o, 8)-metric (1) is a positive homogeneous func-
tion of degree one in v and . Therefore from Eulers theorem of homogeneous func-
tions, we determine the following relations from (2).

(3) LaOé + Lgﬁ = L, Laaa —|— Lagﬂ = 0,
Lﬂaa + L,BBB =0, Loaa + Laaﬁﬁ = —Laa-
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On the other hand, the geodesics of a Finsler space F™* = (M™, L) are given by the
system of differential equations including the function

AG" = gV (y"9;0,L* — 9;L%),
where G* = ¢g"/G; is a positive homogeneous in y* of degree two and the fundamental
tensor is given by g;; = $0;0;L*.
The covariant differentiation with respect to the Levi-Civita connection vjk(x) of the
associated Riemannian space R" = (M", «) of Finsler space with F" = {M™, L(«, 8)}
( [1], [10]) is denoted by the symbol ;. We put (a”) = (a;;)~*, and use the symbols as
follows:

1 1 . ,
Tz'j — 5(610 + bjﬂ)? Sij = §(bz’] — bj;z')7 7”? = CLWS,«]‘, T'j = br’f’r

__ ir 7
=a"r.;, s s

J J

s; = bysf, V' = a”b,, b* = a"*b,b.

According to [11], if 82L, + ay*Laa # 0, where 72 = b?a? — 32, then the function
G'(z,y) of F™ with an («, 3)-metric is written in the form

; OéLﬁ ﬁLﬁ ; aLaa 1 . (67
4 B! — 2 C* i Zyt— 2
( ) L, { ol y L, Oéy B ’
where L, = Lg gg s Loo = a a , the subscipt 0 means the contraction by y* and
we put
(5) C* _ C(ﬁ(?"ooLa — 2800&[;5)

2(82L + ay?Loa)

Note : We shall denote the homogeneous polynomial in ' of degree r by the sym-
bol hp(r) for brevity. For example, v}, is a homogeneous polynomial in 3 of degree 2
by the symbol hp(2).

From the equation (5) the Berwald connection BT' = (G%,,G%,0) of F™ with an
(o, B)-metric is given by
o
Gy, = Gy = 7}, + By,
where we put B! = 0;B' and Bl = 9, Bi. Bi(z,y) is called the difference vector [11].
On account of [11], BY; is determined by
(6) Lo By yy + aLg(Bjby — bji)y’ = 0,

where y, = a;,y".

A Finsler space F™ with an (a, 3)-metric is a Douglas space if and only if BY =
Biyl — Biy'is hp(3) [3]. From latter of (5) B¥ is written as follows:
al O?Log urri i o

— (st _Soy)"‘ﬁTC (b'y —y").

«

M) BY -

LEMMA 2.1. [2] If o* = 0(modp), that is, a;j(x)y'y’ contains b;(x)y" as a factor,
then the dimension is equal to two and b? vanishes. In this case we have ¢ = d;(z)y"
which satisfies o* = 3§ and d;b* = 2.
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3. The condition to be a Berward space

In this section, we have obtained the condition for a Finsler space F" with an
exponential («, 5)-metric L(a, ) = aes + Be~% to be a Berwald space.
From equations (2) and (6), we have
(8) (aQeg - Ozﬁeg + ﬁQe_TB)B§iyjyt + OzQ(Ozeg faew — 56_75)(B§ibt — b))y’ = 0.

Suppose that F" is a Berwald space, i.e., B;k = B;k(x) Separating (8) into rational
and irrational parts of y* as

8 -8 ; -8 ;
(9) (a®en + BPea )B;iy]yt — (a?Be= )(B;ibt — b))y’ =0,
and
8 ; 8 =8 -
(10) (—Bex) By’ y: + (aPes + e ) (Bjb — b))y’ = 0.

Equations (9) and (10) can be expressed as a matrix of homogeneous linear equations:
AX=0,

_ _ t
(11) [a2€§ + 52676 —042567[i By v —0
et 267 4 o2l | =
be a‘ea 4 a‘e (Bjt»ibt — by
where
ales + Bl —ao?Bea
12 A _
(12) —Beg Qe + a2es
and
=« e% +a +« 6% .
13 A 4 4 22 8 0
Which implies
and
(15) (Bjibe — bji)y’ = 0.

Contracting equation (15) v;, we have

(16) (Bjibi — bja)y’ye = 0,
(17) = BlLby — bjay’ye = 0
= (BLy yo)be — bjiyy, = 0
Using equation (14) in (17), we have

bj%’i == 0
Conversely, if b;; = 0 in equation (15), then we have
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t
B i = 0.
Thus, we have

THEOREM 3.1. A Finsler space with an exponential («, )-metric L(«, 5) = aes +

Be’g is a Berwald space if and only if b;; = 0.

4. The condition to be a Douglas space

The present section is devoted to find the condition for a Finsler space F™ with an
exponential (a, §)-metric (1) to be a Douglas space. In Finsler space F™ with metric
(1), we have

where , L _ﬁ
W = rgo(a? ea — ozﬁea + BPea ) —25pa%(aew +aew — fea ),
Q= af?(a? e — aﬁea + B%ea ) - asz(aﬁzeg — 2aB% % + BSe%ﬁ)
— B (afPes — 202w + Fe=) £ 0.
In view of [11], if Q = B?L, + @¥*Laa # 0, then the function G*(z,y) of F" with
an («, f)-metric is written in the form

where

-~ alLgs) BLgy"  aLaa ,y' b’
Bi = 928% 4 on _ yo_avyt
L, { al L, <a I6] )
The vector B'(z,y) is called the difference vector. Hence BY is written as
L 2L
oz 2000 (byd — by,

L (Soy —303/ ) + ﬁ—

18 BY =
(18) i

Substituting (2) in above equation, we get

.

(20533 28 4a454 +8a365+2a56362 28 4@553192—1—6@454132
—10a23% — 20445462 —i— 20230 % + 6aﬁ7e 2 4B Bobe s

1202802 — 258 VB + (—2a88%% + 2a°Bte®

—6atB3°5 — 2a6ﬁ3b2e o + 20466362 + 2044556% —2a533 —|— 408 5

—2044656 a +4a653b2e a 6a564b26 o 4(1465

8330 a +20¢4B5b2 — 2028720 )(Siyd — Sy )

+T00( 563 o+ 04464 + 204563 304464

+203 3% Qﬁﬁe o )+ 50(2046536 o

_204663 4046536 ~ +604554

—204 8% ) (biy? — biy') = 0.
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If F" is a Douglas space, then BY are hp(8). Separating the rational and irrational
terms in equation (19), we can write as

;

(- 404%46% 603U~ 100250 — 20112 4 2020
+2023%0% < —26% ) B + (—2058% % — 6ot
—2a6ﬁ3b26 Y 1205832 4+ 204 8% ® — 208833 — 201 B
(20) . +4a663626_725 — 4a4ﬁ56_72ﬁ + 205455b2€_72ﬁ _ 2a2576_72ﬁ)
x (shy? — shy’) + 7’00(064546% — 3atpt — oﬂﬁ%%ﬁ)
+50(2a653€% —2a°3% — 4abB3e=a — 2a4ﬁ5e_72ﬂ)

x (b — biy) = 0

and

(20(4536% +8a23° + 2Oé4ﬁ3b26% — 404 33b% 4 6576772[3
—4a2ﬁ5b26%w)3ij + (20&4ﬁ4€% + 404454 6a454b2 ="
+8a23% ;%)(Séyj S(j)'yi) ‘1‘7”00( 453 +2a4ﬁ3
1202 a) + bsgatBre e ) (biyd — biyt) = 0.

(21)

Eliminating B“ from equations (20) and (21), we have
(22) Alsty’ = sty') + By’ = Vy') =0,

where
(

A= (2&4536% + 8?35 + 2044531926% — 404330 + 6B7€_T?ﬂ

—4a265b2e%w) X (—2@4636% 6a235 — 20446%2 =

+2a453b2+2a255 28 2a453 204255 +4a463b2
4@2656 = +20¢26552 2ﬁ7 ) ( 4@454(3&

+60484? — 100238 — 2a454b2 + 2a2566 o

12023502 =" — 28 o ) (2a2ﬁ4e o

(23)  { +4a2Bt - 6a2ﬁ4626_72ﬂ 1 8% iﬁ),

B = (2a48%% +8a28° + 2a453b2 — 402332 + 68T

— 40235 7a") X roo(a2Bler — 3a2Bt — BSe o)

+50(2a4536% — 20483 — 4atBPe " — 202 B% i5)

—(—4a*Bie + 6a4B4? — 10285 — 2a464b2 1202357

+2a266b26%w — 2ﬁ86%w) X {roo—a?3? e% + 20233

| +28% ) + 6sga?Ble=a )}

Contraction of (22) by by, leads to

(24) Asopa® + B(b*a® — §%) = 0.

The term of (24) which seemingly does not contain o? is 23%ry. Hence we have
hp(15)vy5 such that

(25) 7"00515 = 0427}15-

Here, we divide our discussion into following the three cases:
(1) V1 = O,
(2) v15 # 0,a* 20 (mod ) ,
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(3) v15 # 0, =2 0 (mod B).
Case 1: In case of Vi5 = 0; from(25), 190 = 0, and (24) is reduced to
(26) SO{A + Bl(b2a2 — 52)} =
where
By = (20433 +8a28° + 203%™ — 40483 + 687
—4a?Bhe ) x (2028% % — 20283 — da?Bea — 2% o)
—((— 4054646% + 604464172 1Oa2ﬁ6 2a4ﬁ4bze%
120285 + 2028022 — 288¢7a") x (684 a).

If A+ B;(b*a?® — 3?) = 0 in equation (26), then the term of this equation that does
not contain o? is 43, Therefore, there exists hp(12)vys such that 48 = a?vy,.

(27)

In this case, if a® 2 0 (mod ), then we have v = 0, which leads to a contradic-
tion. Therefore A+ By (b*a?—3?) # 0. If > 2 0 (mod f3), then A+ By (b*a*— %) =0
is written as following,

(

[(20%% + 830 +6/3% ) x (—20%% — 6436 + 2B0e~
—252 — 2Be7a" — 46Bea" — 2% ‘2‘*) (—4B5%e%
10575 + 2825e*% — 2% iﬁ) (2&;& +46 4 8Be )]
—[(26%% +855+652 =) x (26ﬁea — 266 - 4556%5
—23%e~ ) (— 46%% — 1086 + 26(56 o — 283%™ )
\ x(652e‘f)] = 0.
This is provided that b* = 0 and o® = 3§ by Lemma (2.1). The term of (28), which

does not contain 3, is —8§%. Therefore there exists hp(3)vs such that —85* = [us,
which leads to a contradiction. Hence A + By (b*a? — 3?) 7é

Therefore, in any case of o 2 0 (mod ) or a? = ( ( B), we see that A +
Bi(b*a? — %) # 0.Thus sy = 0 from (26). Put sy = 0 and 79 = 0 in (22), we have
(29) A(spy’ — spy') = 0.

If A=0, then we have from (23)

(

A= (2a4ﬁ3 + 8a2B35 + 204463172 — 402332 + 68T
42 Fb2e —) (— 2a453 604255 2044531)2 28 + 2@453192
120235 % — 204833 — 2a2ﬁ5e o +4044ﬁ3192 —4a2BPe
1202352 — 987e ) — (—4@4646 o + 6a464b2 —10a23°
—2a1B2%e % + QQQﬁGe% + 2023502 " — Zﬁse%w)x
(20&2546% 1 4028 — 602842 + 8ﬁ6e%w) = 0.

(30)

\

The term of (29) that does not contain o? is 4. Thus, there exists hp(12)vy
such that 48 = a?vi5. From this equation, we have v = 0, which leads to a
contradiction. So A # 0. Thus we have from (29)

(31) oy — sty = 0.
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Transvection of (31) by y; gives s§ = 0. Finally r;; = s;; = 0 are concluded, that is,
bi;j - O

Case 2 : In case of v15 # 0,a* 2 0 (mod ) : In this case,(26) shows that there
exists a function h = h(x) satisfying

(32) Too = hOé2.

Substituting (32) in (24), we have

[ Asg + [(20&4536% +8a28° + 201 83b%en — 4ot 3% + 657

—4a255b2e%5) X (hoﬂﬁ‘le% — 3ha?Bt — hBe " 4 2s002B3e

(33) —250a2 3% — 4800&2636_725 — 280556_7%3) — (—4&4546% + 604 342
—10a23% — 201842 + 2a2B% % + 202352 — 2586%%)

| (—ha2B3e™ + 2ha?B% + 2hB%e o + 6sBte o )|(b2a2 — B2) = 0.

The terms of (33) that do not contain o? are (4sy + 28h)3*. Hence there exists
hp(13)v13 such that (4sg + 28h)FM" = a?vy3. Since a 2 0 (mod ), we must have
v13 = 0. Thus we have

(34) (480 + 2Bh)3" =0,

which implies 4s; + 2b;h = 0. Transvecting this equation by b?, we obtain hb* = 0.
If b = 0, we get from (24) and (34)

( —h/2[(20¢4e% + 8a?p% + 6646_7%) X (—20[46% — 6022
120282 % — 204 — 20232 e — da?Ble e — 2Bt o)
—(—401466% — 100?83 + 2a2ﬂ3e% - 2/356_726)X

(35) ¢ (2028e™ + 4028 + 8B% )] — [(20e™ + 8a2B% + 68% ") x
(h(XQﬁQe% _ 3h0¢252 _ hﬂ46_72ﬁ _ ha/2526% + ha262 + 2h042ﬂ26_72ﬁ
FhBieTR) — ((—datBPe™ — 100284 + 20284 — 285¢72")
X(—haze% + 2ha? + ZhBQB_TQB — 3h526_72ﬁ)] =0.

\

The term of (35) that does not contain 3 is 4ha®. Therefore, there exists hp(7)vy
such that 4ha® = Bu;. Since a? 2 0 (mod 3), we have v;=0, which leads to a
contradiction. Thus we have h=0 and hence sy = 0,799 = 0 from (34) and (32)
respectively. Therefore (22) is reduced to A(shy’ — shy’) = 0.

Since A# 0, we have s{y’ — sgyi = 0. Transvection of this equation by y; gives si = 0.
Finally 7;; = s;; = 0 are concluded, that is, b;,;=0.

Case 3 In case of vj5 # 0,0 2 0 (mod ) : In this case,Lemma (2.1) shows that
n=2, b = 0 and o? = 34,0 = d;(x)y’. Therefore (22) gives

(36) Al(siy’ = sty') + B (by’ = Vy') =0,
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where

(

A =[(26%% + 885 + 65%") x (—20%% — 636 + 2Bde= — 257
—26Be7a" — 45Be~a — 2B%a ) — (—4BS%ex — 10825 + 23%5ew
—233ea") x (20e% + 40 + 8Be ),

(371)4 B = 7“00[(2526% + 886 + 6526_72[3) X (56% —30 — ﬁe_TQﬂ)
—((—482%% — 1080 + 280e™ —2B% ") x (—de= + 26 + 2Be )]
Fso[(20%% + 886 + 68% ) x (20%% — 267 — 40% 2 — 2Bde )
—(66e727) x (—48%Be™ — 10825 + 2826 — 283 a)).

\

Transvection of (36) by b;y; leads to

s00[(26%e% + 886 + 68% =+ ) x (—282¢% — 680 + 280e*
—262 — 25Be " — 4B e — 2% 4 ) — (—4B5%e %

—108%5 + 28%5e® — 233" ) x (26e + 45

+88e7a0)] — Brool(26%® + 835 + 6% <)

x(Ses — 30 — Be o) — ((—46%* — 1086 + 2B5ex
—28%727) x (=0 + 26+ 2Be7a)] + so[(26%% + 8435
1682720 ) x (20%% — 262 — 46%e 2" — 2B5e ")

| —(66e72") x (—4828e® — 10826 + 28%5es — 28% )] = 0.

The term of (38), which does not contain 3 is —83°sy. Thus there exists hp(5) vs such
that —8s¢0° = [vs, which implies sy = kf3, where there exists a function k=k(x).

On the other hand,(25) gives roo3'* = dvy5, which must be reduced to

(39) Too = 51}1,

where vy is a hp(1). Substituting sop = kS and (39) in (38), we have

K8[(202%% + 885 + 682 ) x (—26%% — 636 + 2B6e=
—262 — 25Be e — ABea — 2% 0 ) — (—4B5%e %
—10826 + 2820e’s — 233 ) x (20es + 46 +8fe 4 )]
—501[(2626% + 850 + 6322 ) x (Jex — 35 — e o)
—((—402%% — 1085 + 280e% — 2B% <) x

(—8e™ +20 4+ 28" )] + kB[(20%% + 885 + 65% ")
x(26%e% — 262 — 4% 2" — 2B6e ") — (65e ")
| x(—40%B8e™ — 10826 + 28265 — 2B% )] = 0.

(40)

The term of (40), which does not contain 3 is —83°k. Therefore, there exists hp(4) vy
such that —86°k = Bv,, which leads to a contradiction. Thus we have k = 0, sy = 0
and rgo = 0. From (36), we get

(41) Al(shy’ — shy') = 0.
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If
A= [(20%% +886 +65% ) x (=28% — 655 + 265¢™ — 267
(42) —2566772/3 — 4556%5 _ 2526%5) _ (_4ﬁ52€% —105% + 2ﬁ25e%
—238ea") x (20e% + 46 + 8Bea )] = 0.

The term of (42), which does not contain 3 is —8§%. Therefore, there exists hp(3)
vs such that —85%k = Buvs, which leads to a contradiction. Thus A" # 0 in (42).
Hence we get siy’ — shy’ = 0. Transvection of this equation by y; gives sj = 0. Thus
sij = 15 = 0 are concluded, that is, b;,; = 0.

Conversely if b;; = 0, then we obtain BY = 0 from (7). Hence F" is a Douglas space.
Consequently we have

THEOREM 4.1. An n-dimensional Finsler space F™ with an exponential («, (3)-
metric L(a, f) = aex -+ Be‘g is a Douglas space, if and only if

1. o® # 0(modf) : bj; = 0.

2. a* =0(modf) : n =2 and b;; = 0, where o® = 36, § = d;(z)y’ and k = k(z).

THEOREM 4.2. If an n-dimensional Finsler space F™ with an exponential («, (3)-
metric L(a, f) = aes + Be‘g is a Douglas space, then F" is a Berwald space.

5. Conclusion

In the present paper, we have studied Berwald space and Douglas space of a Finsler

space with an exponential form of («, §)-metric such as L(«, §) = aes —|—66_§, and ex-
amined with various conditions for this metric will be a Berwald and Douglas space. In
the future work, we can also find the condition for weakly Berwald /Landsberg spaces
and results related to conformal change in the Finsler space F™ with an exponential
(e, B)-metric, which is defined in equation (1).
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