Korean J. Math. 31 (2023), No. 3, pp. 313-321
https://dx.doi.org /10.11568 /kjm.2023.31.3.313

NON-LINEAR PRODUCT Z£u#* — #£L* ON PRIME «—ALGEBRAS

MoHD ARIF RAZA AND TAHANI AL-SOBHI

ABSTRACT. In this paper, we explore the additivity of the map € : o — o that
satisfies

Q([£,4].) = [Q (M), L] + [, Q2 (L)),
where [£L, M), = LM* — MEL™, for all £, M € o, a prime x—algebra with unit
9. Additionally we show that if Q(«.¥) is self-adjoint operator for o € {1,4}, then
Q=0.

1. Introduction

Let o be a x—algebra. For any £, M € o, the x—Jordan (x—Lie) product pre-
sented as LOM = LM + ML ([L,M]. = LM — ML"). These products have
garnered a significant amount of attention, and allusions show a widening interest in
literature [1-6,9,11]. Notice that a map Q : o — of is referred to as a reverse deriva-
tion if Q(L+M) = QUL)+QM) and QL AM) = QUM)L+MQUL) for all £, M € oA.
A map Q is additive *—derivation if it is an additive derivation and Q(£*) = Q(£)*.
Define a new product [£, M], = LM* — ML*. In 2020, Taghavi and Razeghi [10]
studied [£, M], = L* M — M*L product on x—algebras. In particular, they estab-
lished that the map Q : of — o satistfying Q(LM) = QL) M + LOUM) is a *—
derivation. The study of non-linear preserving problems is one of the premier areas
in matrix theory as well as operator theory. It was Martindale [7] who first asked the
question that when are multiplicative /nonadditive maps additive? He answered his
question for a multiplicative isomorphism of a ring under the existence of a family of
idempotent elements of rings which satisfies some conditions. This spawned a wealth
of diverse methods on different algebraic structures like operator algebras, von Neu-
mann algebras, Banach algebras etcetera to establish a variety of interesting results
concerning nonadditive maps. Possibly the most obvious approach is the method of
algebraic decompositions. A wealth of fundamentally different methods to deal with
nonlinear mappings can be found in [1-8,11]| and references therein.

Our main objective of this manuscript is to explore the structure of a non-linear
maps on prime x—algebras satisfying Q ([£, M ].) = [Q (M) , L]+ M, (L)), where
L, M) = LM — ML, for all L, M € o. We systematize the proof of above
theorem in two parts. Firstly, we prove the additivity of {2 by using several claims.
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Secondly, we shall provide numerous constructive facts to elaborate the essertion of
our main theorem.

2. Main results

THEOREM 2.1. Let o be a prime x—algebra with unit .$ and a nontrivial projec-
tion. Then the map €2 : d — 9 that satisfies

(2.1) QL, M],) = [QAM), L], + [, QL) s,
where (£, M), = LM* — ML, for all £, M € 4 is additive.

Proof. Let % be a nontrivial projection in ¢ and % = .94 — %;. Denote ¥;; =
PiAP;, 1,5 = 1,2, then o = Zz A;i. For every £ € ¢f, we may write £ =

ij=1"ij
.%11 + .%12 + .%21 -+ .%22. From now o1, if we mention '%ija it means that '%ij € ﬁ”
To illustrate the additivity of €2 on &/, we take the aforementioned partition of & and
present several claims that prove (2 is additive on each {;;, ¢,7 =1, 2.

Several claims are used to prove the preceding theorem.
Claim 1. Q(0) = 0.
Take £ = Al = 0, then
£2(0) = Q([0, 0]) = [£(0), 0] + [0, 22(0)]. = 0.
Claim 2. Q%) =iQ(£L) + L*K, where K = Q(i.9) —iQ(.$).
Consider
So, we have
[(I), (i) + [, Q(—i)]. = [Q3iI ), L] + [(0F), Q(ZL)].

iL*QUI) +iLUI) + Q(—iL) — Q(—i%L)
(2.2) = L*Q>0YF) — Qi) L 4+ QL) +iQ(L).

Consider
So, we have

[Q@I), (i) + [(29), QA(—ik)]. = [UL), I]. + [£,Q(I)].
iLOV(F) +iLQAI) +iQ(—iL)" + Q(—iL)
= QL) -QUL) +UI)L —LQI).

Equivalently we obtain

—ZL*Q0I) —LAE) — QU—iL) — Q(—iL)
(2.3) = QL) —iQUL) +iQUI )L —iLOI).
By adding equations (2.2) and (2.3), we have

iQUL) + Q—1L) =iL*QI) — L*Q>1I).
Substiting i&£ instead of £ in the above equation, we get
iQEL)+ QL) =L*QI) +iL*Q31F)
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QL) = iUL) + L*(QiI) — i)
So Qi) = iQL) + LK, where K = Q(i.F) — iQ(F).

Claim 3. Q(—%) = —Q(%).
By considering €2(i ) =iQZ) + £*K and applying i£ instead of £, we have

A(-L) = QML) —iL K
A(-L) = QL)+ LK) —iL K
A(-L) = —QL)+iLK —iL*K
(2.4) O(-2) = QL)

Claim 4. For each &1 € o171, %15 € oA1o, we have
A(Lor + Lio) = QL) + ULos).
Let I = Q<£11 +££12) - Q(-££11) — Q(glg), we will prove that & = 0. For %21 € ﬂzl,

we can write that
QXa), (L1 + ZL12)|s + [For, UL + Z12)]s
= Q&1 +%12), Xals)
= Q([%11, X)) + Q[Li2, Xals)
(Q(Xo1), L11]s + [Kor, UL11) ] + [Q2Ha1), La2)s + [Kor, Q(L12) ]«
= [Po1, (UL11) + QUZL12))]x + [QUX ), (L1 + L12)]s
So, we obtain
%1, T, = 0.
Since g = gll —+ glg + ggl + 3.22, we have
%219.2*1 + %21?71*1 - ng%Q*l - 911%;1 — O
From the above equation and primeness of &, we have J; = 0, and
(25) %21?72*1 - 921%51 == 0
Alternatively, by substituting i%,; for &, in the preceding equation, we obtain
(26) —%2192*1 - 9219551 - O
From (2.5) and (2.6), we get J5;%3, = 0. Since A is prime, then Jy; = 0. It is suffices
to show that 15 = J55 = 0. For this purpose take X 15 € 1o, we write
QUI(Z11 + £12), Xaale, Pili)

[QUP1), [(L11 + L12), Kizlils + [P1, QU[(L11 + L12), Xzl )
[QP1), [(L11 + L12), Kialils + [P, K12, QL1 + L12)]4)«

),
+[9P1, [QAK2), (L1 + Laa)]4]-
= [Q%), [ZL11, Xrzluls + [UP1), [L12, XKrals]s
[
[

+[g)17 (%12) gll]*]* + [9)1, [Q(%n),zlg]*]*
+[@17 %127 (-££11 + -%12)]*]*
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So, we showed that

CO([(L11 + L12), Xrzle, 1)) = [QPY), [L11, Kralule + [UP), [Lr2, Xra]u]s
+[@1, [ UK 12), Lu)u)s + [P, [QAUK12), Lioli].
F[P1, [Kr2, UL + Li2)]s]s

Since [[£L12, X12]«, P1]« = 0, we hvae

= [QP1), [L11, Kaals)s + [Pr, QU[L11, Kra]i)]w + [P, [£L12, Xi2)s]+
+[P1, U[Lr2, Xi2]i) s

= [QP), [£L11, XrouJs + (21, ([Q2(Hn2), Lua]e + [Xaz, UL )]s
+[Q(P1), [Lr2, Kral«)s + [Pr1, (X2, UL12)|s)s + [QUK12), L12)s)]x

= [QP1), [£L11, Xialu)s + [QUP1), L2, Xrolu)i + [Pr, [ QUK 12), Lri1)]s

+[P1, Q(X12), [Lra)il« + [Pr, [Hra, QL) u)w + [P, [Krz, U Er2) 4]«

Therefore,

Q[[£L11 + L2, Xro)s, Pili) = [QP1), [L11, Kralu]s + [QP1), [£Li2, Ki2]4]-
+[P1, [QAK2), Lol + [P1, [QAUKr2), Li2]i)«
(2.8) +[P1, [Lrz, UL i) + [P, [Xrg, ULa2) s

From (2.7) and (2.8), we have
[P1, (K2, UL + La2) il = [P, Xz, UL11)]is + [P, Kz, ULa2)]i]s

It follows that [9)1, [%12,9]*]* = 0, SO %1292*2 — gzg%fz = 0. We have 922%?2 =0
or P1X Ty = 0 for all X € o, then we have Ty = 0. Similarly, we can show that
12 = 0 by applying %5 instead of 2, in above.

Claim 5. For each «%11 S ﬂll,iflg € %12,%21 S ﬂgl and $22 € &ﬁgg, we have
QL1+ Lo+ Lar) = UL1) + QL) + QUEn)

Q(Lig + Lo + Laa) = QULi2) + Q(La1) + QU La2).

We show that & = Q(‘%H -+ ‘%12 -+ .%21) — Q(‘%H) — Q<$12) — Q(ggl) = 0. For
%21 S ﬂgl, we have

[QUXor), (L1 + Lo+ L)l + (Ko, UL+ L1+ Lay)s
= QL1+ L2+ %21), Xa1ls)
Q[(L11 +ZL12), Xorls) + Q[Lar, XKor)
Q([L11, Koar]s) + Q[£L12, Xan]s) + Q[Lar, Korls)
= [Xor, (UL1N) + QULr2) + QLo))]s
+[QKa1), (L11 + L1z + Lol

It follows that [Xo1, T ]« = 0. Since T = F11 + T12 + To1 + To2, we have
%2192*1 + %2191*1 — 921%2*1 - 911%51 — O
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Therefore,gn = 921 = 0.
From Claim 4, we obtain

[QAUX12), (L1 + Lo+ Lar)ls + K2, UL+ Li2 + L))
= QL1+ L2+ %), X12s)
Q[(£L11 + ZL12), Xizls) + Q[La1, K1)
Q([£L11, Xrals) + Q[L12, Xrz)i) + Q([ZLa1, X))
= [X12, (QL11) + Q(L12) + QU La))]«
+[QKr2), (L11 + L2 + Lol

Hence,
%Egu + %Egu — 31*2%12 — 91*1%12 = 0.
Then, 71 = J15 = 0. Similarly
QL+ Lo+ Lar) = QUL) + QUEL12) + QAULa).
Claim 6. For each &1 € 11, %L12 € A1o, Lor € Aoy and Loy € Aoy, we have

ULy + Lo+ Loy + Lao) = QL) + UL12) + QL) + (La2).
We show that
T =QL1+ L2+ Lot + L) — UL11) — UL12) — QUL2) — (L) = 0.
From Claim 5, we have

[Q(K12), (L1 +Lia + Loy + Lao) | + K12, UL + Lo + Loy + Lao))s
= QL1+ L+ Lo+ La), Xrals)
= Q(L1 + L2+ L), Xiole) + Q[La2, Xra)s)
= Q[L11, Xz)s) + Q[£L12, Krals) + Q[Laor, Xia)
+Q([L22, X12]+)
= [X12, (UL1) + UL12) + QL) + UL))].
+HQ(X12), (L1 + Li2 + Loy + L)l

So, [X12,T ]« = 0. It follows that
%1291*2 + %1292*2 - 912%;5 - 922%?2 == O

Then 922 = glg =0
Similarly, by applying %5, instead of %15 in above, we obtain Jsy = J5; = 0.

Claim 7. For each &;;, M ;; € o,; such that i # j, we have
QLij + Mij) = QULij) + Q(Mij).
It is easy to show that
(Pi + Ly) (P + Mij) — (Pj + M5)(Pi + L55) = Lij + Mij — L35 — M5
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So, we can write

(Lij + Mij)

(&P + ZLyg), (2P + M)

UPj + M), (Pi + Lig)]s + (P + M), APy + Lij)].
(QUP)) + QM) (P + Lij)]-
(P + ), (UP) + ULij))-

= [QA), P + [, AP + [UPy), Lijle + [P, A(Lig)]
= Q[P M]].) + QU[Lij, Pl4)

= QM) — QUMS) + ULij) — QULY)

v

0 + Q=25 — M)

J

|
)

*
?

_|_
+

—

Therefore, we show that

(2.9) Q(Lij + M) + QU=LE —M3;) = QMiz) — QM) — ULE) + QL)

71 Y
By an easy computation, we can write

(i, +iL3) (P + Mig) — (P + M) (—iDy — iL5) = iy + iy + L] + i
Then, we have

Q(Lij + Mij) + QLS + i)
= Q(iP; +i%Lij), (P, + M)

QP+ M} ), (19 + iLii)]e + (P + ), QiP5 + iZLii)]x
[

(QPj) + QA ;)), (i + iLij)).
+ ), (QiDPy) + QiLyy))].
i)

+(@;
= [
= Qs AL + Q[iLi5, P5]s)
= Qi) + Qi) + Q(Lyy) + QL)

Pils + [, Q)] + [UDP)), iLil s + [Py, QL))

157

We showed that
Qi + iMij) + QUL i) = Qi) + Qi) + QL) + Qi)
From Claims 2, 3 and the above equation, we have
(2.10)QULij + Mij) + UL + M) = QMig) + QM) + QULS) + QULy)).
By adding equations (2.10) and (2.9), we obtain
QL+ Mij) = QULij) + QM ).

Claim 8. For each &;;, M;; € s4;; such that 1 <7 < 2, we have

ALy + Mi;) = ULyi) + QM)
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We show that F = Q(Ly; + M) — QL) — Q(AMi;) = 0. We can write that
[UDP)), (Lii + Mii) ]« + [P, UL + M)
= Q([(gu + ‘/%u)a @J]*)
= Q[&Li, P5].) + Q[ M, P5]5)
[UP)), Liils + [Py, ULii) ) + [UP;), M)
+[2, QM i)
= [QP)), (Lii + Mi))« + [P, (QUZLu) + QUMii))]
So, we have
[@j, 97]* =0
Therefore, we obtain 7;; = J;; = J;; = 0 On the other hand, for every &;; € o;; , we
have
[Q
= 0

(Hji), (Lii + M)« + [Kig, UL + Mis))s
([('%” + M”) % 'L] )

= Q([£i, Xjil«) + Q[ M, X))

[ i), Lials + [Hji, ULii)ls + [QX i), M)

+[959w Q(Mii))

= [Q%ji), (Lii + Mai)]s + [Xji, (QULa) + QM)

So,

[(QULii + M) — QULii) — QUMii)), Xjils = 0.
It follows that [X;;,T]. = 0 or X;;F;; = 0 . By knowing that o is prime, we have
9;; = 0. Hence, the additivity of €2 comes from the above claims. n

In the rest of this paper we show that 2 = 0.

THEOREM 2.2. Taking reference to the preceding theorem, if Q(«.9) is self-adjoint
operator for a € {1,i}, then Q = 0.

Proof. Several claims are used to verify the above theorem.

Claim 9. Q(i.9) = Q(.¥) = 0.
Consider Q([i.¥, F].) = [QUI),iF]. + [F,Q(i.F)]. that imply

Q20F) = —iQF)—iQI)" +QF) —Qi.F)
(2.11) 20(iF) = —2iQ(F)
By taking the adjoint of above equation we have Q(i.¥) = Q(.9) = 0.

Claim 10. Q preserves .
Since Q(i.9) = Q(.$) = 0, then we can write

QLI (i£)),) = [QL), I]. + [(i£), AUI )]
QUL +iL") = QL) — Qi)
Substiting i&% instead of £ in the above equation, we get
(2.12) UL —L)=QL) - QL))"
Replace £ by £* in (2.12), we have
(2.13) QL -LY)=Q&L") - QUL
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Adding (2.12) and (2.13), we get

Q0) = UL)-QUL) + QL") — QL)
(2.14) 0 = UAL+ZLY)-QUL) —QULY)”
Replace & by i% in (2.14), we obtain

0 = QUL —iL") - QEL) — QU—1L")"

0 = QUL -L")+iQUL) +iQ(-L7)"
(2.15) 0 = UL -L)+QUL) — QUL
By adding (2.14) and (2.15), we obtain

QL) =L

Therefore, ) preserves .

Claim 11. We prove that €2 = 0.
For every £, M € ¢, we have

QLM — ML)

Q2,47

= [Q@H7), L], + [T, QL))

= QUL —LAM™) + M QUL) — QUL) M
(2.16) QULM — M L") = QM) L —LAUM) + M QUL) — QL) M
Replace A by i in (2.16) and using Claims 2 and 9, we obtain
(2.17) QLM + M*LY) = QM) L —LUM) — M QL) — QL) M
By adding (2.16) and (2.17), we have

QLMY =—-LQM) — QUL)M

Taking M = .9, we see that Q(£) = —Q(£) which gives Q(£) = 0 and hence Q = 0.
This completes the proof. O
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