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A NEW BANACH SPACE DEFINED BY ABSOLUTE JORDAN
TOTIENT MEANS

CANAN HAZAR GULEC* AND OZLEM GIRGIN ATLIHAN

ABSTRACT. In the present study, we have constructed a new Banach series space
|T’”|z by using concept of absolute Jordan totient summability [Y", w,|, which is
derived by the infinite regular matrix of the Jordan’s totient function. Also, we
prove that the series space | T" \;‘ is linearly isomorphic to the space of all p-absolutely
summable sequences £, for p > 1. Moreover, we compute the a-, - and - duals
of this space and construct Schauder basis for the series space \TT|Z. Finally, we
characterize the classes of infinite matrices <|TT|Z ,X) and (X, |T’"|Z) , where X is

any given classical sequence spaces £, ¢, cg and /1.

1. Introduction and Preliminaries

The theory of sequence spaces has always been of great interest as it is involved
in various fields in analysis, especially summability. Also, it has many applications
in numerical analysis, approximation theory, operator theory, and orthogonal series
theory. Classical summability theory concerns on the generalization convergence of
sequences or series of real or complex numbers. In order to do so, it aims to assign
a limit of some sort to divergent sequences or series by considering a transformation
of a sequence rather than the original sequence or series. Recent studies have focused
on generating new Banach sequence and series spaces by means of the matrix domain
of infinite triangular matrices. Recently, matrices corresponding to arithmetic func-
tions in number theory have been widely used to construct these triangular matrices.
Interesting studies using arithmetic functions in the summability theory are found
in [4-8,10,17,20,24,26]. Recently, researchers have focused on studies on Euler to-
tient and Jordan totient matrices [4-7]. Also, some details for theory and applications
of Banach space, the reader can refer to [12,14-16,21].

The Euler’s totient function ¢ is one of the most famous arithmetic functions with
many applications in number theory. Recall that Euler totient function ¢ (m) is
defined as the number of positive integers less than m that coprime with m for every
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m € N and m > 1, and ¢ (1) = 1. Euler totient matrix operator ® = (¢,) is defined

as
¢ = @ ’ 1fk|n
U0, ifktn

which is a regular matrix [5]. Also the new sequence spaces have been introduced by
using this matrix in [4-6].

The Euler totient function has been generalized in many ways because of its appli-
cations in various branches of number theory. Among the generalizations, the most
significant is probably the Jordan’s totient function. The Jordan’s function of order r
is an arithmetic function which is generalizing the well-known Euler totient function
, where r is a positive integer. This function is denoted by J,. and it is the number of r
tuples (ay. ..., a,) with the properties 1 < a; <n,i=1,2,...,r and ged (ay....,a,,n) =1
for a fixed positive integer r. It is obvious that J; = ¢. Recent history of Jordan’s
function is given in [3]. The function J, has some interesting properties and many
applications. In what follows we recall some of the important ones [9,13].

The function J, is multiplicative, that is, the relation J. (mn) = J.(m) J, (n) is
satisfied for any positive integers m,n with ged (m,n) = 1. Also, the Gauss type
formula J, reads as follows:

Z Ji (d) =
din

from which, the Mobius inversion formula gives
n T
——EZAMd)(E)
dln

where p is the Mobius function defined as

(=)™ if n = pi1ps...pm, where pi,pa, ..., pm are

B non-equivalent prime numbers,
pln) = 1 ifn =1,

0 if p? | n for some prime number p,
for n € N.
Properties of the Jordan’s totient function take place in Séndor et al [19] and
Andrica and Piticari [2]. Also, for more results and applications of this function, we

refer the reader to [1,2,13,23].
Then, the Jordan totient matrix operator denoted by Y" = (v}, ) was defined in [7]

as follows:
oo B2 ik n
nk 0, ifkfn
( vy 71) is introduced by
) M itk n
O , ifktn.

The remainder of this work is organized as follows: In section 2, a new Banach
series space |T’"| is defined by using concept of the Jordan totient matrix operator and

for each r € N and its inverse (Y7)~

absolute summablhty Also, some topological properties of the space |T"[" , are given
and a-, f- and - duals of this space are computed. In section 3, the characterizations
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of matrix transformations in the related spaces are presented. The results presented
in this paper are motivated by those of [6] and [7].

In what follows, we recall some basic definition or notations that are needful for
this paper.

Let w denote the space of all sequences (real or complex). /.., ¢ and ¢y denote the
spaces of all bounded, convergent and null sequences, respectively. Also, by bs, cs, {1
and ¢,, we denote the spaces of all bounded, convergent, absolutely and p-absolutely
convergent series, respectively. Let e and (e,), (n € N) be the sequences with e, = 1
for all k € N, and e{” = 1 and efgn) = 0 for k # n, respectively.

A subspace X of w is said to be a BK- space if it is a Banach space with continuous
coordinates P, : X — C,(n € N), where P, (z) = x,, for all z € X . For example, the
spaces £, (1 < p < 00) and (s, ¢ are BK- spaces with norms ||z[[, = -2, |xv|p)1/p
and ||z||, = sup, ,, respectively. The set S (X,Y") is defined by

(1.1) S(X,Y)={a=(ar) Ew:ax = (agry) €Y for all x = (z}) € X},

which is called the multiplier space of the spaces X and Y. With the notation of (1.1),
the a-, 3- and - duals of a sequence space X, which are denoted by X*, X# and X7,
are defined by

XY=S8(X,0), X =5 (X,cs) and X? = S (X, bs),

respectively.

Let A = (ayx) be an infinite matrix of complex numbers for all n, k € N . We write
Ay = (ang)ey for the sequence in the n-th row of A. If # = (z;) € w, then we define
the A-transform of x as the sequence A (x) = (A, (z)), where

A, (z) = Z Ank Tl
k=0
provided the series on the right converges for each n € N.

For arbitrary subsets X and Y of w, we write (X,Y’) for the class of all infinite
matrices that map X into Y. So, A € (X,Y) if and only if 4, € X” for all n € N
and A (z) € Y for all € X. Moreover, the matrix domain of an infinite matrix A in
X is defined by

(1.2) Xag={rew:A(x)e X}.

We assume throughout unless stated otherwise that p,q > 1 with p~! + ¢! =1 and
use the convention that any term with negative subscript is equal to zero.

A sequence (b,) in a normed space X is called a Schauder base (or briefly base)
for X, if for every x € X there exists an unique sequence () of scalars such that
|z = 3" by || = 0 (m — 00), and we write z = Y7 a,b,. For example, (e™) is

a Schauder base of the space £, (1 < p < oo) under the norm ||z, = (3272, \xv\p)l/p.

2. A New Series Space using Absolute Jordan Totient Means

In the present section, we introduce the series space |T7"|z by using concept of
the Jordan totient matrix operator and absolute summability, where 1 < p < oc.
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Moreover, we examine some topological and algebraic properties of this space and
also, we compute the a-, 8- and - duals of the series space |TT\;.

Let Xz, be a given infinite series with nth partial sums (s,). We give the Jordan
totient transform Y" (s) of the sequence (s,) by

(21) T s) = 3 (k) sy

kln

for n > 1 and Y{ (s) = 0.

Let (u,) be a sequence of nonnegative terms. We define the new absolute summa-
bility method |Y", u,|, using Jordan totient matrix. A series ¥, is called summable
17w, , if

(22) Sl AT () < oo,
n=1

for 1 < p < oo, where AY7 (s) = Y7 (s) — Y7 _, (s), and Y7 (s) is defined by (2.1).
This definition is motivated by [18].

Now, we introduce the new series space |T’”|Z as the set of all series summable by
absolute Jordan totient summability method |Y", u,|, using (2.2) as follows:

[ = {x = (x,) Ew: Zuﬁ’l |AYT (s)] < oo} :

n=1

Note that since (s,,) is the sequence of partial sums of the series Yx,, then we deduce
that

. 1 n n
T”<S):FZ er(k) L
=\

for n > 1 and Y (s) = 0.
Thus we obtain that

AL = o) = T () = oy [ S0 = 3 L g,

nT‘
k=j k=j

for n > 2, and AY}, (s) = x; for n = 1.
If we define the matrices E® = (e%) ,1<p<ooand F = (fu) by

1/q

—ug L k=n—1,
(2.3) em =9 wk=n,
0, otherwise
and
w2 (), 1<k<n
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respectively, then we may restate |Y"| " = (£;) ), p according to the notation matrix
domain (1.2).

We compute inverse matrices by (E(p))f1 = E® and F~' = F' of the matrices
E®) and F, respectively,

—-1/q
@ JuVi1<k<n
2. — k )
(25) Enk { 0, k>n
and
r n\ r
1 () , klnandn>1
Jy (n)
z (”?S K
f S ALY - >
(2.6) fore = T in=1) k|ln—1andn>2

- ,k=1landn > 2

0, otherwise.

We may state topological properties and the a-, 5- - duals of spaces of ]T"];f for
1<p<oo.

THEOREM 2.1. Let 1 < p < oo and (u,) be a sequence of nonnegative numbers.
Then, the space |Y"|] is a BK-space with the norm

lellppeys = | E®0F ()],

and norm isomorphic to the space {,, that is, ]TT\Z = (,, where the matrices EW®and
F are defined by (2.3) and (2.4) , respectively.

Proof. Let 1 < p < oo and define operators I : [Y"| — (¢,) ) and E®)
(lp) gy — €p by (2.3) and (2.4), respectively. It is clear that the composite function
EW®oF is a linear operator, since E®) and F are linear operators. Also, since ly is
the BK-space with its usual norm, [Y7|" = (£;) g, p and E®)oF is a triangle matrix,
then we get that [Y"| is a B -space for p > 1 from Theorem 4.3.2 of Wilansky [25].

Also, we should show the existence of a linear bijection between the spaces | 1" ]Z and
¢,. For this, it is easy to see that the composite function E(PoF is a linear bijective
operator, since F' and E® are linear bijective operators. In fact, it is trivial that
r = 6§ whenever E®)oF(z) = 6, then E®oF is injective. Also, to show surjective,
given z = (z,) € £,. Then, if we get

no -1
y = (yn) = (Xp_1yy, /qzk) € (&) g »
and define the sequence = = (x,,) as

AGL p() ¥
xn:Z#(n)yk— Z ﬁykfbrnz2and 1 =Y

kln kln—1
then, = (v,) € [Y7[]. Thus, we have z = EWoF (), as asserted. Further, it
preserves the norm, since
HE(p)OF(x)ng = ||$|||Tr|; :

Consequently, E®oF is a linear bijection and norm preserving, which completes the
proof. O]
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LEMMA 2.2. [22]
a-) A = (ank) € ({1, c¢) if and only if

(2.7) lim a,,;, exists for each k > 1
and
(2.8) sup |ang| < oo.

n,k

b-) A = (ank) € (l1,0) if and only if (2.8) holds.
c-) Let 1 < p <oo. A= (ank) € (¢, c) if and only if (2.7) holds and

(2.9) supz |ank|? < oo.

d-) Let 1 <p <o00. A= (an) € ({p, l) if and only if (2.9) holds.
e-) Let 1 <p < oo. A= (an) € ({,,¢) if and only if

q
S| <

N denotes the family of all finite subsets of N.
LEMMA 2.3. [11] Let 1 < p < 00. A = (ank) € (l1,¢,) if and only if

o
supZ|ank|p < 00.
k n=1

Using following notations and Lemmas 2.2-2.3, we state following theorem related
to a-, 8- and y-duals of the series space |TT’]Z .

m J
A = {a = (a;) Ew: linr1n (ZZajfjk> exists, for v > 1},
Jj=v k=v
S0 <oo}
j=v k=v
3 g <o),
Jj=v k=v
<§

Z anfnk
<4

k=j
THEOREM 2.4. Let F' = (fm) be defined by (2.6). Then, we have:

Azz{a—( i) Ew: sup

Agz{a— a;)

Ay = {a— (a;) €w: supz

n=j

_l/q Z Z anfnk

neN k=j

NeN

A5:{a— aj) €Ew:

B
a-) <|T”|Z> — AN As for 1 < p<ooand (|Y7],)" = AN Ay forp=1.
b-) (]T’“E;)W = A3 for1 <p<ooand (|[Y7],)" = Ay forp=1.
) <|m;;)“ = A for 1 < p < o0 and (|T7],)" = Ay for p = 1.
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B
Proof. a-) Let 1 < p < 00. a = (a;) € <|TT|Z> if and only if ax € cs for every

x € |T’"|Z. Let y = F(z). Then, z € ¢,, where 2, = u!? (Yn — Yn—1) forn > 1, yo =0,

—1 .
and also we have y,, = > 1_, u, /9. Since we have

we obtain that

Z;ijj = Z%ijkyk = Z {Zajfjk}yk

j=1 k=1 k=1 \ j=k
m m J m
—1 r
= § Uy, /a E ajfjk Zy = § hmvzv
v=1 j=v k=v v=1

where the matrix H = (h,,,) is given by

/g I J A
u, Y Y aifil<v<m
j=v k=v
0, v >m.

So it is written by part ¢) of Lemma 2.2 that a € <|T’"|§)ﬁ it H e ({y,c), or
equivalently, a € Ay N A3, which completes the proof.

Since the proof for p = 1 is similar by using part a) of Lemma 2.2, the desired
result is obtained. .

b-) Let 1 < p < oo. Then, a = (a;) € (|TT|;> if and only if az € bs for every

z € [T, Also, x € Y[ iff 2 € {,, where 2, = u/ (Yn — Yn-1) , Yo = 0 and

Yn = D1y (Zzzj JT(k)) x; for n > 1. Thus, since we have
k|n

n”

m m

E ajszg R 2o
j=1 v=1

where H = (h,,) is defined by (2.10), this implies that a € <|T’”|Z>Fy iff He (ly,lx).
Hence, it follows from part d) of Lemma 2.2 that a € A3 as asserted.

Since the proof for p = 1 is similar by using part b) of Lemma 2.2, we omit the
detail.

c-) Let 1 < p < oo. Then, a € <|T7"|Z> if and only if az € ¢, for every x € [Y"|].
Then, we get

n n k
; ; ~1/q
anTp = anE fnkyk:ang fnkg u; "z
k=1 k=1 j=1
n

= a, Z uj_l/q Z Farzj = 00 (2)
j=1

k=j
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where §,, = (0,,;) is defined by

n

1 A
5nj = anuj /qunk

k=j
So, ax € ¢, for every x € |T"|; if and only if § (2) € ¢; for every z € ¢, or equivalently,
a€ (|T’”|Z> iff 6 € (¢,, 1), which gives a € A5 from Lemma 2.2, as desired. O

Since the proof for p = 1 is similar by using Lemma 2.3, we omit the detail.
THEOREM 2.5. Let1<p<oo, F = (fnk) and 719 = (ﬂfj)) be defined by (2.6)
and

“lax~ F o

; U, VK SU
7_5]): J kz:jfk J
0, >0

respectively. Then, the sequence (ngj)> is the Schauder base of the space |T’"|Z.

Proof. Tt is known that the sequence (e(")) is a Schauder base for the space ¢,

where €™ is a sequence with 1 in n-th place and zeros elsewhere. Because of the
transformation E® o F' defined in the proof of Theorem 2.1 is an isomorphism, the

inverse image (E® o F)_1 of (e) is a Schauder basis for [T7]5 . In fact, if z € [Y7] 7,

then there exists z € ¢, such that z = (E® o F) (), so we can deduce from Theorem
2.1 that
‘ T — Z ;7
j=1

where (E®) o F)f1 () = 7@ j > 1. Furthermore, every = € T[> has an unique

m

z— Z zje(j)

Jj=1

— 0 as m — oo,

1| £

u
p

[e o]
representation of the form z = Y ;7). O
j=1

3. Matrix Transformations Related to Space |1"|]

In this section we give the characterizations of classes <|TT|Z X ) and (X : |T’"|Z> :

where X is any given of classical sequence spaces (., ¢, ¢y and ¢;. Also, we point out
that these characterizations reduce to results on absolute Euler totient series spaces
which are given recently by Ilkhan and Hazar [6].

LEMMA 3.1. [22]
a-) A = (ank) € ({1,¢o) if and only if (2.8) holds and

(3.1) lim a,, = 0 for each k > 1.

b-) Let 1 <p < o00. A= (an) € ({p,co) if and only if (2.9) and (3.1) hold.
THEOREM 3.2. Let define the matrices F' = (f,;) and D = (d,,) with (2.6) and

[eS) v
dnj = Zanv vak
v=J k=j

respectively, for all n,j € N. Then, we have



A new Banach space defined by absolute Jordan totient means 553

1. A= (au) € (|]T7,, ) if and only if

m J
(3.2) nll_rgoz Qnj kz fjk , exists for all n,v € N,
j=v =0
m i .
(3.3) sup Zanj Z fjr| < oo for eachn € N,
mv Jj=v k=v
(3.4) sup |dn;| < oo.

n,J
2. A= (ank) € |Y7];,c¢) if and only if (3.2), (3.3) and (3.4) hold, and

lim d,,; exists for each j € N.
n—oo

3. A= (ank) € (|Y7|,,c0) if and only if (3.2), (3.3) and (3.4) hold, and

lim d,; = 0 for each j € N.

n—oQ

4. A= (an) € (|Y7];,4) if and only if (3.2) and (3.3) hold, and

sup Z |dn;] < o0.
j n

Proof. The proof is given only for the first case. The proofs in the other cases are
similar.

A€ (|T7),, ) if and only if Az € { for all z € |Y7|,. Then the series >~ anri
is convergent. So we have that (a,;) € (|YT"],)? for each fixed n € N. By Theorem 2.4
, we obtain that

m J
lim 5 ang fik
m—00

j=v k=v

exists for each n,v € N and

m J
Zaanfjk < oo for each n € N.

Jj=v k=v

sup

m,v

That is, (3.2) and (3.3) hold. Now, to prove the necessity and sufficiency of (3.4),
let z € |Y7|, and consider the linear operator E o F 1 |Y"|, — f;. Let y = Fx
and z = Ay = (EW o F)x for any z € |Y"|;,. Then we have y, = > i1 % and
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U ~
= > forYr- Hence we can write that

k=1
m m v m v k
E Apyy = E Qpy § kayk = E Any E ka E 2
v=1 v=1 k=1 v=1 k=1 J=1
m v v
= E Ay § § kazj
v=1 j=1 k=j
m m v
= E E anvE ka Zj
Jj=1 \v=j k=j

where DIV = (d(")-) is defined by

mj
d(n) — Z:,n:j ) Zzzj ka ) 1 S ] S m
m 0 , j>m
for each n € N. Also, it follows from (3.2) and (3.3) that DS = (d(")) € ({1,c). Then
the series D4 (z) = > ey dfm) z; converges uniformly in m for all z € ¢; and so it can
be written that lim,,_ . D(n)(z) = ijl lim,, oo dgm z;. Thus, we obtain that

— (n) =
Ap(z) = lim D,V (z) = z;(n%gréod Zdnjzj D,(z),
J
where d,,; = lim,, dfg).
This yields that Az € ( for x € |Y7|; if and only if Dz € ¢, for z € ¢;. We
conclude that A € (|X7|,, ) if and only if (3.2) and (3.3) hold and also D € ({1, ()

which means (3.4). This completes the proof. ]

If we take r = 1 in the Theorem 3.2, we have that this characterization reduces
result in the [6].

THEOREM 3.3. Let 1 < p < oo and define the matrices F' = (f,;) and DP = ()

with (2.6) and
P 1/q 2 : Z
d = U 7%1_133)0 QAny ka7

respectively, for all n,j € N.
1. A= (an) € (|T’”]g o) if and only if (3.2) holds and

q
l/q Z Qpj Z f]k:

Jj=v k=v

(3.5) < oo for eachm € N,

(3.6) Supz |d ]‘q < 0.
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2. A= (an) € (||Y7];,¢) if and only if (3.2), (3.5) and (3.6) hold, and

lim dy ; exists for each j € N.
n—oo

3. A= (ank) € (|T7];, co) if and only if (3.2), (3.5) and (3.6) hold, and
lim d}; = 0 for each j € N.

n—o0

4. A= (an) € (|T7],, 1) if and only if (3.2) and (3.5) hold, and

supz Zd

Ne~N neN

< 0Q.

Proof. The proof is given only for the first case. The proofs in the other cases are
similar.
€ (Y7, ls) if and only if Ax € ( for all z € [Y7|].  Then, the series
> hey Gk is convergent. So, we have that (an.) € (|Y7[5)° for each fixed n € N.
From Theorem 2.4, we can see that (3.2) holds and

l/q Z Qpj Z f]k:

for each n € N, which says that (3.5) holds.

Now, to prove the necessity and sufficiency of (3.6), let x € [Y"| and consider the
linear operator E® o F : [T7|; — £, defined by (EPoF),(z) = un/q(Fn(a:)—Fn_l(x)),
n>1and Fy(r) =0. Let y = Fr and z = (E® o F)x for any z € [T7],. Then we

< 00

v A
have 1, = Z?Zl uj_l/qzj and x, = Y furyr. Hence we can write that

k=1
Z Apyly = Z Any Z kayk - Z ) Z ka Z u_l/q Zj
v=1 v=1 v=1
=3 on Y
v=1 j=1 k=j
= i (ul/q Z ) Z ka) z
Jj=1 k=j
=Y )z = D )

<.
Il
—

where DI = <d n) > is defined by

mj

d(n) — uj_l/q va:j Qpy ZZ:]' kaz ) 1 S ] S m
" 0 , j>m
for each n € N. Also, it follows from (3.2) and (3.5) that DS = (dﬁjj}) € (¢,,c¢). Then

the series D! )(z) = dm] z; converges uniformly in m for all z € £, and so it can
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be written that lim,, D& )(z) = Z]Oil lim,, o0 dg:f])-zj. Thus, we obtain that

m—ro0

A, (z) = lim D Z 7711_r>nood n) Zd(p D z),
7=1 7=1

where d(p = lim,, o0 d(")

This ylelds that Az € (o for € |Y7[] if and only if DWz € (, for z € 4,
We conclude that A € (|T7]], () if and only if (3.2) and (3.5) hold and also D) ¢
(p, {o) which means (3.6). This completes the proof.

If we take r = 1 in the Theorem 3.3, we have that this characterization reduces
result in the [6].

Now, we give the characterizations of the matrix classes from the classical spaces
ls, C, ¢ and f1 to the spaces ]TT] for 1 < p < 0o. We need the following lemma to

prove our results. 0

LEMMA 3.4. [22]
a) A= (@nk) (gooagl) (C El) (Co,gl) if and on]y if

b) Letp>1. A= (an) € (loo,p) = (¢, €p) = (co,¥p) if and only if

wp SIS |

KeN 3 ek

< 0.

THEOREM 3.5. Let A = (a,x) be an infinite matrix. Then we have:

1. Ae (b, |YT]y) = (¢, |X7]y) = (co, |XT|,) if and only if

n JT . n—1 Jr .
OB (DI EFEL PR

KENn 1 |veK | k=1 \j=k,jn j=k,jln—1

2. A€ (6,,|Y7|,) if and only if

n JT . n—1 JT .
supz DI <n_(]1)>r k| < 00.

n=1 k=1 \j=kjn j=k,jin—1

Proof. The proof is given only for the matrix class (s, |Y"|;). One can see that
the proof of the other cases are similarly. Consider the matrix H' = (h)) defined as

n—1

N D I

k=1 \j=k.jln j=k,jln—1
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for n >2and hy, = > >0 k]|n Dy for n = 1. Let 2 = (2,,) € oo Further, we

have the following equality:
00 00 n n n—1
Jr (9) Jr (4)
1 o r . r
TS 3] 03 SIS pRRETIE P P
v=1 v=1 \ k=1 \j=k,j|n j=k,jln—1
n oo n n—1 oo n—1
Jr (4) Jr (4)
B ShITID SIS 3 S SR atN
v=1 ji=k,j|n " k=1 v=1 ji=k.,j|n 1( B )

for n > 1 and Fy(Ax
This implies that H!(z) = (E® o F),(Az) for all n € N. Hence, it follows that
Az € |Y7|, for any z € ly if and only if H'z € ¢; for any x € (.
Since we have H' € ({4, (1), we conclude that

-1

n JT . n J,r, .
ap SIS S| S AP S e <o

KeN T veK | k=1 \j=k,jn Jj=k,jln—

THEOREM 3.6. Let A = (anx) be an infinite matrix and 1 < p < oc.
L. A€ (boo, |T7]5) = (¢, |Y7];) = (co,|Y7],) if and only if

p

- SO NS ()
1/ _
;ugz Z Zunq Z oes Z (n—1) ko | < OO
N =1 [vek | k=1 j=k,jn j=k,jln—1
2. A€ (0, ]Y7])) if and only if
p
L0 k)
1/ s
SUPZZ u,/ ! Z e Z =1y Q| < 00.

n=1 | k=1 j=k.,j|n j=k,jln—1

Proof. The proof is given only for the matrix class (¢y,|Y"[]) since the other cases
can be proved similarly. Let p > 1. Consider the matrix H? = (h?,) defined as

n n . n—1 .
hfwzzuyq Z le(rj)_ Z (Zr_(]l))r s

k=1 j=k,jln j=k,jln—1

for n > 2 and h2, = /qzk 1D imhjin J;(Tj ag, for n = 1. Let z = (z,) € ¢,. We
obtain the following equality:

- = L) e L)
h? }/q —= - = | aro | o
n J . n—1

n oo
E § Aoy

k=1 v=1 j=k.jln k=1

— ul1(F,(Az) — F,_1(Az)),

(N3
Il
-
m
W‘
=
3
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for n > 1 and Fy(Az) = 0.

This implies that HP(z) = (E® o F),(Az) for all n € N. Hence, it follows that
Ax € ]TT|Z for any = € ¢, if and only if HPx € ¢, for any x € ¢;. Since we have
HP € (¢4,4,),we conclude that

P

oo n n . n—1 .
Jr (j) Jr (7)
1/q rNs T
EO IS DU R DEFF R PN
n=1 | k=1 ji=k,jln j=k,jln—1

Conclusions

Summability theory deals with generalizing the concept of convergence of sequence
or series by assigning a limit for non-convergent sequence or series. In order to do
so, infinite triangular special matrices are used. Matrices corresponding to arithmetic
functions in number theory have been widely used to construct these triangular ma-
trices. The most well-known arithmetic functions corresponding to these triangular
matrices are Jordan totient and Euler totient functions. In this paper, a new Banach
series space |TT\;’ is defined by using concept of the Jordan totient matrix operator
and absolute summability. Also, some topological properties of the space |TT|Z are
given and a-, - and ~- duals of this space are computed. The characterizations of
matrix transformations in the related spaces are presented. By using the new series
space defined the Jordan totient matrix, many impressive results can be obtained in
the theory of series spaces and matrix transformations.
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