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TH-SPACES IN GENERALIZED TOPOLOGICAL SPACES

CHuL KANG

ABSTRACT. In this paper, we introduce the concept of a generalized derived set
in generalized topological spaces and we investigate its properties. Using these, we
study Tp-spaces in generalized topological spaces.

1. Introduction

Csészér([1]) introduced the notion of generalized topological spaces. He also intro-
duced the notions of continuous functions and associated interior and closure operators
on generalized topological spaces. We recall some notions and notations defined in
([1]). Let X be a nonempty set and 7 a collection of subsets of X. Then 7 is called a
generalized topology (simply GT)on X if and only if ) € 7 and G; € 7 for i € I implies
UierG; € 7. We call the pair (X, 1) a generalized topological space(simply GTS) on
X. The elements of 7 are called 7-open sets and the complements are called 7-closed
sets. The generalized-closure of a subset A of X, denoted by ¢, (A), is the intersection
of generalized closed sets including A.

In this paper, we give a generalization of the concept of a derived set in generalized
topological spaces and investigate its properties. Further, we investigate Tp-spaces in
generalized topological spaces and prove that two GTSs (X, 7) and (Y, ) are homeo-
morphic if and only if the set of 7-closed sets is meet isomorphic to the set of p-closed
sets.

2. Accumulations and envolutions

We recall that a mapping A : P(X) — P(X) is an envelope operation (or briefly
an envelope) on a set X if

(1.1) AC XA for AC X,

(1.2) A C B implies A\A C AB for A C X and B C X, and

(1.3) MA = M for A C X,
(We write AA for A(A).) More generally, A : P(X) — P(X) is said to be a weak
envelope on X if A satisfies (1.1) and (1.2).
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REMARK 2.1 ([1]). Let A : P(X) — P(X) be an envelope. Then F C X is
called A-closed if \F' = F' and a subset of X is said to be A-open if its complement is
A-closed. Let F* be the set of all A-closed sets. Then we have the following :

(i) forany AC X, NMA=n{F € F}| AC F},
(ii) the set 7 of all A-open sets is a GT on X, and
(iii) A is 7-closed.

For example, the closure operation in a topological space is an envelope( [1]).
We introduce some generalized concept of drived sets in topological spaces.

DEFINITION 2.2. A mapping 6 : P(X) — P(X) is an accumulation on a set X if
(al) for any A C X, §(AUJA) C AUJA and
(a2) A C B C X implies 64 C §B.

PROPOSITION 2.3. Let § : P(X) — P(X) be an accumulation on a set X. Then
the mapping \s : P(X) — P(X), defined by \sA = AUJA, is an envelope.

Proof. By the definition of A5 and (a2), (1.1) and (1.2) hold. Let A C X. By (al),
ANA C AsAsA = NsAUNsA=AUJAU (5(14 U 514) = M\sA.
Hence \s satisfies (1.3) and thus \s is an envelope. O

For any envelope A : P(X) — P(X) and A C X, let 5,A = {z € X | for any
A-open set G with z € G, (G — {z}) N A # 0}.

PROPOSITION 2.4. Let A : P(X) — P(X) be an envelope on X. Then we have
the following :
(1) x € X—6,A if and only if there is a A-closed set F' such that x ¢ F and A C FU{z},
(2) y € X — d){z} if and only if there is a A-closed set F' such that y ¢ F and
{1} C FU ),
(3) M = AU A, and
(4) 6y is an accumulation on X.

Proof. (1) and (2) are trivial.

(3) Suppose that z € X — MA. Then by (i), there is a A-closed set F' such that
ACFandx ¢ F. Hence A C FU{z} and by (1), z ¢ 6,A. Thus AUJA C \A.

Suppose that # € X — (AU 6,A). Since x ¢ 0,A, by (1), there is an F € F
such that ¢ F, A C FU{x} and since z ¢ A, A C F. Hence x ¢ A\A and thus
A C AUA.

(4) Clearly, 6, satiesfies (a2). Let A C X. By (1.3) and (3), AMA = AU A is
A-closed, dy\(A U 0,A) C A(AU G A) = AU J\A. Thus 6, satiesfies (al). O

A GTS (X, ) is called strong if X € 7. Using the definition s and Proposition
2.4, we have the following corollary:

COROLLARY 2.5. Let § : P(X) — P(X) be an accumulation on X and A C X.
Then the following are equivlalent :
(1) A is As-closed ,
(2) 0),AC A, and
(3) 0A C A.

Using Proposition 2.4, we have the following proposition:
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PROPOSITION 2.6. Let 6 : P(X) — P(X) be an accumulation on X such that
x ¢ 6{x} for all x € X. Then we have the following :
(1) 60 =0,
(2) (X, 7%) is a strong GTS,
(3) 0x;{z} = ¢{z} for all z € X, and
(4) As{z} —o{z} = Ns{z} — 0\, {2} = {2} forall z € X.

Proof. (1) For any = € X, ) C {x}, by (a2), 60 C é{x} and since = ¢ é{x}, x ¢ 0.
Hence we have the result.

(2) By (3) of Proposition 2.4 and (1), §) is As-closed and hence (X, 79) is strong.

(3) Let x € X. Since (X — {z}) n{z} = 0, by (2), z ¢ d\,{z}. By (3) of
Proposition 2.4, \s{z} = {2} U ,{z} = {z} U {2z} and since = ¢ é{x}, d\,{z} 2
d{z}. Similarly, since x ¢ d,,{z}, 0r,{z} C d{z}.

(4) Suppose that there is an o € A\s{z} — dx;{z} with z # x. Then there is a As-
closed set F' such that x ¢ F and {z} C FU{x}. Hence {z} C F and so \s{z} C F.
Since = ¢ F, x ¢ A\s{z} which is a contradiction. Since z ¢ §{z}, by (3), one has the
results. [

EXAMPLE 2.7. Let X = {a,b,c} and define a mapping ¢ : P(X) — P(X) by
0 =06{b} =0, 6A={a} if A#0 and A # {b}.
Then ¢ is an accumulation on X,
A =0, As{a} = {a}, N\s{b} = {b}, Ns{c} = N\s{a,c} = {a,c},
As{a, b} = {a,b}, A\s{b,c} = X\ X =X,
and
Fr = {0, X, {a} {b}.{a. b}, {a,c}}.
Hence we have
0 = 0x,{a} = o {b} = 0x,{a,b} =0
{ct =0x4a,c} = 0){b,c} = 0\, X ={a}
and so (3) of Proposition 2.6 dose not hold.

3. Tp-space in GTS

In this section, we consider properties of Tp-spaces in GTS.

We recall that a strong GTS (X, 7) is called a Th-space if for any x € X, there are
T-open set G and 7-closed set F' such that {x} = G N F( [4]).

By ([7]), for any topological space X, the following statements are equivalent :

(i) X is a Tp-space,

(ii) for any = € X, the drived set {z}' of {2} in X is closed in X, and

(iii) for any € X, there are an open set G and a closed set F' in X such that
{z} = FNnAG.

THEOREM 3.1. Let ¢ : P(X) — P(X) be an accumulation on X such that for
any v € X, x ¢ 6{x}. Then the following are equivalent
(1) (X7 7—)\5) is TD;
(2) for any x € X, 0{x} is A\s-closed, and
(3) for any x € X, 6, {x} is a Ty,-closed set.
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Proof. By Proposition 2.6, (2) and (3) are equivalent.

(1) = (3) Let + € X. By (1), there are As-open set G and As-closed set F' such
that {z} = FNG. Now, we claim that d,,0\,{z} C 0),{x}. Let y ¢ 0,,{z}. Then
there is a As-closed set H such that y ¢ H and {z} C H U {y}.
case 1 y#£
Then {z} C H, and since H is As-closed, dy,0x,{x} C 0, C H. Since y ¢ H,
yé¢ 5>\55>\5{$}'
case 2 Yy ==
Since x ¢ o {z}, FNGNoy{z} =0, and since d,{z} C F, G Ny {z} = 0. Since
r € G, x ¢ droxn{r}

Hence 0,05, {z} C dx;{x} and so dy,{x} is As-closed.

(3) = (1) Let x € X. Since = ¢ é{x} and é{x} is As-closed, there is a A\s-open set
G such that © € G and G Ny {z} = 0. Then GN[{z} U {z}] = GNAs{z} = {z}
and hence (X, \s) is Tp. O

Let (X,7) bea GTS and F7" ={F C X | X — F € 7}. Define A\” and §" on P(X)

as follows :
NA={FeFT|ACF}, § =0y

Then A7 is an envelope on X, §7 is an accumulation on X, and for A C X, ¢, (A) =
AT(A).

Sarsak [4] studied the separation axioms 7 — Ty and 7 — T} in GTS, which appear
in more general forms in [1].

Let (X,7) bea GTS, let M, = U{G | G € 7}. Then a GTS (X, 7) is called (i) 7—T
( [6]) if for any pair of distinct points z,y € M., there exists T-open set containing
precisely one of x and y and

(ii) =14 ([3]) if x,y € M, and = # y implies the existence of T-open sets U and V'
suchthat r €e U,y ¢ U andy eV, 2 ¢ V.

THEOREM 3.2 ([6]). A GTS (X, 1) is 7 — Ty if, for any pair of distinct points
z,y € Mr, e-{a} # cr{y}.
The proof of Theorem 3.2 is obvious ([6]).

ProproSITION 3.3. Every Tp-GTS is Tj.

Proof. Let (X,7) be a Tp-GTS and z,y € X with x # y. Suppose that A\™{z} =
A {y}. Then z € \{y} and y € A"{z}. Since (X, 7) is Tp, there are a T-open set
G and 7-closed set F' such that {xr} = GN F and hence y ¢ GNF. If y ¢ G, then
x ¢ X\{y} which is a contradiction. Hence y € G and so y ¢ F. By the definition of
A",y ¢ A™{z} which is a contradiction. O

Let (X, 7) be a GTS. Then (F7,N) is a complete lower semilattice, that is, for any
F CF,NF € F". Let (L,\) and (M, /") be lower semilattices and h : L — M
a mapping. Then h is called a meet homomorphism if, for any a,b € L, h(a A b) =
h(a) N h(b) and h is called a meet isomomorphism if it is 1-1, onto and h is a meet
homomorphism.

Let (X,7) and (Y,u) be GTS and f : X — Y a mapping. Then f is called
(7,m)-continuous if for any G € p, f~Y(G) € 7 and f is a homeomorphism if f is
one-to-one, onto and (7, 7n)-continuous and f~! is (n, 7)-continuous.

LEMMA 3.4. Let (X, 7) be a GTS. Then there is no A\-closed C' such that §y-{z} C
C C X\{z}, where A C B means that A is a proper subset of B .
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Proof. Suppose that there is a 7-closed set C' such that 0,-{z} € C C A"{z}. If
z € C, then \"{z} = C which is a contradiction. Hence z ¢ C and, since C' C
AN {z} ={z} Udr-{z}, C =x{z}. This is a contradiction. O

THEOREM 3.5. Let A : P(X) — P(X) and n : P(Y) — P(Y) be envelopes
such that \) = 0§ = nl and (X, N), (Y,n) are both Tp. Then (X,)), (Y,n) are
homeomorphic if and only if there is a meet isomorphim ¢ : F» — F.

Proof. (=) It is trivial.

(<) Let ¢ : FT — F" be a meet isomorphism and z € X.

Since (X, \) is T, dx{x} is A-closed and so ¢(0,{z}) and ¢p(A{z}) are n-closed. Let
A = ¢(6x{z}) and B = ¢(A{z}). Since AD = 0, (X, \) is strong and, so by Propoistion
2.6, {z} = A5, {z} — 0x{z}. By Proposition 2.4 and Proposition 2.6,

Az} = {xp Vo, {2} = {z} Udn{z} = Mz}

and so {z} = Mz} — 0 {x}. Since ¢ is a meet isomorphism, A C B.

Now, we claim that | A — B |= 1. Suppsoe that there are p,q € B — A with p # q.
Since (Y,n) is To, ¢ ¢ n{p} or p ¢ n{q}. We may assume that ¢ ¢ n{p}, that is,
m{a} € n{p}. Since n{p} # B, ¢~ (n{p}) C M=}. Let y € ¢~'(n{p}). Suppose that
y ¢ dy{z}. Since ¢~ (n{p}) C Mx}, by Propoistion 2.6, y € Mz} —dr{z} = {z} and
soy = x. Since M{y} C ¢~ (n{p}), o~ (n{p}) = M} which is a contradiction. Hence
y € 0\{z} and so ¢~ (n{p}) C dx{x}. Hence n{p} C A, which is a contradiction to
p ¢ A, and thus | A — B |= 1.

Let {y.} = B—A. Since B is n-closed, n{y,} C B and ¢ '(n{y.}) € Mz}. Suppose
that 6 (n{ya}) C Mz} If 2 € 6= (n{ys)). then Mz} = 6 (1{y.}), which is a
contradiction. Hence z ¢ ¢~ '(n{y.}) and, since ¢~ (n{y.}) C Mz}, o~ (n{y.}) C
dx{z}. Thus n{y,} C A, which is a contradiction. Moreover, ¢ *(n{y.}) = Mz}
and n{y,} = ¢(Mz}). Similarly, for any y € Y, there is an z, in X such that
May} = o7 (n{y}).

Define a map f: (X,\) — (Y, n) by f(x) = y,. Suppsoe that f(a) = f(b). Then
o(Ma}) = n{f(a)} = n{f(D)} = #(A{b}) and, since ¢ is one-to-one, AM{a} = \{b}.
Since (X, \) is Tp, f is ono-to-one. Let y € Y. Then ¢~ (n{y}) = M=z,}, and so
n{y} = ¢(Mz,}). By the definition of f, f(x,) = y and hence f is onto.

Let C be a A-closed set and € C. Then Mz} C C and ¢p(Mz}) = n{f(x)} C
4(C). Hence f(C) C 6(C). Let y € 6(C). Then 5{y} C 6(C) and so ¢~ (1{y}) =
MfHy)} € C. Since f7l(y) € C, y € f(C). Hence ¢(C) C f(C) and so ¢(C) =
f(C). Thus f is a (\,n)-closed map. Similarly, f~! is a (1, A)-closed map and thus f
is a (A, n)-homeomorphism.

U

Csaszar [2]| introduced the product of GTS as follows : Let {(X;,7;) | ¢ € I} be
a family of GTS, [],.; X; the Cartesian product, and p; : [],.; Xi — X; the i-th
projection. Let B denote the set of all sets of the form [, ., G;, where G; € 7; and, with
the exception of a finite number of indices i, G; = M,,. Let 7(B) = {UB' | B’ C B}.
Then 7(B) is a GT on [[,.; X;. We call 7(B) the generalized product topology of
{7; | i € I} and denote it by [[,., » = 7(B). Further, ([[,c; Xi,[[,c; 7:) is called the
generalized product topological space of {(X;, ;) | i € I} and denoted by [[,.; Xi.
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THEOREM 3.6 ([2]). Let {(X;,7;) | i € I} be a family of GTS and A; C X;.
Then CT<HZ-€I Ai> = [l;es ¢ (Ai), where cT<HZ.€I AZ-) is the closure of [[,.; A; in

(Hiel X, Hiel Ti> and ¢, A; is the c,,-closure of A; in (X;, ;).

THEOREM 3.7. Let (X, \) and (Y,n) be strong GTS. Then (X x Y,7* x ) is Tp
if and only if (X, \) and (Y, n) are both Tp.

Proof. (=). Let z € X. Since (X XY, 7> x 77) is T, 67 *™"{(z,y)} is A x n-closed
for some y € Y.

Now, we claim that 07 *7"{(z,y)} = dx{z} x 6,{y}. Let A = 67" {(z,y)},
B = §){z}, and C = 6,{y}. Let (p,q) ¢ Bx C. Thenp ¢ B or ¢ ¢ C. We may
assume that p ¢ B. Then there is a A-open set GG such that p € G and = ¢ G. Since
Y is strong, [(G xY) —{(p.9)}} N{(z,y)} =0 and so (p,q) ¢ A. Hence A C B x C.

Suppose that (p,q) € B x C. Let G be a M\-open set and H an n-open set such
that (p,q) € G x H. Then (G — {p}) N {z} # 0 and (H — {q¢}) N {y} # 0. Hence
(Gx H)—A{(p,q)}]n{(x,y)} # 0. Thus (p,q) € A and so B x C C A.

Since (X x Y,7* x 77) is Tp, B x C'is A x n-closed and by Theorem 3.6, B x C' =
caxn(B x C) = AB xnC. Hence B is A-closed and thus (X, \) is 7). Similarly, (Y,n)
18 TD.

(<) Let (z,y) € X x Y. Since (X,\) and (Y,n) are Tp, there are \-open set
G , A-closed set F', n-open ste H, and n-closed set K such that {x} = G N F and
{y} = HNK. Then {(z,y)} = (GNF)x (HNK)=(Gx H)N(F x K). Since G x H
is A x n-open and F' x K is A x n-closed, (X x Y, 7> x 77) is Tp. O
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