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COMMON FIXED POINT RESULTS VIA F -CONTRACTION ON

C∗-ALGEBRA VALUED METRIC SPACES

Shivani Kukreti, Gopi Prasad∗, and Ramesh Chandra Dimri

Abstract. In this work, we establish common fixed point results by utilizing a
variant of F -contraction in the framework of C∗-algebra valued metric spaces. We
utilize E.A. and C.L.R. property possessed by the mappings to prove common fixed
point results in the same metric settings. To validate the applicability of these
common fixed point results, we provide illustrative examples too.

1. Introduction

Fixed point theory is an extensive field of research that has been actively explored
for over a century. In the realm of metric fixed point theory, Banach contraction
principle [1] (Bcp) demonstrated that every contraction mapping has a unique fixed
point in a complete metric space. This principle has seen numerous extensions and
generalizations in diverse directions, but keeping in view of requirement of this re-
search work, we precisely refer [2–11].

In 2012, Wardwoski [12] introduced F -contractions as a novel generalization of
the Bcp. His work included a comparative analysis of the convergence rates between
the F -contraction principle and the Bcp. Subsequently, Dung and Wardwoski [13]
proposed a weaker version of the F-contraction and established fixed point results.
F -contractions have been studied in various settings, under single-valued and set-
valued contractions along with partially ordered and graphic structures see for in-
stance ( [14–16] )

On an another point of note in 2014 Ma et al. [17] introduced the notion of C∗-
algebra valued metric spaces providing a more versatile framework than traditional
metric spaces by replacing the range set with a unital C∗-algebra. This research work
has sparked a cascade of research efforts, with subsequent studies by Ma et al. [18],
Ege and Alaca [19], Mlaike et al. [20] and Maheswari et al. [21] contributing to the
growing body of knowledge ( see, [22–25] ). These works not only establish fundamen-
tal results within C∗-algebra valued metric spaces but also demonstrate the practical
applications of these spaces in solving problems related to fixed point theory and
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integral-type operators.

Furthermore, the concept of C∗-algebra valued metric spaces, introduced by Ma
et al. [17], expanded the scope of metric spaces. In this context, Qiaoling et al. [26]
introduced compatible and weakly compatible mappings and investigated common
and coincidence fixed points for two weakly compatible mappings, contributing to
the development of this field. As researchers continue to delve into this captivating
domain, the potential for new insights and applications in mathematics and related
fields remains a compelling driving force behind the ongoing exploration of C∗-algebra
valued metric spaces.

2. Preliminaries

Throughout this paper, we consistently represent A as an unital C∗-algebra, char-
acterized by the presence of a unity element denoted as I, and equipped with a linear
involution ∗. In this algebra, for any elements a and b belonging to A, it holds that
(ab)∗ = a∗b∗, and an essential property is that (a)∗∗ = a. Additionally, we identify
positive elements within A by the notation 0A ≤ a, with 0A representing the zero
element belonging to A. The partial ordering relation on A can be precisely defined
as a 4 b if and only if 0A 4 b− a.

A Banach ∗-algebra is called C∗-algebra when it holds the assumption ||a ∗ a|| =
||a||2 for all a ∈ A. In this context, A+ denotes the set a ∈ A : a � 0A, signifying
those elements of A that are greater than or equal to 0A. This notation follows the
conventions established by Ma et al. in their prior work.

Definition 2.1. [17] Let E be a non empty set. A mapping φ : E × E → A is
called a C∗-algebra valued metric on E if it satisfies the following for all a, b, c ∈ E:
(i) φ(a, b) 4 0A and φ(a, b) = 0A if and only if a = b
(ii) φ(a, b) = φ(b, a)
(iii) φ(a, c) 4 φ(a, b) + φ(b, c).
The triplet (E,A, φ) is called C∗-algebra valued metric space.

Definition 2.2. [17] If for any ε > 0 , a sequence {an} in (E,A, φ) satisfy for all
n,m > k, ‖φ(an, am)‖ < ε is called Cauchy with respect to A.

Definition 2.3. [17] If for any ε > 0 , a sequence {an} in (E,A, φ) satisfy for all
n > k, ‖φ(an, a)‖ < ε is said to be convergent with respect to A.

Definition 2.4. [17] Convergence of every Cauchy sequence in A implies a com-
plete C∗-algebra valued metric space.

E.A. property by Aamri and El Moutawakil [27] was introduced in metric space to
relax the assumption of completeness with the closeness of the space.

Definition 2.5. [27] The pair of mappings (g, h) satisfies E.A. property if there
exists a sequence {an} in E such that lim

n→∞
gan = lim

n→∞
han = gδ for some δ ∈ E.

Sintunavarat and Kumam introduced the CLR property in the context of metric
spaces as a means to address the compactness or closeness of the space.
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Definition 2.6. [28] The pair of self mappings, (g, h) satisfies CLR property if
there exists a sequence {an} in E such that

lim
n→∞

gan = lim
n→∞

han = gδ

for some δ ∈ E.

Definition 2.7. [29,30] Let g and h be self-mappings defined on a non-empty set
X . Then
(a) a ∈ E is a coincidence point of g and h if ga = ha
(b) if b ∈ E is any point so that b = ga = ha, then b is a point of coincidence of the
mappings g and h.
(c) the pair (g, h) is weakly compatible if g and h commute at their coincidence points,
that is, h(ga) = g(ha), whenever ha = ga.

3. Main Results

In this section, we present existence and uniqueness of common fixed point results
for a pair of weakly contractive self-mappings. Finally we demonstrated findings of
main results by some illustrative examples.

Theorem 3.1. Let (E,A, φ) be a C∗-algebra valued metric space and two pairs
(M, g) and (N, h) of weakly compatible self mappings with M(E) ⊆ h(E) and N(E) ⊆
h(E), either the pair (M, g) or (N, h) satisfies E.A property and there exist F :
A+ → A be a continuous and strictly non- decreasing mapping satisfying for every
α, β ∈ E, aF , bF , cF , dF , eF ∈ A with ‖aF‖, ‖bF‖, ‖cF‖, ‖dF‖, ‖eF‖ < 1 and τ > 0 such
that

τ + F (φ(Mξ,Nγ)) 4 F (max{aFφ(gξ,Mξ), bFφ(hγ,Nγ), cFφ(gξ, hγ),

dFφ(gξ,Nγ), eFφ(hγ,Mξ)})(3.1)

then the self mapping M,N, g, and h have a unique common fixed point in E if either
range subspace of g(E) or h(E) is a closed subspace in E.

Proof. Let the pair (N, h) satisfies E.A. property, then there exists a sequence {ξn}
in E such that

lim
n→∞

N(ξn) = lim
n→∞

h(ξn) = δ

for some δ ∈ E.
Further, N(E) ⊆ g(E). Therefore, there exist a sequence {γn} in E such that N(ξn) =
g(γn). Thus,

lim
n→∞

g(γn) = δ = lim
n→∞

N(ξn)

We claim that lim
n→∞

M(γn) = δ. On contrary, suppose that lim
n→∞

M(ξn) = δ1 6= δ.

Substituting ξ = γn and γ = ξn in (3.1) we have,

τ + F (φ(Mγn, Nξn)) 4 F (max{aFφ(gγn,Mγn), bFφ(hξn, Nξn), cFφ(gγn, hξn),

dFφ(gγn, Nξn), eFφ(hξn,Mγn)}).(3.2)
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Taking limit as n→∞ in (3.2), we have

τ + F (φ(δ1, δ)) 4 F (max{aFφ(δ, δ1), bFφ(δ, δ), cFφ(δ, δ), dFφ(δ, δ), eFφ(δ, δ1)})
We have either φ(δ1, δ) 4 {aFφ(δ, δ1) or φ(δ1, δ) 4 eFφ(δ, δ1), which is a contradiction.
Thus δ1 = δ, that is,

lim
n→∞

M(γn) = lim
n→∞

N(ξn) = δ.

Let the range space of f(E) forms a closed subspace within E, and there exists a
ν ∈ E such that gν = δ, we can then deduce the following:

lim
n→∞

M(γn) = lim
n→∞

N(ξn) = lim
n→∞

h(ξn) = lim
n→∞

g(γn) = δ = gν.

We claim that Mν = gν. Substituting ξ = ν and γ = ξn in (3.1), we have

τ + F (φ(Mν,Mξn)) 4 F (max{aFφ(gν,Mν), bFφ(hξn, Nξn), cFφ(gν, hξn),

dFφ(gν,Nξn), eFφ(hξn,Mν)}).(3.3)

Taking limit as n→∞ in (3.3), we have

τ + F (φ(Mν, δ)) 4 F (max{aFφ(δ,Mν), bFφ(δ, δ), cFφ(δ, δ), dFφ(δ, δ), eFφ(δ,Mν)}),
that is,

τ + F (φ(Mν, δ)) 4 F (max{aFφ(δ,Mν), 0A, eFφ(δ,Mν)}).
So, we have either φ(Mν, δ) 4 aFφ(δ,Mν) or φ(Mν, δ) 4 eFφ(δ,Mν), which is a

contradiction. Thus Mν = δ = gν, that is, the coincidence point of the pair (M, g).
Now, the pair (M, g) is weakly compatible, that is, Mg ν = gM ν or Mδ = gδ. Since
M(E) ⊆ h(E). Therefore, there exists Γ ∈ E such that Mν = hΓ = gν = δ.
We have to prove that Γ is a coincidence point of pair (N, h), that is, NΓ = hΓ = δ.
Substituting ξ = ν and γ = Γ in (3.1), we have

τ + F (φ(Mν,NΓ)) 4 F (max{aFφ(gν,Mν), bFφ(hΓ, NΓ), cFφ(gν, hΓ),

dFφ(gν,NΓ), eFφ(hΓ,Mν)})

= F (max{aFφ(δ, δ), bFφ(δ,NΓ), cFφ(δ, δ), dFφ(δ,NΓ), eFφ(δ, δ)})
= F (max{0A, bFφ(δ,NΓ), dFφ(δ,NΓ)}).

So, have either φ(NΓ, δ) 4 bFφ(δ,NΓ) or φ(NΓ, δ) 4 dFφ(δ,NΓ), which is a contra-
diction. Thus NΓ = hΓ = δ and Γ is coincidence point of N and h.
Furthermore, the pair (N, h) exhibits weak compatibility implies that Nh Γ = hN Γ
or equivalently Nδ = hδ. As a result, the element δ serves as a common coincidence
point for the mappings M , N , g, and h.
Now, we have to prove that δ is common fixed point of M,N, g and h. Substituting
ξ = ν and γ = δ in (3.1), we have

τ + F (φ(Mν,Nδ)) 4 F (max{aFφ(gν,Mν), bFφ(hδ,Nδ), cFφ(gν, hδ),

dFφ(gν,Nδ), eFφ(hδ,Mν)}),
that is,

τ + F (φ(δ,Mδ)) 4 F (max{{aFφ(δ, δ), bFφ(δ,Nδ), cFφ(δ, δ), dFφ(δ,Nδ), eFφ(δ, δ)}),
= F (max{0A, bFφ(δ,Nδ), dFφ(δ,Nδ)}).
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So, we have either φ(Mδ, δ) 4 bFφ(δ,Nδ) or φ(Mδ, δ) 4 dFφ(δ,Nδ) which contradicts.
Hence Nδ = δ. Thus, Mδ = Nδ = gδ = hδ = δ.
We will arrive at the same result if we make the assumption that the range space of
h(E) is closed in E, and the pair (M, g) satisfies the E. A. property.
Now let Ω is another common fixed point of M,N, g and h. Substituting ξ = Ω and
γ = δ in (3.1), we have

τ + F (φ(Ω, δ))

= τ + F (φ(MΩ,Nδ))

4 F (max{aFφ(gΩ,MΩ), bFφ(hδ,Nδ), cFφ(gΩ, hδ), dFφ(gΩ,Nδ), eFφ(hδ,MΩ)})
= F (max{aFφ(Ω,Ω), bFφ(δ, δ), cFφ(Ω, δ), dFφ(Ω, δ), eFφ(δ, Ω)})
= F (max{0A, cFφ(Ω, δ), dFφ(Ω, δ), eFφ(δ, Ω)}).

We have either φ(Ω, δ) 4 cFφ(Ω, δ) or φ(Ω, δ) 4 dFφ(Ω, δ) or φ(Ω, δ) 4 eFφ(Ω, δ)
which contradicts. Thus Ω = δ. Hence δ is unique common fixed point of M,N, g
and h.

Theorem 3.2. Let (E,A, φ) be a C∗-algebra valued metric space and two pairs
(M, g) and (N, h) of weakly compatible self mappings with M(E) ⊆ h(E) and N(E) ⊆
h(E), either of the pairs (M, g) or (N, h) satisfies CLR property and there exist
F : A+ → A be a continuous and strictly non- decreasing mapping satisfying for every
α, β ∈ E, aF , bF , cF , dF , eF ∈ A with ‖aF‖, ‖bF‖, ‖cF‖, ‖dF‖, ‖eF‖ < 1 and τ > 0,

τ + F (φ(Mξ,Nγ)) 4 F (max{aFφ(gξ,Mξ), bFφ(hγ,Nγ), cFφ(gξ, hγ),

dFφ(gξ,Nγ), eFφ(hγ,Mξ)}).(3.4)

Then the self mapping M,N, g, and h have a unique common fixed point in E.

Proof. Let the pair (N, h) satisfies CLRB property, then there exists a sequence
{ξn} in E such that

lim
n→∞

N(ξn) = lim
n→∞

h(ξn) = δ

for some δ ∈ E.
Since, N(E) ⊆ g(E). Therefore, there exists ν ∈ E, such that Nξ = gν. Claiming
that Mν = gν = δ. Substituting ξ = ν and γ = ξn in (3.4), we have

τ + F (φ(Mν,Nξn)) 4 F (max{aFφ(gν,Mν), bFφ(hξn, Nξn), cFφ(gν, hξn),

dFφ(gν,Nξn), eFφ(hξn,Mν)}).(3.5)

Taking limit as n→∞ in the above inequality, we have

τ + F (φ(Mν,Nξ)) 4 F (max{aFφ(Nξ,Mν), bFφ(Nξ,Nξ), cFφ(Nξ,Nξ),

dFφ(Nξ,Nξ), eFφ(Nξ,Mν)})
= F (max{aFφ(Nξ,Mν), 0A, eFφ(Nξ,Mν)}).

So, we have either φ(Mν,Nξn) 4 aFφ(Nξ,Mν) or φ(Mν,Nξ) 4 eFφ(Nξ,Mν), which
is contradiction. Thus, Mν = gν = Nξ = δ. Since M(E) ⊆ h(E). Therefore, there
exists Γ ∈ E, such that hΓ = Mν = gν = δ.
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Now we shall show that hΓ = NΓ = δ, that is, Γ is the coincidence point of the pair
(N, h). Substituting ξ = ν and γ = Γ in (3.4), we have

τ + F (φ(Mξ,NΓ)) 4 F (max{aFφ(gν,Mν), bFφ(hΓ, NΓ), cFφ(gν, hΓ),

dFφ(gν,NΓ), eFφ(hΓ,Mν)}),
that is,

τ + F (φ(δ,NΓ)) 4 F (max{aFφ(δ, δ), bFφ(δ,Nδ), cFφ(δ, δ), dFφ(δ,NΓ), eFφ(δ, δ})
= F (max{0A, bFφ(δ,NΓ), dFφ(δ,NΓ)}).

So we have either φ(δ,NΓ) 4 bFφ(δ,NΓ) or φ(δ,NΓ) 4 dFφ(δ,NΓ), which is a
contradiction. Hence NΓ = δ, that is, NΓ = hΓ = δ and Γ is the coincidence point
of N and h. Owing to weak compatibility of the pair, we have Nh Γ = hN Γ, or
Nδ = hδ. Hence δ is a common coincidence point of M,N, g and h.
To prove that δ is common fixed point of M,N, g and h, substitute ξ = ν and γ = δ
in (4), we have

τ + F (φ(Mν,Nδ)) 4 F (max{aFφ(gν,Mν), bFφ(hδ,Nδ), cFφ(gν, hδ),

dFφ(gν,Nδ), eFφ(hδ,Mν)}),
that is,

τ + F (φ(δ,Nγ)) 4 F (max{aFφ(δ, δ), bFφ(Nδ,Nδ), cFφ(δ,Nδ), dFφ(δ,Nδ), eFφ(Nδ, δ)})
= F (max{0A, cFφ(δ,Nδ), dFφ(δ,Nδ), eFφ(Nδ, δ)}).

So we have either φ(δ,Nδ) 4 cFφ(δ,Nδ) or φ(δ,Nδ) 4 dFφ(δ,Nδ), or φ(δ,Nδ) 4
eFφ(δ,Nδ) which is a contradiction. Hence Nδ = δ. Thus, Mδ = Nδ = gδ = hδ = δ,
that is, δ a common fixed point of M,N, g and h.
Now, let Ω is another common fixed point of M,N, g and h. By substituting ξ = Ω
and γ = δ in (3.4), we have

τ + F (φ(MΩ,Nδ)) 4 F (max{aFφ(gΩ,MΩ), bFφ(hδ,Nδ), cFφ(gΩ, hδ),

dFφ(gΩ,Nδ), eFφ(hδ,MΩ)}),
= F (max{aFφ(Ω,Ω), bFφ(δ, δ), cFφ(Ω, δ), dFφ(Ω, δ), eFφ(δ, Ω)}),
= F (max{0A, cFφ(Ω, δ), dFφ(Ω, δ), eFφ(δ, Ω)}).

We either have, φ(Ω, δ) 4 cFφ(Ω, δ), φ(Ω, δ) 4 dFφ(Ω, δ) or φ(Ω, δ) 4 eFφ(Ω, δ),
which is a contradiction. This implies that Ω = δ. Hence δ is a unique common fixed
point of M,N, g and h.

Theorem 3.3. Let (E,A, φ) be a C∗-algebra valued metric space and two pairs
(M, g) and (N, h) of weakly compatible self mappings with M(E) ⊆ h(E) and N(E) ⊆
h(E), either the pair (M, g) or (N, h) satisfies E.A. property and there exist F :
A+ → A be a continuous and strictly non- decreasing mapping satisfying for every
α, β ∈ E, aF , bF , cF , dF , eF ∈ A with ‖aF‖ + ‖bF‖ + ‖cF‖ + ‖dF‖ + ‖eF‖ < 1 and
τ > 0 such that

τ + F (φ(Mξ,Nγ)) 4 F (max{aFφ(gξ,Mξ), bFφ(hγ,Nγ), cFφ(gξ, hγ),

dFφ(gξ,Nγ), eFφ(hγ,Mξ)})(3.6)

then the self mappings M,N, g, and h have a unique common fixed point in E if either
range subspace of g(E) or h(E) is a closed subspace in E.
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Proof. Let the pair (N, h) satisfies E.A. property, then there exists a sequence {ξn}
in E such that

lim
n→∞

N(ξn) = lim
n→∞

h(ξn) = δ,

for some δ ∈ E.
Further, N(E) ⊆ g(E). Therefore, there exist a sequence {γn} in E such that N(ξn) =
g(γn). Thus,

lim
n→∞

g(γn) = δ = lim
n→∞

N(ξn)

We claim that M(γn) = δ and on contrary, suppose that lim
n→∞

M(ξn) = δ1 6= δ.

Substituting ξ = γn and γ = ξn in (3.6) we have

τ + F (φ(Mγn, Nξn)) 4 F (max{aFφ(gγn,Mγn) + bFφ(hξn +Nξn) + cFφ(gγn, hξn)

+dFφ(gγn, Nξn) + eFφ(hξn,Mγn)})(3.7)

Taking limit as n→∞, we have

τ + F (φ(δ1, δ)) 4 F (max{aFφ(δ, δ1) + bFφ(δ, δ) + cFφ(δ, δ)

+dFφ(δ, δ) + eFφ(δ, δ1)}).

We have φ(δ1, δ) 4 (aF + eF )φ(δ, δ1), which is a contradiction. Thus, δ1 = δ, that is,

lim
n→∞

M(γn) = lim
n→∞

N(ξn) = δ.

Now, let g(E) be the closed subspace of E and gν = δ for some ν ∈ E. Subsequently,
we obtain

lim
n→∞

M(γn) = lim
n→∞

N(ξn) = lim
n→∞

h(ξn) = lim
n→∞

g(γn) = δ = gν.

We claim that Mν = gν. Substituting ξ = ν and γ = ξn in (3.6), we have

τ + F (φ(Mν,Nξn)) 4 F (max{aFφ(gν,Mν) + bFφ(hξn +Nξn) + cFφ(gν, hξn)

+dFφ(gν,Nξn) + eFφ(hξn,Mν)}).(3.8)

Taking limit as n→∞, we have

τ + F (φ(Mν, δ)) 4 F (aFφ(δ,Mν) + bFφ(δ, δ) + cFφ(δ, δ)

+dFφ(δ, δ) + eFφ(δ,Mν)),

that is,

τ + F (φ(Mν, δ)) 4 F (aFφ(δ,Mν) + eFφ(δ,Mν)).

So we have φ(Mν, δ) 4 (aF + eF )φ(δ,Mν) which is a contradiction. Thus, Mν = δ =
gν, that is, the coincidence point of the pair (M, g).
Now the pair (M, g) are weakly compatible, that is, Mgν = gMν or Mδ = gδ. Since
M(E) ⊆ h(E). Therefore, there exists Γ ∈ E such that Mν = hν = gν = δ.
We have to prove that Γ is a coincidence point of pair (N, h), that is NΓ = hΓ = δ.
Substituting ξ = ν and γ = Γ in (3.6), we have

τ + F (φ(Mν,NΓ)) 4 F ({aFφ(gν,Mν) + bFφ(hΓ +NΓ) + cFφ(gν, hΓ)

+ dFφ(gν,NΓ) + eFφ(hΓ,Mν)}),
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that is,

τ + F (φ(δ,NΓ)) 4 F ({aFφ(δ, δ) + bFφ(δ +NΓ) + cFφ(δ, δ)

+ dFφ(δ,NΓ) + eFφ(δ, δ)})
= F (bFφ(δ +NΓ) + dFφ(δ,NΓ)).

So, we have φ(δ,NΓ) 4 (bF + dF )φ(δ,Nδ), which is a contradiction. Hence, NΓ = δ.
Thus NΓ = hΓ = δ and Γ is coincidence point of N and h.
Further, the pair (N, h) are weak compatible, that is Nh Γ = hN Γ, or Nδ = hδ.
Therefore, δ is a common coincidence point of M,N, g and h.
Now we shall show that δ is a common fixed point of M,N, g and h. Substituting
ξ = ν and γ = δ in (3.6), we have

τ + F (φ(Mν,Nδ)) 4F ({aFφ(gν,Mν) + bFφ(hδ +Nδ) + cFφ(gν, hδ)

+ dFφ(gν,Nδ) + eFφ(hδ,Mν)}),

that is,

τ + F (φ(δ,Nγ)) 4 F ({aFφ(δ, δ) + bFφ(Nδ,Nγ) + cFφ(δ, δ)

+ dFφ(δ,Nγ) + eFφ(δ, δ)})
= F (bFφ(δ +Nδ) + eFφ(Nδ, δ)).

We have shown that φ(Nδ, δ) 4 (dF +eF )φ(δ,Nδ), which is a contradiction. Therefore,
we conclude that Nδ = δ. Consequently, we have Mδ = Nδ = gδ = hδ = δ.
The same conclusion can be obtained when assuming that the range space of h(E) is
closed in E, and the pair (M, g) will satisfy the E.A. property.
Now, let Ω be another common fixed point of M,N, g, and h. By substituting ξ = Ω
and γ = δ into equation (3.6), we obtain

τ + F (φ(Ω, δ)) = τ + F (φ(MΩ,Nδ))

4 F ({aFφ(gΩ,MΩ) + bFφ(hδ,Nδ) + cFφ(gΩ, hδ)

+ dFφ(gΩ,Nδ) + eFφ(hδ,MΩ)}),
= F (dFφ(Ω,Ω) + bFφ(Nδ, δ) + cF (Ω, δ) + dF (Ω, δ) + eF (δ, Ω)),

= F (cF (Ω, δ) + dF (Ω, δ) + eF (δ, Ω)).

From this substitution, we derive the expression φ(Ω, δ) 4 (cF + dF + eF )φ(Ω, δ),
which is a contradiction. Therefore, we conclude that Ω = δ, that is, δ is a unique
common fixed point of M,N, g, and h.

If we set dF = eF = 0 in the Theorem 3.3, we obtain the following result

Corollary 3.4. Let (E,A, φ) be a C∗-algebra valued metric space and two pairs
(M, g) and (N, h) of weakly compatible self mappings with M(E) ⊆ h(E) and N(E) ⊆
h(E), either the pair (M, g) or (N, h) satisfies E.A property and there exists F :
A+ → A be a continuous and strictly non- decreasing mapping satisfying for every
α, β ∈ E, aF , bF , cF , dF , eF ∈ A with ‖aF‖+ ‖bF‖+ ‖cF‖ < 1 and τ > 0 such that

τ + F (φ(Mξ,Nγ)) 4 F (aFφ(gξ,Mξ), bFφ(hγ,Nγ), cFφ(gξ, hγ)).

Then M,N, g, and h have a unique common fixed point in E if either range subspace
of g(E) or h(E) is a closed subspace in E.
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Theorem 3.5. Let (E,A, φ) be a C∗-algebra valued metric space and two pairs
(M, g) and (N, h) of weakly compatible self mappings with M(E) ⊆ h(E) and N(E) ⊆
h(E), either the pair (M, g) or (N, h) satisfies CLR property and there exist F :
A+ → A be a continuous and strictly non- decreasing mapping satisfying for every
α, β ∈ E, aF , bF , cF , dF , eF ∈ A with ‖aF‖+‖bF‖+‖cF‖+‖dF‖+‖eF‖ < 1 and τ > 0
such that

τ + F (φ(Mξ,Nγ)) 4 F (aFφ(gξ,Mξ) + bFφ(hγ,Nγ) + cFφ(gξ, hγ)

+dFφ(gξ,Nγ) + eFφ(hγ,Mξ)).(3.9)

Then the self mapping M,N, g, and h have a unique common fixed point in E.

Proof. Let the pair (N, h) satisfies the CLRB property, then it implies the existence
of a sequence {ξn} in the space E such that

lim
n→∞

N(ξn) = lim
n→∞

h(ξn) = Nξ = δ

for some ξ ∈ E.
Given that N(E) ⊆ g(E), there exists a ν ∈ E such that Nξ = gν. We assert that
Mν = Nν = δ. To demonstrate this claim, we can substitute ξ = ν and γ = ξn into
equation (3.9), resulting in

τ + F (φ(Mν,Nξn)) 4 F (aFφ(gν,Mν) + bFφ(hξn, Nξn) + cFφ(gν, hξn)

+dFφ(gν,Nξn) + eFφ(hξn,Mν)).(3.10)

Taking the limit as n→∞, we have

τ + F (φ(Mν,Nξ)) 4 F (aFφ(Nξ,Mν) + bFφ(Nξ,Nξ) + cFφ(Nξ,Nξ)

+ dFφ(gξ,Nξ) + eFφ(Nξ,Mν))

= F (aFφ(Nν,Mν) + eFφ(Nξ,Mν)),

So we have φ(Mν,Nξn 4 (aF + eF )φ(Nξ,Mν) which contradicts. Hence, Mν =
gν = Nν = δ. Since M(E) ⊆ h(E). Therefore, there exists Γ ∈ E such that
hν = Mν = gν = δ.
Our aim is to demonstrate that hΓ = NΓ = δ, thereby confirming that Γ indeed
serves as the coincidence point for the pair (N, h). By substituting ξ = ν and γ = Γ
into equation (3.9), we obtain

τ + F (φ(Mν,NΓ)) 4F (aFφ(gν,Mν) + bFφ(hΓ, NΓ) + cFφ(gν, hΓ)

+ dFφ(gν,NΓ) + eFφ(hΓ,Mν)),

that is,

τ + F (φ(Mν,NΓ)) 4 F (aFφ(gν,Mν) + bFφ(δ,NΓ) + cFφ(gν, hΓ)

+ dFφ(δ,NΓ) + eFφ(δ, δ))

= F (bFφ(δ,NΓ) + dFφ(δ,NΓ)).

So we have φ(δ,NΓ) 4 (bF + dF )φ(δ,NΓ) which is a contradiction. Hence NΓ = δ,
that is, N Γ = hΓ = δ and Γ is a common coincidence point of N , and h. From (3.9),
we have Nh Γ = hN Γ or Nδ = hδ. Therefore, δ is a common coincidence point of
M,N, g and h.
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To establish that δ is a common fixed point of M,N, g, and h, we can substitute ξ = ν
and γ = δ into equation (3.9), resulting in

τ + F (φ(Mν,Nδ)) 4F (aFφ(gν,Mν) + bFφ(hδ,Nδ) + cFφ(gν, hδ)

+ dFφ(gν,Nδ) + eFφ(hδ,Mν)),

that is,

τ + F (φ(δ,Nδ)) 4 F (aFφ(δ, δ) + bFφ(Nδ,Nδ) + cFφ(δ,Nδ)

+ dFφ(δ,Nδ) + eFφ(Nδ, δ))

= F (cFφ(δ,Nδ) + dFφ(δ,Nδ) + eFφ(Nδ, δ)).

So we have φ(δ,Nδ) 4 (cF +dF +eF )φ(δ,Nδ), which is a contradiction. Hence Nδ = δ.
Thus, Mδ = Nδ = gδ = hδ = δ, that is, common fixed point of M,N, g and h is δ.
Now, let Ω be another common fixed point of M,N, g, and h. By substituting ξ = Ω
and γ = δ into equation (3.9), we obtain

τ + F (φ(Ω, δ)) = τ + F (φ(MΩ,Nδ))

4 F (aFφ(gΩ,MΩ) + bFφ(hδ,Nδ) + cFφ(gΩ, hδ)

+ dFφ(gΩ,Nδ) + eFφ(hδ,MΩ))

= F (aFφ(Ω,Ω) + bFφ(δ, δ) + cFφ(Ω, δ) + dFφ(Ω, δ) + eFφ(δ, Ω))

= F (cFφ(Ω, δ) + dFφ(Ω, δ) + eFφ(δ, Ω)).

So we have either φ(Ω, δ) 4 (cF + dF + eF )φ(Ω, δ), which contradicts. Thus Ω = δ.
Hence δ is a unique common fixed point of M,N, g, and h.

If we choose dF = eF = 0 in Theorem 3.5 we have the following Corollary :

Corollary 3.6. Let (E,A, φ) be a C∗-algebra valued metric space and two pairs
(M, g) and (N, h) of weakly compatible self mappings with M(E) ⊆ h(E) and N(E) ⊆
h(E), either the pair (M, g) or (N, h) satisfies CLR property and there exist F :
A+ → A be a continuous and strictly non-decreasing mapping satisfying for every
α, β ∈ E, aF , bF , cF ∈ A with ‖aF‖+ ‖bF‖+ ‖cF‖ < 1 and τ > 0,

τ + F (φ(Mξ,Nγ)) 4 F (aFφ(gξ,Mξ), bFφ(hγ,Nγ), cFφ(gξ, hγ)).

Then the mapping M,N, g and h have a unique common fixed point in E.

Example 3.7. Let E = [0, 2],A = C. Defining φ : E ×E → A as φ(ξ, γ) = |ξ − γ|
and a function F : A+ → A by F (t) = ln(t) + t. We can easily prove (E,A, φ) to be
complete C∗-algebra valued metric space.
Let the four self maps M,N, g and h be defined on E as

M(ξ) =

{
ξ if ξ ∈ [0, 1]

1 if ξ ∈ (1, 2]
, N(ξ) =

{
ξ if ξ ∈ [0, 1]

2 if ξ ∈ (1, 2]
, g(ξ) = 4ξ, h(ξ) = 8ξ.

Firstly, To establish that the pair (M, g) satisfies the E.A. property, we begin by

considering a sequence {ξn} ⊂ E defined as {ξn} =
{

1√
2n2+2

}
. With this sequence in

mind, we observe that there exists a sequence {ξn} in E for which the following limits
hold:

lim
n→∞

Mξn = lim
n→∞

gξn = 0.
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As a result, we can conclude that the pair (M, g) indeed satisfies the E.A. property.
The following cases arise :
Case (i): Let ξ, γ ∈ [0, 1], clearly ME ⊂ hE and NE ⊂ gE.

φ(Mξ,Nγ) = 0, φ(gξ,Mξ) = 7ξ,

φ(gξ,Nγ) = |8ξ − γ|, φ(hξ,Nγ) = 3ξ,

φ(gξ, hγ) = |8ξ − 4γ|, φ(hγ,Mξ) = |4γ − ξ|.

Therefore, aF , bF , cF ∈ A+ with aF = 1
4
, and bF = cF = 1

4

F (aFφ(gξ,Mξ) + bFφ(hγ,Nγ) + cFφ(gξ, hγ))

= F (7aF ξ + 3bFγ + cF |8ξ − 4γ|)
= ln(7aF ξ + 3bFγ + cF |8ξ − 4γ|)
+ (7aF ξ + 3bFγ + cF |8ξ − 4γ)

< τ + F (φ(Mξ,Nγ)).

Thus, τ +F (φ(ξ, γ)) 4 F (aFφ(gξ,Mγ) + bF (hγ,Nγ) + cF (gξ, hγ)) for all ξ, γ ∈ [0, 1].

Similarly, we can show for aF , bF , cF , dF , eF ∈ A+ , with F = 1
5

= bF = cF = dF
and eF = 1

6
,

τ + F (φ(ξ, γ)) 4 F (aFφ(gξ,Mγ) + bF (hγ,Nγ) + cF (gξ, hγ) + dFφ(gξ,Nγ) + eFφ(hγ,Mξ))

for all ξ, γ ∈ [0, 1].
Case (ii): Let ξ, γ ∈ (1, 2], clearly ME ⊂ hE and NE ⊂ gE.

φ(Mξ,Nγ) = 1, φ(gξ,Mξ) = 8ξ − 1,

φ(gξ,Nγ) = 8ξ − 2, φ(hξ,Nγ) = 4γ − 2,

φ(gξ, hγ) = 8ξ − 4γ, φ(hγ,Mξ) = 4γ − 1.

Therefore,

F (aF (gξ,Mξ) + bF (hγ,Nγ) + cF (gξ, hγ))

= F (aF (8ξ − 1) + bF (4γ − 2) + cF (8ξ − 4γ)

= ln(aF (8ξ − 1) + bF (4γ − 2) + cF (8ξ − 4γ)

+ (aF (8ξ − 1) + bF (4γ − 2) + cF (8ξ − 4γ))

< τ + F (φ(Mξ,Nγ)).

Thus, τ +F (φ(ξ, γ)) 4 F (aFφ(gξ,Mξ) + bF (hγ,Nγ) + cF (gξ, hγ)) for all ξ, γ ∈ (1, 2].

Similarly, we can show for aF , bF , cF , dF , eF ∈ A+, with aF = 1
5

= bF = cF = dF
and eF = 1

6
,

τ + F (φ(ξ, γ)) 4 F (aFφ(gξ,Mγ) + bF (hγ,Nγ) + cF (gξ, hγ) + dFφ(gξ,Nγ) + eFφ(hγ,Mξ))

for all ξ, γ ∈ (1, 2].
Also, the range space of g(E) is a closed in E and the pairs (M, g) and (N, h) are
weakly compatible. Hence, by Theorem (3.3) the mappings have a unique common
fixed point and indeed, 0 is unique common fixed point.
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Conclusion

In this paper, we pointed out the fact that several diversified physical problems
modeled in the framework of C∗-algebra valued metric spaces have been very useful
for future research directions. We established common fixed point results by utilizing
a variant of F -contraction on the same metric settings. We used some weaker notions
such as E.A. and C.L.R. properties possessed by the involved self-mappings to prove
fixed point results. Further, we presented non-trivial examples to vindicate that the
claims are novel and original. Thus, these findings supply yet another view on common
fixed point results with some new core theoretical results and examples.
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