Korean J. Math. 32 (2024), No. 1, pp. 73-82
https:/ /dx.doi.org/10.11568/kjm.2024.32.1.73

CERTAIN SUBCLASS OF STRONGLY MEROMORPHIC
CLOSE-TO-CONVEX FUNCTIONS

GAGANDEEP SINGH*, GURCHARANJIT SINGH, AND NAVYODH SINGH

ABSTRACT. The purpose of this paper is to introduce a new subclass of strongly
meromorphic close-to-convex functions by subordinating to generalized Janowski
function. We investigate several properties for this class such as coefficient esti-
mates, inclusion relationship, distortion property, argument property and radius of
meromorphic convexity. Various earlier known results follow as particular cases.

1. Introduction

Let A denote the class of functions f of the form
f(z) =2+ Zanz”,
n=2

which are analytic in the open unit disc £ = {z:| z |[< 1}. The class of functions
f € A and which are univalent in F, is denoted by S.

The class of starlike univalent functions is denoted by &* and is given by

S*—{f:feA,Re(Zf/(Z)> >0,ZGE}.

f(2)
The class K of convex univalent functions is defined as follows:

k={rireanr (SLE) >0zepf

The concept of close-to-convex functions was given by Kaplan [7]. A function f € A
is said to be in the class C of close-to-convex functions if there exists a function g € S*

such that
Re (Z;(/i;)) > 0(z € E).
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A function w which has expansion of the form

oo
w(z) =) 2",
n=1

and satisfy the conditions w(0) = 0 and |w(z)| < 1, is called a Schwarz function. The
class of Schwarz functions is denoted by U.

Let f and g are two analytic functions in F, then f is said to be subordinate to g,
if there exists a Schwarz function w € U such that

f(z) = g(w(z)).
If f is subordinate to g, then it is denoted by f < ¢g. Further, if g is univalent in F,
then f < g is equivalent to f(0) = ¢(0) and f(F) C g(F).

By M, we denote the class of functions f of the form
1 o0
f(Z) = ; + Zlgkzka

which are meromorphic analytic in the open unit punctured disc
E*={2:2€C,0<|z|<1} =E—{0}.

A function f € M is said to be in the class MS™ of meromorphic starlike functions

if it satisfies the condition
/
Re (Zf <2)> <0,z € E".
f(z)

The class MK of meromorphic convex functions is given by

mic={r: e mome (D) <ose ).

It is obvious that f € MK if and only if —zf'(z) € MS™.

A function f € M is called meromorphic starlike function of order o (0 < av < 1)

if it satisfies the condition
/
Re (—Zf <Z>> >a,z € B
f(z)
The class of meromorphic starlike functions of order « is denoted by MS*(a). In
particular, MS*(0) = MS*. Also for a = 3, the class MS*() reduces to the class

By MC, we denote the class of meromorphic close-to-convex functions. A function
f € M is called meromorphic close-to-convex function if there exists a meromorphic

starlike function g such that
!
Re <—Zf (Z)> <0,ze k.
9(2)
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Gao and Zhou [4] studied the class Kg given by:
20
I@I{f:féA,]%(L(z)) > 0,9 € S” (1),Z€E}.
9(2)g(=2) 2

Knwalczyk and Les-Bomba [8] extended the class Kg by introducing the class
Ks(7), (0 <+ < 1) mentioned below:

e ) R OB
Ks(v) = feA Rl ————= | >v,9eS | =],z€ E}.
={rerean(55) 2 oes (3
For v = 0, the class Kg(y) reduces to the class Ks.

Further, Prajapat [12] established that, a function f € A is said to be in the class
xe(7)([t] £ 1,8 # 0,0 <y < 1), if there exists a function g € S* (1), such that

t22f'(z)
[sees]
In particular x_1(v) = Ks(y) and x_1(0) = Ks.

Analogously, Wang et al. [17] introduced the class My which consists of the func-
tions f € M such that
/

9(2)g9(==)
where g € MS* (3).
As a generalization of the class My, Sim and Kwon [15] established the class
M (A, B) (-1 < B < A<1) defined as:
f(2) 1+ Az 1
A B) = : = E* 5.
T A e Rt ATL O RE

For A =1, B = —1, the class Mx(A, B) reduces to the class M.

Raina et al. [13] introduced the class of strongly close-to-convex functions of order
[, as below:

C’Bz{f:fEA, arg{i(z)}’<6—7T,gEIC,O<ﬁ§1,zEE},
9(2) 2

or equivalently

’ B
Cg:{f:fGA,z;(i§)<(1j2> ,gG/C,O<ﬁ§1,z€E}.

For —1 < B < A <1, Janowski [6] introduced the class of functions in .4 which are
14+ Az Thi
) is

1+ Bz
class plays an important role in the study of various subclasses of analytic-univalent
functions. As a generalization of Janowski’s class, Polatoglu et al. [10] introduced the
class P(A, B;a) (0 < a < 1), the subclass of A which consists of functions of the form
1+[B+(A—B)(1—-

+ B+ ) oz)]z' Also for ao = 0,

1+ Bz

of the form p(z) = 1+ >~ prz" and satisfying the condition p(z) <

p(z) = 1+ 77, pez” such that p(z) <
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the class P(A, B; «) agrees with the class defined by Janowski [6].

Getting inspired by the above mentioned work, now we are going to define the
following class:

DEFINITION 1. Let Mx(t; A, B;a;8)(0 < a < 1,0 < < 1,0 < |t] < 1) denote
the class of functions f € M which satisfy the conditions,

(3 1+[B+(A-B
tg(2)g(tz) B ( 1+ Bz

1
where g(z) = P S bpzb e MS* (D).

1 8
) @)]Z) ,—1<B<A<1,z¢€E*,

Particularly
(i) Mx(—1; A, B;0;1) = Mx(A, B), the class studied by Sim and Kwon [15].
(i) My(—1;1,—-1;0; 1) = My, the class introduced by Wang et al. [17].

As f € Mx(t; A, B; a; B), by definition of subordination, it follows that

FG) (1B (A- B - a)lu(z))’
M) T t)g(ts) ( 17 Bu(2) ) At

In this paper, we study the coefficient estimates, inclusion relationship, distortion
theorem, argument theorem and radius of meromorphic convexity for the functions in
the class M (t; A, B; «; ). The results proved by various authors follow as special
cases.

Throughout this paper, we assume that -1 < B < A< 1,0<a<1,0< g8 <
Lo< [t| <1,z € £

2. Preliminary Lemmas

For the derivation of our main results, we must require the following lemmas:

LEMMA 1. [2,14] Let,

— —a)w(z)\”? >

then
Ipn| < B(1—a)(A—B),n>1.

1
LEMMA 2. [3] For g(z) = — + Y07 bp2* € MS*, we have
z

2

b, | < )
n—+1
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LEMMA 3. [13] Let —1 < BQ < Bl < Al < A2 < 1, then
1—|—B12 1—|—BQZ ’
LEMMA 4. [11] If g € MS™, then for |z| =r,0 < r < 1, we have

(1—r)? (1—1—7“)2‘

<lg(2)| <

LEMMA 5. [5] If f € §*, then

Re{@}; > %

7

1+[B+(A—B)(1-—
Leania 6.5. [1,2) If () = L EAZDUZORE) g g oy ue
1+ Bw(z)
U, then for |z] =r < 1, we have
(A-B)(1-a)r .
/ T =B+ A-B)(I—)")(1-Bn)’ if Ry < Ro,
RezP () > 2\/(1*3)(1*[B+(A*B)(1704)})(1+[B+(AfB)(17a)]r2)(1+Br2)
P(z) — (1—[B+(A—B)(1— }g‘E)B)(lzj‘l(,;ﬁZ))(A,B)
- (A-B)(1-a)(1-r?) + (A=B)(1—a) >’ if Ry > Ry,
where By = [ EEEB QOB 1 g, = EB2Uplzale

3. Main Results

THEOREM 1. If g € MS*(3) and 0 < |t| < 1, then
tzg(2)g(tz) € MS™.

Proof. As g € MS*(3), we have
/
—Re{zg (2>} -1
9(2) 2
Let h(z) = tzg(z)g(tz). Differentiating logarithmically, it yields
zh (z) z2g'(z)  tzg'(tz)

h(z) 0 gz)  gltz)
) )

_Re{zliléij)} >—1+%+%.

Therefore

which implies

zh (z)
h(z)

Hence Re{ } <0 and so h € MS*.
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1
THEOREM 2. If f(2) = — + >°7  ax2® € M(t; A, B;a; 3), then
2

jay| <1
and
2 B(1—a)(A— B) o 2
< _c
(3) |an|_n(n+1)+ n 1+;k+1

Proof. As f € Mg(t; A, B; «; B), therefore (1) can be expressed as

_ f'(2) _ 2))8

(e
which can be further represented as
(@) o p)”
where G(z) = tg(z)g(tz).
For
) ) = g,
we have .

g(z) =14 pu2"

Putting for f, G and ¢ in (5), it yields
% — a1z — 2a92% — ... —na, 2" — ...
(6) )

= (; + b1z 4+ b2+ b2+ ) (1 + p1z —|—p222 + . 2" —|—pn+1z"+1 + ) )
As f is univalent in E*, it is well known that |a,| < 1.
Comparing the coefficients of 2™ in (6), we have
(7) —na, = b, + bn_1p1 + bn_2p2 + ...+ bzpn_z + blpn—l + Pnti1-
Applying triangle inequality and using Lemma 1 and Lemma 2 in (7), it gives

2 2 2 2

8 ol < —— l—-a)A=B) |-+ ——+...+=-+1+1},
(8) n|a|_n+1+ﬂ( a)( )[n+n—1+ +3+ +
which proves Theorem 2. O

For t = —1,a = 0,8 = 1, Theorem 2 gives the following result due to Sim and
Kwon [15].

COROLLARY 1. If f € Mk (A, B), then
1| <1

and

<
jan] < n(n+ 1) + n
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Puttingt = -1, A =1, B= —1, a = 0 and § = 1 in Theorem 2, the following
result due to Wang et al. [17] is obvious:
COROLLARY 2. If f € M, then
\a1| S 1

and

|an| < -
n

n-+ 2
n+1+zk+1

THEOREM 3. If_]_SBQ:Bl<A1SAQS]_aHdOSOZQSOZ1<17 then
Mic(t; A1, Bys ou; B) C Mic(t; Az, B; as; ).

Proof. As f € Mg(t; A1, By; aq; B), so
f(2) (1 + By + (A — B))(1 — al)]z)ﬁ
— < .
tg(2)g(tz) 1+ Bz
As 1< By=B;1 <A <Ay <land 0 <ay <a; <1, we have
-1 S B1 -+ (1 — Oél>(A1 — B1> S B2 + (1 — a2)(A2 — Bg) S 1.
Thus by Lemma 3, it yields
f(2) <1 + [By + (Ay — By)(1 — a2>]z)ﬂ
—_ _< ,
tg(2)g(tz) 1+ Byz
which implies f € Mx(t; Ag, Bo; as; ). O
THEOREM 4. If f € My(t; A, B; «; 5), then for |z| = r,0 <r < 1, we have

- - — )|r g —-Tr
. (1 B+ 4= B0 >]) LR
(1 B+A-BA-a)r)” (L+r)
_( 1+ Br > r?
and
T _ _ — B _ )2
/(1 [B+<1A_B§><1 >]t) « tzt) & < 15
(10)

14+ Bt

§ / (1+ B+ (A-B)(1 —a)]t>6.(1+t)2dt'

0
Proof. From (4), we have

(11) ()] = == (P(2))".

Aouf [2] proved that
1-[B+(A-B)(1—a)r
1—Br -
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which implies

- - — Q)|r h — — Q)|r h
gy (LEEHABO0) o o (LEBHA- DA —a))”

1— Br 1+ Br
Since G € MS”, so by Lemma 4, we have
1—7)? 1 2
(13) Eo < g < 2
r r

(11) together with (12) and (13) yields (9). On integrating (9) from 0 to r, (10)
follows. u

For t = —1,a = 0,8 = 1, Theorem 4 gives the following result for the class
My (A, B).

COROLLARY 3. If f € My (A, B), then for |z| =r,0 <r < 1, we have

() sweans (s )

and
T

[ (UG UA0 < o < [ (L0

0

On puttingt=—-1,A=1, B=—1, a =0 and § =1 in Theorem 4, the following
result is obvious:

COROLLARY 1. If f € My, then for |z| = 7,0 <r < 1, we have

(1-r)? (1+7)°
r2(1+7) r2(1—r)

[ (1—1)? / (1+1)°
dt < < dt.
/t2(1 Tt sVeIls [y
0 0
THEOREM 5. If f € Mx(t; A, B; «; 8), then for |z| = r,0 < r < 1, we have

(A= B)(1 —a)r
1—-[B+(A—B)(1—a)|Br?

<[f(2)] <

and

larg(—=2*f'(2)| < Bsin™! < ) + 2sin~'r.

Proof. From (4), we have

which implies

(14) |arg(=2"f'(2))| < BlargP(2)| + arg(2g(2)) + arg(tzg(tz)).
Aouf [2], established that,

4 (A-=B)(1—a)r
(15) largP(z)| < sin (1 BB a)]Br2) .
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As g € MS*(1), s0 g(z )#OforzeE* and h = —EMS*(l)
Let us define k(z) = Y5 then k € §* and applying Lemma 5, we have

Re{%’z)}é > %

The relation between g, h and k, yields

29(z) < 1+ 2z,
which implies

29(2) = 1] <,
and hence
(16) larg(zg(2))| < sin™'r.

Now using the results (15) and (16) in (14), the proof of Theorem 5 is obvious. [
THEOREM 6. Let f € Mx(t; A, B;«; 3), then

((Ll+r (A-B)(1—a)r :
_ _ fR <R
1—r B(l—[B+(A B(1—a))1—Br) =T
/ 1+r (A+B)—a(A—-B)
Ef1'GR) ) -
— Re f’(z) > 1—r (A—B)(1—a)
4o \/(1=B)(1—[B+(A—B)(1-a)])(1+[B+(A-B)(1—a)]r2)(1+Br2)
BBy aB )
2B )= if Ry > Ry,
where Ry and Rs are defined in Lemma 6.
Proof. As f € Mg(t; A, B;«; B), we have
—2f'(2) = G(2)(P(2))".
Differentiating logarithmically, we get
/ !/ / P/
. GRG0 )
f'(2) G(z) P(z)
As G € MS*, we have
2G'(2) L+
18 R > — :
(18) e(G(z))_ 1—r
Hence, using (18) and Lemma 6 in (17), the proof of Theorem 6 is obvious. [
References

[1] V. V. Anh and P. D. Tuan, On B-convexity of certain starlike functions, Rev. Roum. Math.
Pures et Appl. Vol. 25, 1413-1424, 1979.

[2] M. K. Aouf, On a class of p-valent starlike functions of order «, Int. J. Math. Math. Sci. 10 (4)
(1987), 733-744.
https://doi.org/10.1155/S0161171287000838

[3] J. Clunie, On meromorphic schlicht functions, J. Lond. Math. Soc. 34 (1959), 215-216.
https://doi.org/10.1112/jlms/s1-34.2.215

[4] C.Y. Gao, S.Q. Zhou, On a class of analytic functions related to the starlike functions, Kyung-
pook Math. J. 45 (2005), 123-130.
https://koreascience.kr/article/JAK0200510102455991 . pdf


https://doi.org/10.1155/S0161171287000838
https://doi.org/10.1112/jlms/s1-34.2.215
https://koreascience.kr/article/JAKO200510102455991.pdf

82

Gagandeep Singh, Gurcharanjit Singh, and Navyodh Singh

[5] G. M. Goluzin, Some estimates for coefficients of univalent functions, Matematicheskii Sbornik

3 (45) (1938), 321-330.

[6] W. Janowski, Some extremal problems for certain families of analytic functions, Ann. Pol. Math.

28 (1973), 297-326.
https://doi.org/10.4064/AP-28-3-297-326

[7] W. Kaplan, Close-to-convex schlicht functions, Michigan Math. J. 1 (1952), 169-185.

https://doi.org/10.1307/MMJ/1028988895

[8] J. Kowalczyk and E. Les-Bomba, On a subclass of close-to-convex functions, Appl. Math. Letters

23 (2010), 1147-1151.
https://doi.org/10.1016/j.am1.2010.03.004

[9] S. S. Miller and P. T. Mocanu, Differential Subordinations: Theory and Applications, Vol. 225,

Marcel Dekker, New York, USA, 2000.
https://doi.org/10.1201/9781482289817

[10] Y. Polatoglu, M. Bolkal, A. Sen and E. Yavuz, A study on the generalization of Janowski function

in the unit disc, Acta Mathematica Academiae Paedagogicae Nyiregyhaziensis 22 (2006), 27-31.
https://real.mtak.hu/186869/1/amapn22_04.pdf

[11] C. Pommerenke, On meromorphic starlike functions, Pacific J. Math. 13 (1963), 221-235.

https://doi.org/10.2140/PJM.1963.13.221

[12] J. K. Prajapat, A new subclass of close-to-convex functions, Surveys in Math. and its Appl. 11

(2016), 11-19.
https://wuw.utgjiu.ro/math/sma/v11/p11_02.pdf

[13] R. K. Raina, P. Sharma and J. Sokol, A class of strongly close-to-convex functions, Bol. Soc.

Paran. Mat. 38 (6) (2020), 9-24.
https://doi.org/10.5269/bspm.v381i6.38464

[14] W. Rogosinski, On the coefficients of subordinate functions, Proc. Lond. Math. Soc. 48 (2)

(1943), 48-825.
https://doi.org/10.1112/plms/s2-48.1.48

[15] Y. J. Sim and O. S. Kown, A subclass of meromorphic close-to-convex functions of Janowski’s

type, Int. J. Math. Math. Sci. Vol. 2012, Article Id. 682162, 12 pages.
https://doi.org/10.1155/2012/682162

[16] A. Soni and S. Kant, A new subclass of meromorphic close-to-convex functions, J. Complex

Anal. Vol. 2013, Article Id. 629394, 5 pages.
https://doi.org/10.1155/2013/629394

[17) Z. G. Wang, Y. Sun and N. Xu, Some properties of certain meromorphic close-to-convex func-

tions, Appl. Math. Letters 25 (3) (2012), 454-460.
https://doi.org/10.1016/j.am1.2011.09.035

Gagandeep Singh
Department of Mathematics, Khalsa College, Amritsar, Punjab, India
E-mail: kamboj.gagandeep@yahoo.in

Gurcharanjit Singh

Department of Mathematics, G.N.D.U. College, Chungh, Tarn-Taran(Punjab),
India

E-mail: dhillongs82@yahoo.com

Navyodh Singh
Department of Mathematics, Khalsa College, Amritsar, Punjab, India
E-mail: navyodh81@yahoo.co.in


https://doi.org/10.4064/AP-28-3-297-326
https://doi.org/10.1307/MMJ/1028988895
https://doi.org/10.1016/j.aml.2010.03.004
https://doi.org/10.1201/9781482289817
https://real.mtak.hu/186869/1/amapn22_04.pdf
https://doi.org/10.2140/PJM.1963.13.221
https://www.utgjiu.ro/math/sma/v11/p11_02.pdf
https://doi.org/10.5269/bspm.v38i6.38464
https://doi.org/10.1112/plms/s2-48.1.48
https://doi.org/10.1155/2012/682162
https://doi.org/10.1155/2013/629394
https://doi.org/10.1016/j.aml.2011.09.035

	1. Introduction
	2. Preliminary Lemmas
	3. Main Results
	References

