Korean J. Math. 31 (2023), No. 4, pp. 521-536
https://dx.doi.org/10.11568/kjm.2023.31.4.521

GENERALIZED FIRST VARIATION AND GENERALIZED
SEQUENTIAL FOURIER-FEYNMAN TRANSFORM

Byoung Soo Kim

ABSTRACT. This paper is a further development of the recent results by the author
and coworker on the generalized sequential Fourier-Feynman transform for func-
tionals in a Banach algebra S and some related functionals. We establish existence
of the generalized first variation of these functionals. Also we investigate various
relationships between the generalized sequential Fourier-Feynman transform, the
generalized sequential convolution product and the generalized first variation of the
functionals.

1. Introduction

Let Cp[0, T be the space of continuous functions z(¢) on [0, 7] such that z(0) = 0.
Let a subdivision ¢ of [0, 7] be given:

c:0=1mo< < - <1p=T1T,
and let X (t,0,€) be a polygonal curve in Cy[0, 7] based on a subdivision o and the
real numbers £ = {&}, that is,

X(t,0. *) _ Eom1 (T — ) + &(t — Thm)

Tk — Tk—1
when 7,1 <t <7, k=1,2,...,m and & = 0. If there is a sequence of subdivisions
{0}, then o,m and 7 will be replaced by o,,, m,, and 7, .
Let Z;, be the Gaussian process

t
Zifant) = [ hs) das),
0
where h(# 0) is in L[0,7] and the integral fg h(s)dz(s) denotes the Paley-Wiener-

Zygmund (PWZ) integral [7,11].
Note that Zj is a Gaussian process with mean zero and covariance function

min{s,t}
/ Zn(x,8) Zp(z,t) dm(x) = / R*(u) du,
CO[O7T} 0
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where the integral on the left-hand side of the last expression denotes the Wiener
integral. Of course if h = 1 on [0,71], then Z,(z,t) = x(t) is the standard Wiener
process. The standard Wiener process is stationary in time, while the Gaussian
process Zj is non-stationary in time, unless h is equal to the constant function 1.

Let ¢ # 0 be a given real number and let F'(z) be a functional defined on a subset
of Cy[0,T] containing all the polygonal curves in Cy[0,7T]. Let {0, } be a sequence of
subdivisions such that the norm ||o,,|| — 0 and let {\,} be a sequence of complex
numbers with Re A,, > 0 such that A\, — —iq. Then if the integral in the right hand
side of (1.1) exists for all n and if the following limit exists and is independent of
the choice of the sequences {o,} and {\,}, we say that the generalized sequential
Feynman integral with parameter ¢ exists and it is denoted by

sfqy 5 o —
(11) / F(Zh<x>)) dr = lim W)\n(o—mg)F(Zh<X('vo—m€)>')) d€>

n—00 [pmy,

where
W)\(O-7g) = Yo\ €XP _5/ ) t O-nvg ‘ }
B A= (& — &)
_%’)‘eXp{_ig T — Th_1 }
and

m/2
’Va,A:<—> HTk_Tk )72

When h = 1 on [0,T], the generalized sequential Feynman integral is reduced to
the sequential Feynman integral [ ¢ P(x) dz defined and studied in [3-5,8].

Let D0, T be the class of elements x € Cy[0, T'] such that x is absolutely continuous
on [0, 7] and its derivative 2’ € Ly[0, T7.

Now we introduce the definitions of a generalized sequential Fourier-Feynman trans-
form, a generalized sequential convolution product and a generalized first variation
for functionals defined on Cy[0,T]. In defining all the three concepts and throughout
this paper, we will assume that h, hy and hy are non-zero in Lo[0, 7.

DEFINITION 1.1. Let ¢ be a nonzero real number. For y € D[0,T], we define the
generalized sequential Fourier-Feynman transform I'y ;(F") of F' by the formula

12 L)) = [ F () + ) do
if it exists [14,17].

DEFINITION 1.2. Let ¢ be a nonzero real number. For y € D[0,T], we define the
generalized sequential convolution product (F * G),; of F' and G by the formula

(1.3) (F+G)ynly) = /qu F(y + \Z/_’;(x '))G(y - i_hz(x ')> d

if it exists [14].




Generalized first variation 523

DEFINITION 1.3. Let z,y € Cy[0,T]. The generalized first variation of F' in the
direction y is defined by the formula

(1.4) S (ly) = S F(Z,(2,) + 20,3, Do

if it exists [7].

REMARK 1.4. 1. When hy = hy = 1 on [0,7], the generalized first variation is
reduced to the first variation 0 F'(z]y) which was defined and studied on [8,9,15].

2. Hence some of the results in [8] can be obtained as corollaries of the results
in this paper. For example, Theorems 4.1, 4.2, 4,3 and 4.4 in [8] follow from
Theorems 3.1, 3.5, 3.6 and 3.4 below, respectively.

For u,v € Ls[0,T], we let

(u,v) :/0 u(t)v(t) dt,

and for a subdivision ¢ of [0, T, we let

Tk
(1, v = / w(t)o(t) dt
Tk—1
for k = 1,...,m. If there is a sequence of subdivision {o,}, then (u,v); will be

replaced by (u, v), .

Let M = M(L2[0,T7]) be the class of complex measures of finite variation defined
on B(Ls[0,T7]), the Borel measurable subsets of L»[0, 7.

In this paper, we work with three classes of functionals. Now we describe these
classes of functionals, that is, expressions (1.5), (1.9) and (1.10), after which we will
describe more the results of this paper.

A functional F' defined on a subset of Cy[0, T'] that contains D[0, T is said to be an

element of S = S(L,[0,T)) if there exists a measure f € M such that for z € D[0, T7,
(15) Fla)= [ explitua) drw)
La[0,T)

Note that & with the norm ||F|| = | f|| is a Banach algebra [3]. For some Banach
algebras which are useful to study Feynman integral and related topics, see [2,3].
The second and third classes of functionals are different from but are closely related
with the expression (1.5).
Let T be the set of functions ¥ defined on R by

(1.6) U(r) :/Rexp{irs} dp(s),

where p is a complex Borel measure of bounded variation on R. For s € R, let v(s)
be the function u € Ly[0, 7] such that u(t) = s for 0 < ¢ < T’ thus v : R — Ly[0, 7]
is continuous. For E € B(L5[0,T7), let

(1.7) (E) = p(y ().
Thus ¢ € M. Transforming the right hand member of (1.6), we have for € D|[0,T],

(18) W(2(T)) = / . expli 2 v,



524 Byoung Soo Kim

and W(z(T)), considered as a functional of z, is an element of S.
For z € D[0,T], let

(1.9) F(z) = Ga)¥(z(T)),

where G € S and U € T are given by (1.5) with corresponding measure g in M and
(1.6), respectively. Since S is a Banach algebra, we know that the functional F' in
(1.9) is an element of S.

Let f € M and ® be a bounded measurable functional defined on Ly[0, 7], and let

(1.10) F@ZAmﬁmeﬂWMﬁ@,

for x € DI[0,T].

These functionals were studied in [4-6, 8, 14, 17] and are often employed in the
application of the Feynman integral to quantum theory. Especially the function ¥ in
(1.6) corresponds to the initial condition associated with Schrodinger equation.

We are now ready to discuss the results of this paper. In Section 2, we summa-
rize the existences and expressions for the generalized sequential Fourier-Feynman
transform from [17], and for the generalized sequential convolution product [14].

In Section 3, we establish existences and expressions for the generalized first vari-
ation of the functionals that we work with in this paper. Moreover we obtain some
relationships involving the generalized sequential Fourier-Feynman transform and the
generalized first variation. In the last section, using the results in Sections 2 and 3,
we obtain some relationships involving the generalized sequential convolution product
and the generalized first variation.

2. Generalized sequential Fourier-Feynman transform and generalized
sequential convolution product

For the convenience of the readers, we introduce some results from [14,17] on the
existences and explicit expressions for the generalized sequential Fourier-Feynman
transform and the generalized sequential convolution product of functionals that we
work with in this paper.

In Theorems 2.1, 2.2 and 2.3 below, we summarize some results on the generalized
sequential Fourier-Feynman transform [17], while in Theorems 2.4, 2.5 and 2.6, we
summarize some results on the generalized sequential convolution product [14] with
modified forms which are applicable in this paper.

THEOREM 2.1 (Theorem 3.4 in [17]). Let F € S be given by (1.5) and q be a
nonzero real number. Then the generalized sequential Fourier-Feynman transform
Lyn(F)(y) exists and is given by the formula

(21) L)) = [ espfitmy) - g} arw)

for y € D[0,T]. Furthermore, as a function of y, To,(F)(y) is an element of S. In
fact,

(2.2) HMD@=/ exp{i{u, ')} dft , (u)

L»[0,T]
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for y € D[0,T], where f;,h is the measure in M defined by

(23) 0(B) = [ esp{~-llanl } arw
for E € B(L,[0,T)).

THEOREM 2.2 (Theorem 3.7 in [17]). For x € D|0,T], let F(x) = G(x)V(x(T))
be given by (1.9) and q be a nonzero real number. Then the generalized sequential
Fourier-Feynman transform Iy ,(F')(y) exists and is given by the formula

e T = [ [ eoitrsy) - gl sl dets) doto)

for y € D[0,T]. Furthermore, as a function of y, Uy ,(F)(y) is an element of S. In
fact,

(2.5) Con(F)(y) = / L esplitn ) 0

for y € D[0,T], where g, is the measure in M defined by (2.3) replacing f with g,,
and gy is the measure defined by gy (E) = [}, 1 9(E —u) dip(u) for E' € B(L»[0,T]),
and 1) is given by (1.7).

THEOREM 2.3 (Theorem 3.8 in [17]). Let F' be given by (1.10) and q be a nonzero
real number. Then the generalized sequential Fourier-Feynman transform I'; ,(F)(y)
exists and is given by the formula

20 TuPw- [

L1[0,T7]

exp{itu,y/) = - [ubl 0 (w) df ()

for y € D[0,T]. Furthermore, as a function of y, Ty ,(F)(y) is an element of S. In
fact,

1) L)) = [ explitu /)b dffy a0

L2[0,T)
for y € D[0,T], where f;;q,h is the measure in M defined by (2.3) replacing f with
fs, and f, is the measure defined by f,(E) = [, ®(u)df (u) for E € B(L2[0,T]).

In [14], the author and coworker investigated the existence of the generalized se-
quential convolution product for functionals that we work with in this paper. Also
they showed that the generalized sequential Fourier-Feynman transform of the gen-
eralized sequential convolution product is a product of the generalized sequential
Fourier-Feynman transforms of these functionals.

THEOREM 2.4 (Theorem 3.3 in [14]). Let F; € S be given by (1.5) with corre-
sponding measures f; in M for j = 1,2. Then for each nonzero real number q, the
generalized sequential convolution product (Fy * Fy), ), exists and Is given by

28) (FixFa)an(y) = |

L

o eXp{E<U1 +ug,y') — 4—qH(ul —ug)hH%} dfy (uy) dfa(us)
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fory € DI[0,T]. Furthermore, as a function of y € D|[0,T], (Fy*Fy),n(y) is an element
of S. In fact,

29) (Fux Faly) = [ expfilusy))b(fi = flgalu),

L2[0,T]
for y € D[0,T], where

(2.10) (frefo)on=(fr*fo)gnon "

is the measure in M, and

(2.11) wwﬁmmmz/

E

exp{ =1 — w2l df () )

for E € B(L3[0,T)) and n : L3[0,T] — L»[0,T] is a function defined by n(uy,ug) =
uitug

v
THEOREM 2.5 (Theorem 3.4 in [14]). For z € D[0,T], let Fj(x) = G;(z)¥;(x(T))
where G; € S and V; € T are given by (1.5) with corresponding measures g; in

M and (1.6), respectively for j = 1,2. Then for each nonzero real number ¢, the
generalized sequential convolution product (Fy % Fy), ), exists and is given by

(2.12)
1
(Fy * Fy)gn(y) = / / exp{—<u1 + Uy + 51+ S2, )
L2[0,T) JR2 V2

l
- 4—qH(U1 — Uz + 51— SQWH%} dp1(s1) dpa(s2) dgr(ur) dga(us)
fory € DI[0,T]. Furthermore, as a function of y € D|[0,T], (Fy*F,),n(y) is an element
of S. In fact,

(2.13) <m*&nm»:/ exp{i(ie, 1)} (g1 gn * Go.00)2 (1)

L2[0,7]
fory € D|0, T], where (g1, *gap, )5 1, is the measure in M defined by (2.10) and (2.11)
replacing f; with gj,, and g;, € M is given by g;,(E) = [} 71 9;(E —u) dip;(u),
E € B(L,[0,T]) for j =1, 2.

THEOREM 2.6 (Theorem 3.5 in [14]). Let F; be given by (1.10) with corresponding
bounded measurable functional ®; defined on L,[0,T| for j = 1,2. Then for each
nonzero real number q, the generalized sequential convolution product (Fy x Fy)qp
exists and is given by

(F1 % F2)qn(y) = /

X Dy (uy)Po(us) dfi(ur) dfa(us)

fory € DI[0,T). Furthermore, as a function of y € D|[0,T], (Fy*Fy),n(y) is an element
of S. In fact,

(215) (Fl * F2)q,h<y) - / exp{i(w, y/>} d(f1,¢1 * fl@);,h(w)?

L»[0,T]

{ , i )
o { o)~ o~ 1)
(2.14) 200.7) \/§< LUy 4qH( 1 — ug)hlf3
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fory € DI[0,T], where (f1,4,* f2.4,)5 5 15 the measure in M with (f14, * f2,4,)q.n defined
by (2. 10) and (2.11) replacing f; with fj4,, and f;4 € M is given by f;, (E) =
[ ®;(v)df;(v), E € B(Lz[0,T]) for j =1,2.

REMARK 2.7. In Theorems 2.4, 2.5 and 2.6, we considered the generalized sequen-
tial convolution product (Fy * Fy),, of the same type of functionals F; and F,. But
Fy and Fy are not necessarily of the same type of functionals. That is, even if I}
and Fj are different type of functionals, (F} * F3),,(y) exists and belongs to S as a
function of y € D[0,T]. For the explicit expressions for (F % [),, when Fy and I
are different type of functionals, see Theorem 3.6 in [14].

3. Generalized first variation and generalized sequential Fourier-Feynman
transform

In this section we establish existences and explicit expressions of the generalized
first variation for functionals studied in Section 2. Also we investigate relationships
between the generalized sequential Fourier-Feynman transform and the generalized
first variation of the functionals. To guarantee the existences of the generalized first
variation 0y, p, F'(x|y), we need further assumptions on F' or h; for j = 1,2 as we see
in the following theorems.

THEOREM 3.1. Let F' € S be given by (1.5) with [, o |luha|ld|f|(u) < oo and
let y € D|[0,T]. Then the generalized first variation O, p, F'(z|y) exists and is given
by

(3.1) s F(z]y) = / it ) expium, ) df

for x € D[0,T]. Furthermore, as a function of x € DI[0,T], dp, n, F'(z|y) is an element
of S. In fact,

32) SuaaaFaly) = [ expitua)} dij (0
L2[0,T]

for x € DI[0,T], where

(33) ;),hl,hz = fy,h2 © Mf:ll

with fyp,(E) =i [, (uhe,y) df (u) for E € B(L3[0,T]) and g, : Lo[0,T] — Lo[0,T7] is
a function deﬁned by pip, (u) = uhy.

Proof. For z,y € D[0,T], we have

bt = (], ool e o) o)
= % ( /L o exp{i(uhy, a') +ir(uhz, y') } df (u)) o
Since

/ uhay ') L) < 15 / uhalle d () < oo,
LQ[O,T}

L»[0,T]
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we can pass the partial derivative under the integral sign to obtain (3.1). It is obvious
that f,,, ,, is a measure in M and 8o 6y, », F'(|y) can be rewritten as (3.2) which
completes the proof. n

Next, we establish the existence of the generalized first variation of the functionals
we considered in Theorems 2.2 and 2.3.

THEOREM 3.2. For x € D[0,T], let F(x) = G(x)U(x(T)) be given as in Theorem
2.2. Further assume that [ . [ [[(u + s)ha|l2d|p|(s) dlgl(u) < oo and let y €

D[0,T). Then the generalized first variation oy, n, F'(z|y) exists and is given by

(34)  SpmFlaly) = / . / #((+ 8)ha, o) exp{i{(u + $)ha, 2')} dp(s) dg(u)

for x € D[0,T]. Furthermore, as a function of x € D[0,T], on, n, F(z|y) is an element
of §. In fact,

(3.5) 5o F(aly) = / el 1,0
L2[0,T

for x € D[0,T], where g, . 1, is the measure in M defined by (3.3) replacing f with
gy, and gy Is the measure in Theorem 2.2.

Proof. Since S is a Banach algebra, F' belongs to S, and using Theorem 6.1 in [2]
and Theorem 2.3 in [8] we know that it can be expressed as

F(z) = /L o exp{i(u, 2} dgy(u),

where g, is defined in Theorem 2.2. Since

/ sl dlgyl (u) = / I+ 0) gl g () o] (w)
L,[0,T) L2[0,7]
- / / I+ 5)hlls dlpl(s) dlgl(u) < oo,
Lo[0,1] JR

we can apply Theorem 3.1 to obtain

s F(z]y) = / {whs, o) expli{whn, ')} dgy(w)

L1[0,T7]

for x € DI[0,T]. By the unsymmetric Fubini theorem [2] and the transformation
u = w — v, we have

Ony o () = / i((u A+ v)ha,y') exp{i((u + v)hy, 2') } dg(u) dip(v)

L3[0,T]

for x € DJ[0,T]. Finally by the definitions (1.6) and (1.7) for ¥ and ¢, and the
Fubini theorem, we obtain (3.4). Moreover by the same method as in Theorems 2.2

and 3.1, we see that 0y, 4, F(x|y) is given by (3.5), and belongs to S as a function of
z € D|0,T]. O
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THEOREM 3.3. Let I be given as in Theorem 2.3 with [ 1y [[uh|2|®(u)| d| f|(u) <
oo and let y € D[0,T]. Then the generalized first variation oy, », F(z|y) exists and is
given by
(3.6 SuasaFaely) = [ ifuba.yf) expfituln, o)} 4

Lo[0,7]
for each x € DI[0,T]. Furthermore, as a function of x € D[0,T], op, n,F(z]y) is an
element of §. In fact,
3.7 ol = [ explifi, )} i 0,0
2 07
for x € D[0,T], where Joyhany 18 the measure in M defined by (3.3) replacing f with
fe, and f, is the measure in Theorem 2.3.

Proof. By Theorem 2.4 in [17], we know that F' belongs to S and is expressed as
F(x) = ng[o 1 exp{i(u,2') } df 5(u), where f, is defined as in Theorem 2.3. Since

/ sl dlf](u) = / lahs 2| (u)] dl £]() < oo,
L2[0,T7] L>[0,T]

we can apply Theorem 3.1 to obtain
O F(2)y) = / i{uhg,y') exp{i{uhy, z') } df y(u)
La[0,T]
for x € D[0,T]. Replacing df,(u) by ®(u)df(u), we obtain (3.6). Moreover by the
same method as in the proof of Theorem 3.2, we see that dp, p, F'(z|y) is given by
(3.7), and belongs to S as a function of z € D0, T). O

As commented in Remark 2.5 of [17], at present we do not know whether the
functional
F(r) = G(z)¥ (2(T)),
where G € S and U € Li(R), has the generalized sequential Feynman integrable or
the generalized sequential Fourier-Feynman transform. But we can show that F has
the generalized first variation as in the following theorem.

THEOREM 3.4. For z € D[0,T], let F(z) = G(2)¥(x(T)), where G € S is given
by (1.5) and ¥ € L{(R). Further assume that fL2[O T Jg lluhsll2 d|g|(u) < oo, ¥ exists

and let y € D[0,T]. Then the generalized first variation 6y, p, F'(x|y) exists and is
given by

(38) 5h1,h2F(x|y) - 5h1,h2G(x|y)\Ij(Zh1 (JI,T)) + G(Zhl (ZL’, '))\II/(Zhl (ZE, T))Zh2 (yaT)
for x € DI[0,T].
Proof. For z,y € D[0,T], we have

G P2ly) = G (Zun () + 120, (0. ¥, (2. T) + 120, (0. T)) o
= TG (2.) + 12, ) oo W 2 (2, T))

0
+ G(Zny (@) 5 AV (Zny (2, T) + 720 (y, T)) =0
and this is equal to the right hand side of (3.8) as we wished. O
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Next we discuss relationships between the generalized sequential Fourier-Feynman
transform and the generalized first variation of functionals we worked with in Theo-
rems 3.1, 3.2 and 3.3. In Theorem 3.5 below, we consider 0, 5, F'(z|y) as a function
of , while in Theorems 3.6 and 3.7, we consider 6y, p, F'(z|y) as a function of y.

THEOREM 3.5. Let F' be given as in Theorems 3.1, 3.2 and 3.3 with corresponding
assumptions in the theorems. Let y € DI[0,T] and let ¢ be a nonzero real number.
Then we have

(3.9) Lo (Ony o F'(Y)) (@) = Ony no Uiy (F) (2]y)
for x € DI[0,T].

Proof. Since the generalized first variation &, 5, F(z|y) belongs to S as a function
of x € D[0,T] and has the expressions (3.2), (3.5) or (3.7), we apply Theorem 2.1 to
obtain the left hand side of (3.9). On the other hand, since the generalized sequential

Fourier-Feynman transform ', F(z) belongs to S and has the expressions (2.2),
(2.5) or (2.7), we apply Theorem 3.1 to obtain the right hand side of (3.9). For

example, if F € S and Jropo.1y luhzll2 d|f|(uw) < oo, then

quh((shl,th('W))(fL’) :/

L>[0,T]

= / i{uhsy,y') exp{z(uhl,a}/> — 2—||uhh1||§} df (u),
L2[0,7] q

exp{ i ') = 5 uhl3 § dfn, o)

and

Ony ho g nin F(xly) = / i(uhs, y') exp{i(uhy, $I>} df;,hm(u)

L>[0,T]
= / i{uhsy,y') exp{z(uhl,x/> — 2—||uhh1||§} df (u),
L2[0,7] q

where the second equality follows from the definition of f/,, in Theorem 2.1. Hence
we complete the proof of (3.9) for the functionals in Theorem 3.1. By the same method
it is easy to see that the relationship (3.9) holds for the functionals in Theorems 3.2
and 3.3. ]

Since the first variation 0y, 5, F(z|y) does not belong to S as a function of y €
D[0,T], we can not apply Theorem 2.1 for the expressions oy, n, F'(x|y) obtained in
Theorems 3.1, 3.2 and 3.3. Instead, we use Definition 1.1 to get Iy 1, (9p, .0, F'(z]-)) (y).

THEOREM 3.6. Let F' be given as in Theorems 3.1, 3.2 and 3.3 with corresponding
assumptions in the theorems. Let x € D[0,T] and let ¢ be a nonzero real number.
Then we have

(3.10) Lo (Ony n F(2]))(Y) = Oy o F(2|y)
for y € D[0,T.

Proof. We only prove the case when F'is given as in Theorem 3.1, and leave the
proofs for the rest cases to the reader because they are similar. Let ¢ : 0 = 79 <
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71 < +-+ < T, =T be a subdivision of [0,7]. Then using the expression (3.1) for the
generalized first variation of F' we have

—

6h1,h2F(x’Zh<X('a g, 5)7 ) + y)

-/ [OT]{Z'iM(uhg,h)k+i(uhz,y'>}eXp{i(uhbiﬁ'ﬂdf(u)-

Tk — Th—
vy Tk T Tk—1

Let A be a complex number with Re A > 0, and let

— — —

IU,A((Shl,th(x"))(y) = WA(‘L 5)5h1,h2F($‘Zh(X<'> g, 6)7 ) + y) d§.

Rm

By the Fubini theorem, we have

CNWERITEESY Y IR Db OIS ()

Tk — Th_
iy Tk T Tk—1

X exp{_é i (& = & )” + i(uhy, :c’)} d€ df (u).

2 Ty — Tl
i Tk k-1

Evaluating the m-dimensional Riemann integral on the right hand side, we have

Lo A (Ony o F'(]))(y) = /L o i{uha, y') exp{iuhy, ')} df (u).

Now let {0, } be a sequence of subdivisions of [0, 7] such that ||o,|| — 0, and let {\,}
be a sequence of complex numbers such that Re\, > 0 and A\, — —iq as n — oo.
Since the expression on the right hand side of the last expression is independent of o
and A, we have that

sfq
o (O F(2] ) (1) = / 510 1 F (2] Zn(z, ) + ) da
= lim I, ,(On, no F'(2]-)) ()

n—o0

_ / i(uha, ') exp{i(uhy, ')} df (u),
L1[0,T7]

which is equal to d, p, F'(z|y) in (3.1), and this completes the proof. O

In this paper, we use the generalized sequential Feynman integral to define the
generalized sequential Fourier-Feynman transform. Similarly (generalized) analytic
Fourier-Feynman transform can be defined using the concept of (generalized) analytic
Feynman integral. Many works on the (generalized) analytic Fourier-Feynman can
be seen in, for example, [1,7,10,12,13,15]. The relationships (3.9) and (3.10) are the
same as the relationships (24) and (26) in [7], respectively, for the generalized analytic
Fourier-Feynman transform and the generalized first variation of functionals in the
Banach algebra & which was introduced in [2].
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4. Generalized first variation and generalized sequential convolution prod-
uct

In this section we establish relationships involving the generalized first variation
and generalized sequential convolution product for functionals that we worked with
in the previous sections.

In Theorems 4.1, 4.2 and 4.3, we take the generalized first variation of the gen-
eralized sequential convolution product, while in Theorems 4.4, 4.5 and 4.6, we take
the generalized sequential convolution product of the generalized first variation with
respect to the first argument of the variation.

THEOREM 4.1. Let F; € 8 be given by (1.5) with [, o o [[uhalz d|f;|(u) < oo for
j=1,2andlet y € D][0,T]. Then the generalized first variation op, p,(F1 * Fs)qn(z|y)
exists, belongs to S as a function of x € D[0,T], and is given by

(4.1) Ona,ha (F1 % Fo)gn(z]y) = / [ }GXP{Z'<U,IE'>} A(fr % f2) iy o (1)
La[0,T

for x € D0, T, where (fi* f2)g h.y.n, .py 15 the measure in M defined by (3.3) replacing
f with (f1* f2); ,, in Theorem 2.4. In addition, the generalized first variation in (4.1)
can be expressed explicitly as

(42) | |
NG . ((u1 +u2)hs,y) eXP{E«m +ug)hy, x') — 4—qH (u1 — Ug)h”%} dfy(uy) dfa(us)
for x € DI[0,T].

Proof. Since (Fy % Fy)q1(y) belongs to S and is expressed as (2.9), in order to apply
Theorem 3.1 it is enough to show that the measure (f; * f2) , satisfies the assumption
in Theorem 3.1. In fact,

1
[ Muhaladl )00 ) =
L»[0,T)

\/— L3[0,T)
/ (urhalle + ushallz) dlfs|(ur) d] fo](u2)

[ (w1 + ug)hall2 d|(f1 * fa)gn|(u1, uz)

which is finite, since f; belongs to M with fLQ[o 7y luha|[2 d| f3|(u) < oo for j =1,2.
Now we apply Theorem 3.1 to the expression (2.9) to obtain (4.1). To find an explicit
expression for (4.1), we start with the expression (3.1). Then we have

Ohyhe (F1 % Fo) g (2|y) = /L o i(uha, y') expli{uhy, o)} d(fi * fo)g,(w)

‘ " ex u uy + up)hy, 2’
=75 Sy 00+ ulhf Y exp{ ol b, )
x d(f1* f2)gn(u1, uz)

where the second equality follows from the definition of the measure (fi * f2)7, in
Theorem 2.4. Finally by the definition (2.11) of (f1 * f2),, in Theorem 2.4 we know
that the last expression is equal to the expression (4.2), and this completes the proof.

O
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THEOREM 4.2. Forz € D[0,T1, let Fj(x) = Gj(x)¥Y,(x(T")) be given as in Theorem
2.5 with fLQ[o,T] Jo [ (w =+ s)hall2 d|p|(s) d|g;|(u) < co for j = 1,2 and let y € D[0,T].

Then the generalized first variation &y, n,(Fy % Fy)qn(x|y) exists, belongs to S as a
function of x € DI[0,T], and is given by

(43)  Susa(Fr % Fo)gn(aly) = / L) 510 = ) )
21Y,

for x € DI[0,T], where (g1.y, * G2.4)g nyny.n, 15 the measure in M defined by (3.3)
replacing f with (g1, * g24,)5, in Theorem 2.5. In addition, the generalized first
variation in (4.3) can be expressed explicitly as

l

{
V2 /Lz[o 1 /RQ«ul +uy + 51+ 52)h2, y/) exp{ \/§<(U1 + uy + 81+ $2)hy, 1)
21Ys
L
4q
for x € D[0,T].

(4.4)
(1 = w4+ 51— s2) 3} dpa (1) dpa(s2) g (1) diga(z)

Proof. Note that

/ sl d](g1 0 * G0l (1)
L2[0,T]

1
=3 o [[(ur 4 u2) a2 dl (g1, * G200 )q,pl (ur, u2)
2 bl

1
< NG /Lg[(m /RQ(H(Ul + s1)hall2 + [[(uz2 + s2)hall2) dlp1|(s1) d|p2|(s2) d|gi](u1) d|g2| (u2)

which is finite, since g; belongs to M with ng[O,T] |(w + $)hall2d|p|(s) d|g;|(u) < oo
for j = 1,2. Now we apply Theorem 3.1 to the expression (2.13) to obtain (4.3).
Similar method as in the proof of Theorem 4.1 and the definitions of the corresponding
measures in Theorems 2.5 and 3.1 give the expression (4.4). O

THEOREM 4.3. Let F; be given as in Theorem 2.6 with sz[o 11 | uhs||2|®;(w)| d| f;|(w)
< oo for j =1,2 and let y € D[0,T]. Then the generalized first variation Oy, j,(F} *
Fy) n(zly) exists, belongs to S as a function of x € D[0,T], and is given by

(45) 5h1,h2 (Fl * F2)q,h(x|y) = /L 0] exp{i(u, IL’/>} d<f17¢>1 * f27¢>2>;z;y,h1,h2 (u)

for x € DI[0,T], where (fig, * fo.6s)qnynn, 15 the measure in M defined by (3.3)
replacing f with (fi4, * f2.,);, in Theorem 2.6. In addition, the generalized first
variation in (4.5) can be expressed explicitly as
1
(4.6) V2 Jizpm
X O (ur) o (uz) dfy (u1) dfz(uz)

for x € DI[0,T].

w — u)hl3}

(s + 1), ) exp{%((ul un)hy, o) — ﬁn(
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Proof. Note that

| ehalediti « fosn)ialw
L2[0,T7]

1
\/‘ 30 | (w1 + u2)hall2 d|(fr.e * fo.p0)qnl (w1, us)

/ (lurhalla + luzhs|l2)|®1 (ur)[[Pa(u2)| d] firl(ur) d] f2| (uz2)

which is finite, since fj belongs to M with fLQ[o,T] |uhe||2|®;(w)| d| fj|(u) < oo for
j = 1,2. Now we apply Theorem 3.1 to the expression (2.15) to obtain (4.5). Sim-
ilar method as in the proof of Theorem 4.1 and the definitions of the corresponding
measures in Theorems 2.6 and 3.1 give the expression (4.6). [

Since we know from Theorems 3.1, 3.2 and 3.3 that the generalized first variation of
the functionals we work with in this paper exists and is an element of S as a function
of x € D[0,T], we can obtain the generalized sequential convolution product of the
generalized first variation as in the following theorems.

THEOREM 4.4. Let F; be given as in Theorem 4.1 for j = 1,2 and let y € D[0,T].
Then the generalized sequential convolution product (Op, p, F1(+|Y) *Ony hy F2(-|Y))gn ()

exists, belongs to S as a function of x € DI0,T], and is given by
(4.7)

(5h1,h2F1('|y> * 6h1,h2F2("y>>q,h(x) = /L 017 eXp{i(“? I/>} d(ff;y,hl,hz * f5§y,h1,h2)g,h(u)

for x € DI0,T], where (f}, 1, ny * founiny)qn 1S the measure in M defined as in
Theorem 2.4 replacing f; with f7, , . in (3.3). In addition, the generalized sequential
convolution product in (4.7) can be expressed explicitly as

_ h / h / L h / _i o hh 2
(4.8) /Lg[o,T]wl 2,Y) (uz 2,y>eXP{\/§<<U1+U2) 1,7) 4q||(ul Ug) 1H2}

dfl(ul) dfz(UQ)
for x € DI[0,T].

Proof. Since 6y, 5, Fj(x]y) belongs to S as a function of z € D[0,T] for j = 1,2 and
expressed as (3.2), we apply Theorem 2.4 to obtain (4.7). Moreover, by the definitions
of the corresponding measures in Theorems 2.4 and 3.1, we have the expression (4.8).

]

THEOREM 4.5. Let F; be given as in Theorem 4.2 for j = 1,2 and let y € D[0,T].
Then the generalized sequential convolution product (Op, p, F1(-|Y) *Ony hy F2(-|Y))gn ()

exists, belongs to S as a function of x € D[0,T], and is given by
(4.9)

(5h1,h2F1('|y)*5h1,h2F2('|y))q,h<$> :/L[OT] eXP{NUaxl>}d(gqf,wl;y,hl,hg*gg,w;y,hl,m)g,h(u)
2[Y,

for x € D0, T], where (g} s, ny hy * 950 hho ). 1 the measure in M defined as in
Theorem 2.4 replacing f; with g;?’wj;%hlm in Theorem 3.2. In addition, the generalized
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sequential convolution product in (4.9) can be expressed explicitly as
(4.10)

?

- / / ((u1 + s1)ha, y") ((ug + s2)ha, y) exp{ ((u1 + ug + s1 + s2)hy, ')
L2[0,7] JR2 V2

N 4LQ“<U1 —uz + 51 — 52)hh1’|3} dp1(s1) dps(s2) dfi (ur) dfa(us)
for z € D[0,T].

Proof. Since 0, 4, F;(|y) belongs to S as a function of = € D[0,T] for j = 1,2 and
expressed as (3.5), we apply Theorem 2.4 to obtain (4.9). Moreover, by the definitions
of the corresponding measures in Theorems 2.4 and 3.2, we have the expression (4.10).

[]

THEOREM 4.6. Let F; be given as in Theorem 4.3 for j = 1,2 and let y € D[0,T].
Then the generalized sequential convolution product (0pn, p, F1(-|y) % 0ny ny F2(-1y))g.n ()

exists, belongs to S as a function of x € D[0,T], and is given by
(4.11)

(Ons o F1(-[9)%0n1 1y F2 (- |Y)) g () = / exp{i(u, ')} AT g1y o o 562101, Vg ()

L1[0,T7]

for z € DI[0,T], where (f{ 4, . nihy * I3 boiyna e )gn 15 the measure in M defined as in
Theorem 2.4 replacing f; with f} 655:h1ha in Theorem 3.3. In addition, the generalized

sequential convolution product in (4.11) can be expressed explicitly as

— urha, ¥ (ushe, y') ex wr — o) hh 2
(4.12) /Lg[o,T]< tha, ) {ushs, o) p{ (ur — uy) 1”2}

X 1 (u1)Po(us) dfy(ur) dfa(uz)
for x € DI[0,T].

((ur + uz)hy, 2y — 4iq||

V2

Proof. Since 0, p, Fj(x|y) belongs to S as a function of = € D[0,T] for j = 1,2 and
expressed as (3.7), we apply Theorem 2.4 to obtain (4.11). Moreover, by the definitions

of the corresponding measures in Theorems 2.4 and 3.3, we have the expression (4.12).
O

The expressions (4.2) and (4.8) are the same as the expressions (27) and (28) in [7],
respectively, for the generalized first variation and the generalized analytic convolution
product of functionals in the Banach algebra §.

In Theorems 4.1 through 4.6, we considered relationships between the generalized
first variation and the generalized sequential convolution product of the same type
of functionals. But as we commented in Remark 2.6, the generalized sequential con-
volution product (Fy % F3),, exists and belongs to S even if P, and F, are different
type of functionals. Hence all the results in this section can naturally be extended to
different type of functionals F} and F5.
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