
Korean J. Math. 32 (2024), No. 1, pp. 137–162
https://dx.doi.org/10.11568/kjm.2024.32.1.137

APPROXIMATION OF SOLUTIONS THROUGH THE FIBONACCI

WAVELETS AND MEASURE OF NONCOMPACTNESS TO

NONLINEAR VOLTERRA-FREDHOLM FRACTIONAL INTEGRAL

EQUATIONS

Supriya Kumar Paul and Lakshmi Narayan Mishra∗

Abstract. This paper consists of two significant aims. The first aim of this paper is
to establish the criteria for the existence of solutions to nonlinear Volterra-Fredholm
(V-F) fractional integral equations on [0, L], where 0 < L < ∞. The fractional
integral is described here in the sense of the Katugampola fractional integral of
order λ > 0 and with the parameter β > 0. The concepts of the fixed point theorem
and the measure of noncompactness are used as the main tools to prove the existence
of solutions. The second aim of this paper is to introduce a computational method
to obtain approximate numerical solutions to the considered problem. This method
is based on the Fibonacci wavelets with collocation technique. Besides, the results of
the error analysis and discussions of the accuracy of the solutions are also presented.
To the best knowledge of the authors, this is the first computational method for this
generalized problem to obtain approximate solutions. Finally, two examples are
discussed with the computational tables and convergence graphs to interpret the
efficiency and applicability of the presented method.

1. Introduction

Integral equations are among the most significant tools in the fields of scientific
inquiry and applied mathematics. Recent years have seen a major increase in inter-
est in the theory of fractional integral equations, which is now a significant field
of nonlinear analysis. In several references, the authors have discussed the exis-
tence, stability, or other qualitative characteristics of solutions to different kinds of
problems via the application of fixed point theorems and measure of noncompact-
ness [8, 17, 20, 24, 25, 28, 34, 35, 38, 39]. The papers [6, 7, 12, 16, 22, 27, 29–33] describe
the advancement of fractional calculus and provide explanations of some of its wide
applications in engineering and science. Basically, there are three types of integral
equations in the literature. These are Fredholm, Volterra, and Volterra-Fredholm
integral equations. A variety of physical phenomena in the fields of airfoil theory,
elasticity, molecular conduction, elastic constant problems, and contact problems can
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be described by the Volterra-Fredholm (V-F) integral equations [1,2,9,26]. These inte-
gral equations are a combination of Volterra and Fredholm integral equations. To solve
such type of integral equation, several analytical and numerical techniques have been
established by various researchers. Here’s a few observations of numerical techniques:
Micula [21] presented a method for the Fredholm-Volterra integral equations of second
kind. Maleknejad et al. [18] introduced a method to solve the nonlinear V-F integral
equations by using Legendre polynomials. Mirzaee et al. [23] presented a technique
for numerical solution of nonlinear and linear V-F integral equations. Maleknejad et
al. [19] presented the Adomian decomposition method for the system of V-F integral
equations. Yusufoğlu et al. [42] suggested a technique based on interpolation to solve
linear V-F integral equations. Didgar et al. [13] studied on Taylor expansion for the
solution of V-F integral equations and systems of V-F integral equations.

Recently, in 2021, Geçmen et al. [14] introduced a method by using Hosoya poly-
nomials for the following V-F integral equation,

(1) ψ(µ) = Q(µ) +

∫ µ

0

K1(µ, ϑ)ψ(ϑ)dϑ+

∫ 1

0

K2(µ, ϑ)ψ(ϑ)dϑ.

In 2022, Amin et al. [3, 4] studied on the solvability and presented a computational
technique for the solution of V-F fractional integral equations as follows:

(2) ψ(µ) = Q(µ) +
δ(µ)

Γ(λ)

∫ µ

0

(µ− ϑ)λ−1 ψ(ϑ)dϑ+
ξ(µ)

Γ(λ)

∫ L

0

(L− ϑ)λ−1 ψ(ϑ)dϑ,

and
(3)

ψ(µ) = Q(µ)+
δ(µ)

Γ(λ)

∫ µ

0

(µ− ϑ)λ−1F1(ϑ, ψ(ϑ))dϑ+
ξ(µ)

Γ(λ)

∫ L

0

(L− ϑ)λ−1F2(ϑ, ψ(ϑ))dϑ.

In this paper, we consider a generalized nonlinear V-F fractional integral equation in
the sense of Katugampola fractional integral, i.e.,
(4)

ψ(µ) = Q(µ, ψ(µ)) +
δ(µ, ψ(µ))

Γ(λ)

∫ µ

0

ϑβ−1

(
µβ − ϑβ

β

)λ−1

K1(µ, ϑ)F1(ϑ, ψ(ϑ))dϑ

+
ξ(µ, ψ(µ))

Γ(λ)

∫ L

0

ϑβ−1

(
Lβ − ϑβ

β

)λ−1

K2(µ, ϑ)F2(ϑ, ψ(ϑ))dϑ, µ ∈ [0, L],

where β > 0, λ > 0, 0 < L <∞, and K1,K2 : [0, L]× [0, L]→ R, Q, δ, ξ : [0, L]×R→
R, F1,F2 : [0, L]× R→ R are all continuous functions.

Remark 1.1. In particular, when β = 1, ξ(µ, ψ(µ)) = ξ(µ), δ(µ, ψ(µ)) = δ(µ),
Q(µ, ψ(µ)) = Q(µ), K1(µ, ϑ) = K2(µ, ϑ) = 1, then Eq. (4) reduces to the form of Eq.
(3). Together with, when F1(ϑ, ψ(ϑ)) = F2(ϑ, ψ(ϑ)) = ψ(ϑ), then Eq. (4) reduces to
Eq. (2). Also, when β = 1, λ = 1, ξ(µ, ψ(µ)) = δ(µ, ψ(µ)) = 1, Q(µ, ψ(µ)) = Q(µ),
and F1(ϑ, ψ(ϑ)) = F2(ϑ, ψ(ϑ)) = ψ(ϑ), then Eq. (4) reduces to the form of Eq. (1).

Analysis of the existence criteria for the solutions of various types of integral equa-
tions is an essential part of the study. One can use these requirements to identify
the situation under which the problem’s solution exists. Thus, the first aim of this
paper is to establish the requirements for the existence of solutions to Eq. (4). The
concepts of measure of noncompactness and fixed-point approaches are significant in
this sense.
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Even though it is known that Eq. (4) has a solution, due to its complicated form,
it is not always possible to discover the analytical solution. Therefore, the second
aim of this paper is to present a computational technique to obtain the approximate
numerical solutions of Eq. (4). Fibonacci wavelets, introduced by Sabermahani et
al. [36] in 2019, are used in this study to formulate the computational technique for
Eq. (4). These wavelets are a novel class because they are not based on orthogonal
functions. As far as we know, this study presents the first reference based on the
numerical approach for Eq. (4).

This paper is arranged as follows: Notations and supporting information are in-
cluded in Section 2. The requirements for the existence of solutions are discussed in 3.
In Section 4, a method for finding approximate solutions is discussed. Error analysis
is included in Section 5. Section 6 provides two examples to interpret the efficiency
and applicability of the presented method and Section 7 provides conclusions and
suggestions for further research.

2. Notations and auxiliary facts

Let R be the set of real numbers and R+ = [0,∞). Assume that (D, ‖.‖) is a real
Banach space with zero element θ. Denote by B(ψ,κ) the closed ball in D with radius
κ and centered at ψ. We will write Bκ to denote the ball B(θ,κ). Let Conv V and
V denote the convex hull and closure of V , respectively. Denote byMD the family of
all nonempty and bounded subsets of D. and by ND its subfamily consisting of all
relatively compact subsets.

Definition 2.1. [15, 41] The Katugampola fractional integral of ψ : [a, b]→ R is
defined as:

β
aIλψ(µ) =

(β + 1)1−λ

Γ(λ)

∫ µ

a

ϑβ(µβ+1 − ϑβ+1)λ−1ψ(ϑ)dϑ,

where λ > 0 and β 6= −1 are real numbers.

Definition 2.2. [5] A mapping T : MD → R+ is said to be a measure of
noncompactness in D if it satisfies the following conditions:

(C1) The family ker T = {V ∈ MD : T (V) = 0} is nonempty and ker T ⊂ ND.
(C2) V ⊂ V1 ⇒ T (V) ≤ T (V1).
(C3) T (V) = T (Conv V) = T (V).
(C4) T (γV + (1− γ)V1) ≤ γT (V) + (1− γ)T (V1), ∀ 0 ≤ γ ≤ 1.
(C5) If (Vn) is a sequence of closed sets fromMD such that Vn+1 ⊂ Vn for n = 1, 2, . . . ,

and if limn→∞ T (Vn) = 0 then V∞ =
⋂∞
n=1 Vn is nonempty.

Theorem 2.3. [10] Let ∆ be a nonempty, bounded, closed and convex subset of
D and let S : ∆→ ∆ be a continuous mapping such that ∃ a constant κ ∈ [0, 1) and
for any nonempty subset W of ∆ satisfying T (SW ) ≤ κT (W ). Then S has a fixed
point in ∆.

In this paper, we will work in the Banach space C([0, L],R), which consists of all
continuous functions ψ : [0, L]→ R with the norm ‖ψ‖ = sup{|ψ(µ)| : µ ∈ [0, L]}.
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Definition 2.4. [5] Let X be a nonempty and bounded subset of C([0, L],R).
For ε > 0 and ψ ∈ X , we denote by ω(ψ, ε) the modulus of continuity of the function
ψ, i.e.,
ω(ψ, ε) = sup {|ψ(s)− ψ(t)| : s, t ∈ [0, L], |s− t| ≤ ε}.

Furthermore, let ω(X , ε) and ω0(X ) be defined by

ω(X , ε) = sup {ω(ψ, ε) : ψ ∈ X} ,
and

ω0(X ) = lim
ε→0

ω(X , ε).

Then the function ω0(X ) is a measure of noncompactness in C([0, L],R).

2.1. Fibonacci polynomials. In general, Fibonacci polynomials are defined as fol-
lows [36]:

(5) P̄σ(µ) =


1, σ = 0,

µ, σ = 1,

µP̄σ−1(µ) + P̄σ−2(µ), σ > 1.

Moreover, these polynomials can also be expressed in the power form:

(6) P̄σ(µ) =

bσ
2
c∑

j=0

(
σ − j
j

)
µσ−2j, σ ≥ 0.

Lemma 2.5. ( [36]). If P̄σ(µ) (σ = 0, 1, . . . ,M) are Fibonacci polynomials, then

(7)

∫ 1

0

P̄η(µ)P̄σ(µ) dµ =

b η
2
c∑

j=0

bσ
2
c∑

l=0

(
η − j
j

)(
σ − l
l

)
1

η + σ − 2j − 2l + 1
.

2.2. Fibonacci wavelets. Fibonacci wavelets are defined as follows [36]:

(8) Φσ,η(µ) =

{
2
k−1
2 P̂η(2

k−1µ− σ + 1), σ−1
2k−1 ≤ µ < σ

2k−1 ,

0, otherwise,

with

P̂η(µ) =
1
√
wη
P̄η(µ),

and

wη =

∫ 1

0

P̄ 2
η (µ) dµ,

where wη, η = 0, 1, . . . ,M − 1, can be computed by Eq. (7), η is the order of the
Fibonacci polynomials and σ = 1, 2, . . . , 2k−1, where k is a positive integer.

Now for M = 3, k = 2, we get

Φ1,0(µ) =

{√
2, 0 ≤ µ < 1

2

0, otherwise
, Φ1,1(µ) =

{
2
√

6µ, 0 ≤ µ < 1
2

0, otherwise
,

Φ1,2(µ) =

{√
15
14

(1 + 4µ2), 0 ≤ µ < 1
2

0, otherwise
,
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Φ2,0(µ) =

{√
2, 1

2
≤ µ < 1

0, otherwise
, Φ2,1(µ) =

{√
6(2µ− 1), 1

2
≤ µ < 1

0, otherwise
,

Φ2,2(µ) =

{√
30
7

(2µ2 − 2µ+ 1), 1
2
≤ µ < 1

0, otherwise
.

Additionally, Fibonacci wavelets graphs for M = 3, k = 2 are shown in Figure 1.
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Figure 1. Graphical representation of Fibonacci wavelets for M = 3,
k = 2.

Lemma 2.6. [11] Let ψ : R+ → R+ be a concave function with ψ(0) = 0.
Then ψ(s+ t) ≤ ψ(s) + ψ(t), for any s, t ∈ R+.

Lemma 2.7. Let ψ : R+ → R+ be the function defined by ψ(µ) = µβ.

(i) If β ≥ 1 and µ2, µ1 ∈ [0, L] with µ1 < µ2, then µβ2 − µ
β
1 ≤ βLβ−1(µ2 − µ1).

(ii) If 0 < β < 1 and µ2, µ1 ∈ [0, L] with µ1 < µ2, then µβ2 − µ
β
1 ≤ (µ2 − µ1)β.

Proof. (i) For β = 1 the result is clear. Let β > 1. By applying the Mean Value
Theorem to the function ψ on the interval [µ1, µ2], we get

µβ2 − µ
β
1 = βζβ−1(µ2 − µ1), 0 ≤ µ1 < ζ < µ2 ≤ L.

This gives us

µβ2 − µ
β
1 ≤ βLβ−1(µ2 − µ1), µ1, µ2 ∈ [0, L], µ1 < µ2.

(ii) For 0 < β < 1, since ψ′′(µ) = β(β − 1)µβ−2 ≤ 0 for µ ∈ R+, ψ is concave, and
as ψ(0) = 0, by Lemma 2.6, ψ(s+ t) ≤ ψ(s) + ψ(t), for any s, t ∈ R+.
Therefore, for µ2, µ1 ∈ [0, L] with µ2 > µ1, we get
ψ(µ2) = ψ(µ2 − µ1 + µ1) ≤ ψ(µ2 − µ1) + ψ(µ1),
this implies that
µβ2 − µ

β
1 ≤ (µ2 − µ1)β.
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3. Qualitative analysis

In this section, we will discuss the existence of solutions for Eq. (4) with the
concept of measure of noncompactness.

Theorem 3.1. We assume the following conditions for Eq. (4):

(A1) Q : [0, L]×R→ R is a continuous function. Also, there exist constants M1, Q
∗ ≥

0 such that
|Q(µ, ψ1) − Q(µ, ψ2)| ≤ M1|ψ1 − ψ2|, and |Q(µ, 0)| ≤ Q∗, for all µ ∈ [0, L],
ψ1, ψ2 ∈ R.

(A2) δ, ξ : [0, L]×R→ R are continuous functions and there exist constants d1, d2 ≥ 0
such that∣∣δ(µ, ψ1)− δ(µ, ψ2)

∣∣ ≤ d1

∣∣ψ1 − ψ2

∣∣, and∣∣ξ(µ, ψ1)− ξ(µ, ψ2)
∣∣ ≤ d2

∣∣ψ1 − ψ2

∣∣, for all µ ∈ [0, L], and ψ1, ψ2 ∈ R.
Moreover, there exist constants M2,M3 ≥ 0 such that |δ(µ, 0)| ≤ M2, and
|ξ(µ, 0)| ≤M3, for all µ ∈ [0, L].

(A3) K1,K2 : [0, L] × [0, L] → R are continuous functions and there exist constants
l1, l2 > 0 such that |K1(µ, ϑ)| ≤ l1, and |K2(µ, ϑ)| ≤ l2, for all µ, ϑ ∈ [0, L].

(A4) F1,F2 : [0, L]×R→ R are continuous functions and there exist non-decreasing
functions Ω1,Ω2 : R+ → R+ such that∣∣F1(ϑ, ψ)

∣∣ ≤ Ω1(|ψ|), and∣∣F2(ϑ, ψ)
∣∣ ≤ Ω2(|ψ|), for all ϑ ∈ [0, L], and ψ ∈ R.

(A5) There exists a number κ > 0 satisfies the inequality

(M1κ +Q∗) + l1(d1κ+M2)Ω1(κ)β−λ

Γ(λ+1)
Lβλ + l2(d2κ+M3)Ω2(κ)β−λ

Γ(λ+1)
Lβλ ≤ κ.

Moreover,
(
M1 + d1l1Ω1(κ)

Γ(λ+1)
β−λLβλ + d2l2Ω2(κ)

Γ(λ+1)
β−λLβλ

)
< 1 also holds.

Then under the conditions (A1)−(A5), Eq. (4) has at least one solution in C([0, L],R).

Proof. Let us define an operator U on the space C([0, L],R) as

(Uψ)(µ) = Q(µ, ψ(µ)) +
δ(µ, ψ(µ))

Γ(λ)

∫ µ

0

ϑβ−1

(
µβ − ϑβ

β

)λ−1

K1(µ, ϑ)F1(ϑ, ψ(ϑ))dϑ

+
ξ(µ, ψ(µ))

Γ(λ)

∫ L

0

ϑβ−1

(
Lβ − ϑβ

β

)λ−1

K2(µ, ϑ)F2(ϑ, ψ(ϑ))dϑ.(9)

Rewriting Eq. (9) as follows:

(Uψ)(µ) = Q(µ, ψ(µ)) + δ(µ, ψ(µ)) · (Tψ)(µ) + ξ(µ, ψ(µ)) · (Gψ)(µ),(10)

where

(Tψ)(µ) =
1

Γ(λ)

∫ µ

0

ϑβ−1

(
µβ − ϑβ

β

)λ−1

K1(µ, ϑ)F1(ϑ, ψ(ϑ))dϑ,

(Gψ)(µ) =
1

Γ(λ)

∫ L

0

ϑβ−1

(
Lβ − ϑβ

β

)λ−1

K2(µ, ϑ)F2(ϑ, ψ(ϑ))dϑ.
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Step 1. We have to show that the operator U maps C([0, L],R) into itself. To

establish this, it is enough to show that if ψ ∈ C([0, L],R), then Tψ,Gψ ∈ C([0, L],R).

To do this, let ε > 0 be fixed and µ2, µ1 ∈ [0, L] with µ2 > µ1 such that |µ2− µ1| ≤ ε,

then we get ∣∣(Tψ)(µ2)− (Tψ)(µ1)
∣∣

≤ 1

Γ(λ)

∣∣∣∣ ∫ µ2

0

ϑβ−1

(
µβ2 − ϑβ

β

)λ−1

K1(µ2, ϑ)F1(ϑ, ψ(ϑ))dϑ

−
∫ µ2

0

ϑβ−1

(
µβ2 − ϑβ

β

)λ−1

K1(µ1, ϑ)F1(ϑ, ψ(ϑ))dϑ

∣∣∣∣
+

1

Γ(λ)

∣∣∣∣ ∫ µ2

0

ϑβ−1

(
µβ2 − ϑβ

β

)λ−1

K1(µ1, ϑ)F1(ϑ, ψ(ϑ))dϑ

−
∫ µ1

0

ϑβ−1

(
µβ2 − ϑβ

β

)λ−1

K1(µ1, ϑ)F1(ϑ, ψ(ϑ))dϑ

∣∣∣∣
+

1

Γ(λ)

∣∣∣∣ ∫ µ1

0

ϑβ−1

(
µβ2 − ϑβ

β

)λ−1

K1(µ1, ϑ)F1(ϑ, ψ(ϑ))dϑ

−
∫ µ1

0

ϑβ−1

(
µβ1 − ϑβ

β

)λ−1

K1(µ1, ϑ)F1(ϑ, ψ(ϑ))dϑ

∣∣∣∣,
i.e., ∣∣(Tψ)(µ2)− (Tψ)(µ1)

∣∣
≤ 1

Γ(λ)

∫ µ2

0
ϑβ−1

(
µβ2 − ϑβ

β

)λ−1 ∣∣K1(µ2, ϑ)−K1(µ1, ϑ)
∣∣∣∣F1(ϑ, ψ(ϑ))

∣∣dϑ
+

1

Γ(λ)

∫ µ2

µ1

ϑβ−1

(
µβ2 − ϑβ

β

)λ−1 ∣∣K1(µ1, ϑ)F1(ϑ, ψ(ϑ))
∣∣dϑ

+
β1−λ

Γ(λ)

∫ µ1

0
ϑβ−1

∣∣∣∣ (µβ2 − ϑβ)λ−1
−
(
µβ1 − ϑ

β
)λ−1

∣∣∣∣∣∣K1(µ1, ϑ)F1(ϑ, ψ(ϑ))
∣∣dϑ
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≤ ω(K1, ε)β
1−λΩ1(‖ψ‖)

Γ(λ)

∫ µ2

0
ϑβ−1

(
µβ2 − ϑ

β
)λ−1

dϑ

+
l1β

1−λΩ1(‖ψ‖)
Γ(λ)

∫ µ2

µ1

ϑβ−1
(
µβ2 − ϑ

β
)λ−1

dϑ

+
l1β

1−λΩ1(‖ψ‖)
Γ(λ)

∫ µ1

0
ϑβ−1

∣∣∣∣ (µβ2 − ϑβ)λ−1
−
(
µβ1 − ϑ

β
)λ−1

∣∣∣∣dϑ
≤ ω(K1, ε)β

−λΩ1(‖ψ‖)
Γ(λ+ 1)

Lβλ +
l1β
−λΩ1(‖ψ‖)
Γ(λ+ 1)

(
µβ2 − µ

β
1

)λ
+
l1β

1−λΩ1(‖ψ‖)
Γ(λ)

∫ µ1

0
ϑβ−1

∣∣∣∣ (µβ2 − ϑβ)λ−1
−
(
µβ1 − ϑ

β
)λ−1

∣∣∣∣dϑ,(11)

where ω(K1, ε) = sup
{∣∣K1(µ2, ϑ)−K1(µ1, ϑ)

∣∣ : µ2, µ1, ϑ ∈ [0, L], |µ2 − µ1| ≤ ε
}

.

It can be observed that

(12)

∫ µ1

0
ϑβ−1

∣∣∣∣ (µβ2 − ϑβ)λ−1
−
(
µβ1 − ϑ

β
)λ−1

∣∣∣∣dϑ =



1
βλ

[(
µβλ2 − µ

βλ
1

)
−
(
µβ2 − µ

β
1

)λ]
, λ > 1,

0, λ = 1,

1
βλ

[(
µβ2 − µ

β
1

)λ
−
(
µβλ2 − µ

βλ
1

)]
, λ < 1.

Following are the ten cases that we need to observe now:

Case 1: When 0 < β < 1, λ > 1, and 0 < βλ < 1, then by using Eq. (12) and Lemma

2.7 we get

(13)∣∣(Tψ)(µ2)− (Tψ)(µ1)
∣∣ ≤ ω(K1, ε)β

−λΩ1(‖ψ‖)
Γ(λ+ 1)

Lβλ +
l1β
−λΩ1(‖ψ‖)
Γ(λ+ 1)

(µ2 − µ1)βλ

+
l1β
−λΩ1(‖ψ‖)
Γ(λ+ 1)

[
(µ2 − µ1)βλ − (µ2 − µ1)βλ

]
.

Case 2: When 0 < β < 1, λ > 1, and βλ ≥ 1, then by using Eq. (12) and Lemma 2.7

we get

(14)∣∣(Tψ)(µ2)− (Tψ)(µ1)
∣∣ ≤ ω(K1, ε)β

−λΩ1(‖ψ‖)
Γ(λ+ 1)

Lβλ +
l1β
−λΩ1(‖ψ‖)
Γ(λ+ 1)

(µ2 − µ1)βλ

+
l1β
−λΩ1(‖ψ‖)
Γ(λ+ 1)

[
βλLβλ−1 (µ2 − µ1)− (µ2 − µ1)βλ

]
.
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Case 3: When 0 < β < 1, and λ = 1, then by using Eq. (12) and Lemma 2.7 we get

(15)∣∣(Tψ)(µ2)− (Tψ)(µ1)
∣∣ ≤ ω(K1, ε)β

−1Ω1(‖ψ‖)
Γ(2)

Lβ +
l1β
−1Ω1(‖ψ‖)

Γ(2)
(µ2 − µ1)β .

Case 4: When 0 < β < 1, λ < 1, and 0 < βλ < 1, then by using Eq. (12) and Lemma

2.7 we get

(16)∣∣(Tψ)(µ2)− (Tψ)(µ1)
∣∣ ≤ ω(K1, ε)β

−λΩ1(‖ψ‖)
Γ(λ+ 1)

Lβλ +
l1β
−λΩ1(‖ψ‖)
Γ(λ+ 1)

(µ2 − µ1)βλ

+
l1β
−λΩ1(‖ψ‖)
Γ(λ+ 1)

[
(µ2 − µ1)βλ − (µ2 − µ1)βλ

]
.

Case 5: When 0 < β < 1, λ < 1, and βλ ≥ 1, then by using Eq. (12) and Lemma 2.7

we get

(17)∣∣(Tψ)(µ2)− (Tψ)(µ1)
∣∣ ≤ ω(K1, ε)β

−λΩ1(‖ψ‖)
Γ(λ+ 1)

Lβλ +
l1β
−λΩ1(‖ψ‖)
Γ(λ+ 1)

(µ2 − µ1)βλ

+
l1β
−λΩ1(‖ψ‖)
Γ(λ+ 1)

[
(µ2 − µ1)βλ − βλLβλ−1 (µ2 − µ1)

]
.

Case 6: When β ≥ 1, λ > 1, and 0 < βλ < 1, then by using Eq. (12) and Lemma 2.7

we get

(18)∣∣(Tψ)(µ2)− (Tψ)(µ1)
∣∣ ≤ ω(K1, ε)β

−λΩ1(‖ψ‖)
Γ(λ+ 1)

Lβλ +
l1Ω1(‖ψ‖)
Γ(λ+ 1)

Lλ(β−1) (µ2 − µ1)λ

+
l1β
−λΩ1(‖ψ‖)
Γ(λ+ 1)

[
(µ2 − µ1)βλ − βλLλ(β−1) (µ2 − µ1)λ

]
.

Case 7: When β ≥ 1, λ > 1, and βλ ≥ 1, then by using Eq. (12) and Lemma 2.7 we

get

(19)∣∣(Tψ)(µ2)− (Tψ)(µ1)
∣∣ ≤ ω(K1, ε)β

−λΩ1(‖ψ‖)
Γ(λ+ 1)

Lβλ +
l1Ω1(‖ψ‖)
Γ(λ+ 1)

Lλ(β−1) (µ2 − µ1)λ

+
l1β
−λΩ1(‖ψ‖)
Γ(λ+ 1)

[
βλLβλ−1 (µ2 − µ1)− βλLλ(β−1) (µ2 − µ1)λ

]
.

Case 8: When β ≥ 1, and λ = 1, then by using Eq. (12) and Lemma 2.7 we get

(20)∣∣(Tψ)(µ2)− (Tψ)(µ1)
∣∣ ≤ ω(K1, ε)β

−1Ω1(‖ψ‖)
Γ(2)

Lβ +
l1Ω1(‖ψ‖)

Γ(2)
Lβ−1 (µ2 − µ1) .
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Case 9: When β ≥ 1, λ < 1, and 0 < βλ < 1, then by using Eq. (12) and Lemma 2.7

we get

(21)∣∣(Tψ)(µ2)− (Tψ)(µ1)
∣∣ ≤ ω(K1, ε)β

−λΩ1(‖ψ‖)
Γ(λ+ 1)

Lβλ +
l1Ω1(‖ψ‖)
Γ(λ+ 1)

Lλ(β−1) (µ2 − µ1)λ

+
l1β
−λΩ1(‖ψ‖)
Γ(λ+ 1)

[
βλLλ(β−1) (µ2 − µ1)λ − (µ2 − µ1)βλ

]
.

Case 10: When β ≥ 1, λ < 1, and βλ ≥ 1, then by using Eq. (12) and Lemma 2.7 we

get

(22)∣∣(Tψ)(µ2)− (Tψ)(µ1)
∣∣ ≤ ω(K1, ε)β

−λΩ1(‖ψ‖)
Γ(λ+ 1)

Lβλ +
l1Ω1(‖ψ‖)
Γ(λ+ 1)

Lλ(β−1) (µ2 − µ1)λ

+
l1β
−λΩ1(‖ψ‖)
Γ(λ+ 1)

[
βλLλ(β−1) (µ2 − µ1)λ − βλLβλ−1 (µ2 − µ1)

]
.

In all cases, by utilizing the uniform continuity of the function K1 on [0, L] × [0, L],

we obtain ω(K1, ε)→ 0 as ε→ 0. As µ2 → µ1, it follows from all the above cases that∣∣(Tψ)(µ2)− (Tψ)(µ1)
∣∣→ 0.

Hence, we can say Tψ ∈ C([0, L],R).

Also, ∣∣(Gψ)(µ2)− (Gψ)(µ1)
∣∣

=

∣∣∣∣ 1

Γ(λ)

∫ L

0

ϑβ−1

(
Lβ − ϑβ

β

)λ−1

K2(µ2, ϑ)F2(ϑ, ψ(ϑ))dϑ

− 1

Γ(λ)

∫ L

0

ϑβ−1

(
Lβ − ϑβ

β

)λ−1

K2(µ1, ϑ)F2(ϑ, ψ(ϑ))dϑ

∣∣∣∣
≤ 1

Γ(λ)

∫ L

0

ϑβ−1

(
Lβ − ϑβ

β

)λ−1 ∣∣K2(µ2, ϑ)−K2(µ1, ϑ)
∣∣∣∣F2(ϑ, ψ(ϑ))

∣∣dϑ
≤ ω(K2, ε)

Γ(λ)

∫ L

0

ϑβ−1

(
Lβ − ϑβ

β

)λ−1

Ω2(|ψ(ϑ)|)dϑ

≤ ω(K2, ε)β
−λΩ2(‖ψ‖)

Γ(λ+ 1)
Lβλ,(23)

where ω(K2, ε) = sup
{∣∣K2(µ2, ϑ)−K2(µ1, ϑ)

∣∣ : µ2, µ1, ϑ ∈ [0, L], |µ2 − µ1| ≤ ε
}

.

By utilizing the uniform continuity of the function K2 on [0, L] × [0, L], we obtain

ω(K2, ε) → 0 as ε → 0. Thus, it follows that Gψ ∈ C([0, L],R), and consequently,

Uψ ∈ C([0, L],R).
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Step 2. We will show that U maps Bκ into itself.

Let ψ ∈ C([0, L],R) be such that ‖ψ‖ ≤ κ. Then, for all µ ∈ [0, L], we get∣∣(Uψ)(µ)
∣∣

=
∣∣Q(µ, ψ(µ)) +

δ(µ, ψ(µ))

Γ(λ)

∫ µ

0
ϑβ−1

(
µβ − ϑβ

β

)λ−1

K1(µ, ϑ)F1(ϑ, ψ(ϑ))dϑ

+
ξ(µ, ψ(µ))

Γ(λ)

∫ L

0
ϑβ−1

(
Lβ − ϑβ

β

)λ−1

K2(µ, ϑ)F2(ϑ, ψ(ϑ))dϑ
∣∣

≤
(∣∣Q(µ, ψ(µ))−Q(µ, 0)

∣∣+
∣∣Q(µ, 0)

∣∣)
+

(∣∣δ(µ, ψ(µ))− δ(µ, 0)
∣∣+
∣∣δ(µ, 0)

∣∣)
Γ(λ)

∫ µ

0
ϑβ−1

(
µβ − ϑβ

β

)λ−1 ∣∣K1(µ, ϑ)F1(ϑ, ψ(ϑ))
∣∣dϑ

+

(∣∣ξ(µ, ψ(µ))− ξ(µ, 0)
∣∣+
∣∣ξ(µ, 0)

∣∣)
Γ(λ)

∫ L

0
ϑβ−1

(
Lβ − ϑβ

β

)λ−1 ∣∣K2(µ, ϑ)F2(ϑ, ψ(ϑ))
∣∣dϑ

≤ (M1|ψ(µ)|+Q∗) +
l1 (d1|ψ(µ)|+M2)

Γ(λ)

∫ µ

0
ϑβ−1

(
µβ − ϑβ

β

)λ−1

Ω1(|ψ(ϑ)|)dϑ

+
l2 (d2|ψ(µ)|+M3)

Γ(λ)

∫ L

0
ϑβ−1

(
Lβ − ϑβ

β

)λ−1

Ω2(|ψ(ϑ)|)dϑ

≤ (M1‖ψ‖+Q∗) +
l1 (d1‖ψ‖+M2) Ω1(‖ψ‖)

Γ(λ)

∫ µ

0
ϑβ−1

(
µβ − ϑβ

β

)λ−1

dϑ

+
l2 (d2‖ψ‖+M3) Ω2(‖ψ‖)

Γ(λ)

∫ L

0
ϑβ−1

(
Lβ − ϑβ

β

)λ−1

dϑ

≤ (M1κ +Q∗) +
l1 (d1κ +M2) Ω1(κ)β1−λ

Γ(λ)

∫ µ

0
ϑβ−1

(
µβ − ϑβ

)λ−1
dϑ

+
l2 (d2κ +M3) Ω2(κ)β1−λ

Γ(λ)

∫ L

0
ϑβ−1

(
Lβ − ϑβ

)λ−1
dϑ

≤ (M1κ +Q∗) +
l1 (d1κ +M2) Ω1(κ)β−λ

Γ(λ+ 1)
Lβλ +

l2 (d2κ +M3) Ω2(κ)β−λ

Γ(λ+ 1)
Lβλ.

Thus, by the assumption (A5), we get ‖Uψ‖ ≤ κ, which implies that U maps Bκ into

itself.

Step 3. We prove that U is continuous on Bκ.

To do this, let {ψn} be a sequence in Bκ and ψ ∈ Bκ such that ψn → ψ as n→∞.
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Then, for µ ∈ [0, L], we get∣∣(Uψn)(µ)− (Uψ)(µ)
∣∣

=
∣∣Q(µ, ψn(µ)) + δ(µ, ψn(µ)) · (Tψn)(µ) + ξ(µ, ψn(µ)) · (Gψn)(µ)

−Q(µ, ψ(µ))− δ(µ, ψ(µ)) · (Tψ)(µ)− ξ(µ, ψ(µ)) · (Gψ)(µ)
∣∣

≤
∣∣Q(µ, ψn(µ))−Q(µ, ψ(µ))

∣∣+
∣∣δ(µ, ψn(µ)) · (Tψn)(µ)− δ(µ, ψn(µ)) · (Tψ)(µ)

∣∣
+
∣∣δ(µ, ψn(µ)) · (Tψ)(µ)− δ(µ, ψ(µ)) · (Tψ)(µ)

∣∣
+
∣∣ξ(µ, ψn(µ)) · (Gψn)(µ)− ξ(µ, ψn(µ)) · (Gψ)(µ)

∣∣
+
∣∣ξ(µ, ψn(µ)) · (Gψ)(µ)− ξ(µ, ψ(µ)) · (Gψ)(µ)

∣∣
≤M1|ψn(µ)− ψ(µ)|

+

∣∣δ(µ, ψn(µ))
∣∣

Γ(λ)

∫ µ

0

ϑβ−1

(
µβ − ϑβ

β

)λ−1 ∣∣K1(µ, ϑ)
∣∣∣∣F1(ϑ, ψn(ϑ))−F1(ϑ, ψ(ϑ))

∣∣dϑ
+

∣∣δ(µ, ψn(µ))− δ(µ, ψ(µ))
∣∣

Γ(λ)

∫ µ

0

ϑβ−1

(
µβ − ϑβ

β

)λ−1 ∣∣K1(µ, ϑ)F1(ϑ, ψ(ϑ))
∣∣dϑ

+

∣∣ξ(µ, ψn(µ))
∣∣

Γ(λ)

∫ L

0

ϑβ−1

(
Lβ − ϑβ

β

)λ−1 ∣∣K2(µ, ϑ)
∣∣∣∣F2(ϑ, ψn(ϑ))−F2(ϑ, ψ(ϑ))

∣∣dϑ
+

∣∣ξ(µ, ψn(µ))− ξ(µ, ψ(µ))
∣∣

Γ(λ)

∫ L

0

ϑβ−1

(
Lβ − ϑβ

β

)λ−1 ∣∣K2(µ, ϑ)F2(ϑ, ψ(ϑ))
∣∣dϑ

≤M1|ψn(µ)− ψ(µ)|

+
l1
(∣∣δ(µ, ψn(µ))− δ(µ, 0)

∣∣+
∣∣δ(µ, 0)

∣∣)ωF1(ε)

Γ(λ)

∫ µ

0

ϑβ−1

(
µβ − ϑβ

β

)λ−1

dϑ

+
l1d1|ψn(µ)− ψ(µ)|

Γ(λ)

∫ µ

0

ϑβ−1

(
µβ − ϑβ

β

)λ−1

Ω1(|ψ(ϑ)|)dϑ

+
l2
(∣∣ξ(µ, ψn(µ))− ξ(µ, 0)

∣∣+
∣∣ξ(µ, 0)

∣∣)ωF2(ε)

Γ(λ)

∫ L

0

ϑβ−1

(
Lβ − ϑβ

β

)λ−1

dϑ

+
l2d2|ψn(µ)− ψ(µ)|

Γ(λ)

∫ L

0

ϑβ−1

(
Lβ − ϑβ

β

)λ−1

Ω2(|ψ(ϑ)|)dϑ
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≤M1‖ψn − ψ‖+
l1(d1‖ψn‖+M2)ωF1(ε)

Γ(λ)

∫ µ

0

ϑβ−1

(
µβ − ϑβ

β

)λ−1

dϑ

+
l1d1‖ψn − ψ‖Ω1(‖ψ‖)

Γ(λ)

∫ µ

0

ϑβ−1

(
µβ − ϑβ

β

)λ−1

dϑ

+
l2(d2‖ψn‖+M3)ωF2(ε)

Γ(λ)

∫ L

0

ϑβ−1

(
Lβ − ϑβ

β

)λ−1

dϑ

+
l2d2‖ψn − ψ‖Ω2(‖ψ‖)

Γ(λ)

∫ L

0

ϑβ−1

(
Lβ − ϑβ

β

)λ−1

dϑ,

i.e., ∣∣(Uψn)(µ)− (Uψ)(µ)
∣∣

≤M1‖ψn − ψ‖

+
l1(d1‖ψn‖+M2)ωF1(ε)β

−λLβλ

Γ(λ+ 1)

+
l1d1‖ψn − ψ‖Ω1(‖ψ‖)

Γ(λ+ 1)
β−λLβλ

+
l2(d2‖ψn‖+M3)ωF2(ε)β

−λLβλ

Γ(λ+ 1)

+
l2d2‖ψn − ψ‖Ω2(‖ψ‖)

Γ(λ+ 1)
β−λLβλ,

where ωF1(ε) = sup
{∣∣F1(ϑ, ψn)−F1(ϑ, ψ)

∣∣ : ϑ ∈ [0, L] andψn, ψ ∈ [−κ,κ]; |ψn − ψ| ≤ ε
}

,

and

ωF2(ε) = sup
{∣∣F2(ϑ, ψn)−F2(ϑ, ψ)

∣∣ : ϑ ∈ [0, L] andψn, ψ ∈ [−κ,κ]; |ψn − ψ| ≤ ε
}

.

Now, ψn → ψ as n → ∞, this implies that ‖Uψn − Uψ‖ → 0 as n → ∞. Hence the

operator U is continuous on Bκ.

Step 4. Let X be a non-empty subset of Bκ and let ε > 0 be fixed. Further, we

choose ψ ∈ X and µ1, µ2 ∈ [0, L] with µ2 > µ1 such that |µ2 − µ1| ≤ ε. Then, we
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obtain ∣∣(Uψ)(µ2)− (Uψ)(µ1)
∣∣

=
∣∣Q(µ2, ψ(µ2)) + δ(µ2, ψ(µ2)) · (Tψ)(µ2) + ξ(µ2, ψ(µ2)) · (Gψ)(µ2)

−Q(µ1, ψ(µ1))− δ(µ1, ψ(µ1)) · (Tψ)(µ1)− ξ(µ1, ψ(µ1)) · (Gψ)(µ1)

+ δ(µ2, ψ(µ2)) · (Tψ)(µ1)− δ(µ2, ψ(µ2)) · (Tψ)(µ1)

+ ξ(µ2, ψ(µ2)) · (Gψ)(µ1)− ξ(µ2, ψ(µ2)) · (Gψ)(µ1)
∣∣

≤
∣∣Q(µ2, ψ(µ2))−Q(µ1, ψ(µ1))

∣∣
+
∣∣δ(µ2, ψ(µ2))

∣∣ · ∣∣(Tψ)(µ2)− (Tψ)(µ1)
∣∣

+
∣∣δ(µ2, ψ(µ2))− δ(µ1, ψ(µ1))

∣∣ · ∣∣(Tψ)(µ1)
∣∣

+
∣∣ξ(µ2, ψ(µ2))

∣∣ · ∣∣(Gψ)(µ2)− (Gψ)(µ1)
∣∣

+
∣∣ξ(µ2, ψ(µ2))− ξ(µ1, ψ(µ1))

∣∣ · ∣∣(Gψ)(µ1)
∣∣,

i.e.,∣∣(Uψ)(µ2)− (Uψ)(µ1)
∣∣

≤
∣∣Q(µ2, ψ(µ2))−Q(µ2, ψ(µ1))

∣∣+
∣∣Q(µ2, ψ(µ1))−Q(µ1, ψ(µ1))

∣∣
+
(∣∣δ(µ2, ψ(µ2))− δ(µ2, 0)

∣∣+
∣∣δ(µ2, 0)

∣∣) · ∣∣(Tψ)(µ2)− (Tψ)(µ1)
∣∣

+
(∣∣δ(µ2, ψ(µ2))− δ(µ2, ψ(µ1))

∣∣+
∣∣δ(µ2, ψ(µ1))− δ(µ1, ψ(µ1))

∣∣) · ∣∣(Tψ)(µ1)
∣∣

+
(∣∣ξ(µ2, ψ(µ2))− ξ(µ2, 0)

∣∣+
∣∣ξ(µ2, 0)

∣∣) · ∣∣(Gψ)(µ2)− (Gψ)(µ1)
∣∣

+
(∣∣ξ(µ2, ψ(µ2))− ξ(µ2, ψ(µ1))

∣∣+
∣∣ξ(µ2, ψ(µ1))− ξ(µ1, ψ(µ1))

∣∣) · ∣∣(Gψ)(µ1)
∣∣

≤M1|ψ(µ2)− ψ(µ1)|+ ω(Q, ε) + (d1|ψ(µ2)|+M2) ·
∣∣(Tψ)(µ2)− (Tψ)(µ1)

∣∣
+
(
d1

∣∣ψ(µ2)− ψ(µ1)
∣∣+ ω(δ, ε)

)
·
∣∣(Tψ)(µ1)

∣∣
+ (d2|ψ(µ2)|+M3) ·

∣∣(Gψ)(µ2)− (Gψ)(µ1)
∣∣

+
(
d2

∣∣ψ(µ2)− ψ(µ1)
∣∣+ ω(ξ, ε)

)
·
∣∣(Gψ)(µ1)

∣∣,(24)
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where

ω(ξ, ε) = sup
{∣∣ξ(µ2, ψ)− ξ(µ1, ψ)

∣∣ : µ1, µ2 ∈ [0, L], ψ ∈ [−κ,κ], |µ2 − µ1| ≤ ε
}

,

ω(Q, ε) = sup
{∣∣Q(µ2, ψ)−Q(µ1, ψ)

∣∣ : µ1, µ2 ∈ [0, L], ψ ∈ [−κ,κ], |µ2 − µ1| ≤ ε
}

,

ω(δ, ε) = sup
{∣∣δ(µ2, ψ)− δ(µ1, ψ)

∣∣ : µ1, µ2 ∈ [0, L], ψ ∈ [−κ,κ], |µ2 − µ1| ≤ ε
}

.

Now,

∣∣(Tψ)(µ1)
∣∣ =

∣∣∣∣ 1

Γ(λ)

∫ µ1

0

ϑβ−1

(
µβ1 − ϑβ

β

)λ−1

K1(µ1, ϑ)F1(ϑ, ψ(ϑ))dϑ

∣∣∣∣
≤ l1Ω1(‖ψ‖)

Γ(λ)

∫ µ1

0

ϑβ−1

(
µβ1 − ϑβ

β

)λ−1

dϑ

≤ l1Ω1(κ)

Γ(λ)

∫ µ1

0

ϑβ−1

(
µβ1 − ϑβ

β

)λ−1

dϑ

≤ l1Ω1(κ)

Γ(λ+ 1)
β−λLβλ,(25)

and ∣∣(Gψ)(µ1)
∣∣ =

∣∣∣∣ 1

Γ(λ)

∫ L

0

ϑβ−1

(
Lβ − ϑβ

β

)λ−1

K2(µ1, ϑ)F2(ϑ, ψ(ϑ))dϑ

∣∣∣∣
≤ l2Ω2(‖ψ‖)

Γ(λ)

∫ L

0

ϑβ−1

(
Lβ − ϑβ

β

)λ−1

dϑ

≤ l2Ω2(κ)

Γ(λ+ 1)
β−λLβλ.(26)

By using (25) and (26), we get from (24) as follows:∣∣(Uψ)(µ2)− (Uψ)(µ1)
∣∣ ≤M1ω(ψ, ε) + ω(Q, ε) + (d1κ +M2) ·

∣∣(Tψ)(µ2)− (Tψ)(µ1)
∣∣

+ (d1ω(ψ, ε) + ω(δ, ε)) · l1Ω1(κ)

Γ(λ+ 1)
β−λLβλ

+ (d2κ +M3) ·
∣∣(Gψ)(µ2)− (Gψ)(µ1)

∣∣
+ (d2ω(ψ, ε) + ω(ξ, ε)) · l2Ω2(κ)

Γ(λ+ 1)
β−λLβλ,(27)
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i.e.,

ω(Uψ, ε) ≤M1ω(ψ, ε) + ω(Q, ε) + (d1κ +M2) ·
∣∣(Tψ)(µ2)− (Tψ)(µ1)

∣∣
+ (d1ω(ψ, ε) + ω(δ, ε)) · l1Ω1(κ)

Γ(λ+ 1)
β−λLβλ

+ (d2κ +M3) ·
∣∣(Gψ)(µ2)− (Gψ)(µ1)

∣∣
+ (d2ω(ψ, ε) + ω(ξ, ε)) · l2Ω2(κ)

Γ(λ+ 1)
β−λLβλ.(28)

Thus, if |µ2−µ1| ≤ ε, and ε→ 0. Then as µ2 → µ1 and by following the inequality (13)

to (22), and (23), we obtain
∣∣(Tψ)(µ2)−(Tψ)(µ1)

∣∣→ 0, and
∣∣(Gψ)(µ2)−(Gψ)(µ1)

∣∣→
0.

Again, by the uniform continuity of the functions Q, δ, ξ on [0, L]× [−κ,κ], we obtain

ω(Q, ε)→ 0, ω(δ, ε)→ 0, and ω(ξ, ε)→ 0 as ε→ 0.

Then we get

ω0(UX ) ≤
(
M1 +

d1l1Ω1(κ)

Γ(λ+ 1)
β−λLβλ +

d2l2Ω2(κ)

Γ(λ+ 1)
β−λLβλ

)
ω0(X ).(29)

From the condition (A5), we observe that
(
M1 + d1l1Ω1(κ)

Γ(λ+1)
β−λLβλ + d2l2Ω2(κ)

Γ(λ+1)
β−λLβλ

)
<

1.

Thus the Theorem 2.3 allows us to deduce that Eq. (4) has a solution in C([0, L],R).

4. Method for approximate solutions

In this section, we will introduce a method that is based on Fibonacci wavelets and
collocation technique to obtain the approximate solutions of Eq. (4).

4.1. Approximation of function. An arbitrary function ψ(µ) ∈ C([0, 1),R) can
be approximately expanded in terms of the Fibonacci wavelets as follows:

(30) ψ(µ) '
2k−1∑
σ=1

M−1∑
η=0

gσ,ηΦσ,η(µ) = GTΦ(µ),

where G and Φ(µ) are given by

(31) G = [g1,0, g1,1, . . . , g1,M−1, g2,0, g2,1, . . . , g2,M−1, . . . , g2k−1,0, . . . , g2k−1,M−1]T ,

(32)
Φ(µ) = [Φ1,0(µ), . . . ,Φ1,M−1(µ),Φ2,0(µ), . . . ,Φ2,M−1(µ), . . . ,Φ2k−1,0(µ), . . . ,Φ2k−1,M−1(µ)]T .
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4.2. Computational steps. To establish the method, we rewriting the considered
equation Eq. (4) as follows:
(33)

ψ(µ) = Q(µ, ψ(µ)) +
δ(µ, ψ(µ))

Γ(λ)

∫ µ

0

ϑβ−1

(
µβ − ϑβ

β

)λ−1

K1(µ, ϑ)F1(ϑ, ψ(ϑ))dϑ

+
ξ(µ, ψ(µ))

Γ(λ)

∫ 1

0

ϑβ−1

(
1− ϑβ

β

)λ−1

K2(µ, ϑ)F2(ϑ, ψ(ϑ))dϑ.

Therefore, the method is as follows:
Step 1. Choose the values of k and M for the approximate function

ψ(µ) '
2k−1∑
σ=1

M−1∑
η=0

gσ,ηΦσ,η(µ) = GTΦ(µ),(34)

where G and Φ(µ) are k̂ × 1 (k̂ = 2k−1M) vectors given in Eq (31) and Eq. (32),
respectively and then obtain the corresponding Fibonacci wavelets Φσ,η(µ), which is
defined in Eq. (8).
Step 2. Remember that, we have to find the solution of Eq. (33), that is the unknown
function ψ(µ) appears in Eq. (33). Thus, in this step, substitute Eq. (34) into Eq.
(33) and we get

GTΦ(µ)

= Q(µ,GTΦ(µ)) +
δ
(
µ,GTΦ(µ)

)
Γ(λ)

∫ µ

0

ϑβ−1

(
µβ − ϑβ

β

)λ−1

K1(µ, ϑ)F1

(
ϑ,GTΦ(ϑ)

)
dϑ

+
ξ
(
µ,GTΦ(µ)

)
Γ(λ)

∫ 1

0

ϑβ−1

(
1− ϑβ

β

)λ−1

K2(µ, ϑ)F2

(
ϑ,GTΦ(ϑ)

)
dϑ.

(35)

Step 3. Now to obtain the unknown coefficients vector G = [g1,0, g1,1, . . . , g1,M−1, g2,0,
g2,1, . . . , g2,M−1, . . . , g2k−1,0, . . . , g2k−1,M−1]T , we consider the collocation points as µi =
(i−0.5)
2k−1M

, i = 1, 2, . . . , 2k−1M . Then by substituting these collocation points in Eq. (35),

we get a system of 2k−1M algebraic equations. That is, we get

GTΦ(µi)

= Q(µi, G
TΦ(µi)) +

δ
(
µi, G

TΦ(µi)
)

Γ(λ)

∫ µi

0
ϑβ−1

(
µβi − ϑβ

β

)λ−1

K1(µi, ϑ)F1

(
ϑ,GTΦ(ϑ)

)
dϑ

+
ξ
(
µi, G

TΦ(µi)
)

Γ(λ)

∫ 1

0
ϑβ−1

(
1− ϑβ

β

)λ−1

K2(µi, ϑ)F2

(
ϑ,GTΦ(ϑ)

)
dϑ.

(36)

Step 4. Therefore by solving these algebraic equations by any classical method or
the fsolve command in the MATLAB program, we can obtain the unknown coefficients
G.
Step 5. Now, plug the obtained values of G in Eq.(34) to get the approximate solution
of Eq. (33).

Remark 4.1. It follows from Remark 1.1 that, our presented computational method
is also applicable for Eqs. (1), (2) and (3) to get the approximate numerical solutions.
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5. Error analysis

It is important to establish the accuracy of the obtained solutions. In this section
we will study on the convergence results and error bounds for the presented Fibonacci
wavelets method.

Theorem 5.1. Let ψk̂(µ) = GTΦ(µ) be the Fibonacci wavelet expansion of any suf-
ficiently smooth function ψ(µ) ∈ CM([0, 1),R). Then, we have ‖ψ−ψk̂‖2 ≤ R

M !
√

2M+1
,

where R = maxµ∈[0,1)

∣∣ψ(M)(µ)
∣∣.

Proof. See [37].

Theorem 5.2. Let ψ(µ) ∈ L2[0, 1) be a continuous bounded function with bound
M̄ . Then, the Fibonacci wavelets expansion given by Eq. (30) converges uniformly
to ψ(µ), where the coefficients gσ,η can be obtained by gσ,η = 〈ψ,Φσ,η〉.

Proof. See [40].

5.1. Accuracy of solutions. Since Eq. (35) has the following form given by Eq.
(37), i.e.,

GTΦ(µ) = Q(µ,GTΦ(µ)) +
δ
(
µ,GTΦ(µ)

)
Γ(λ)

∫ µ

0
ϑβ−1

(
µβ − ϑβ

β

)λ−1

K1(µ, ϑ)F1

(
ϑ,GTΦ(ϑ)

)
dϑ

+
ξ
(
µ,GTΦ(µ)

)
Γ(λ)

∫ 1

0
ϑβ−1

(
1− ϑβ

β

)λ−1

K2(µ, ϑ)F2

(
ϑ,GTΦ(ϑ)

)
dϑ.

(37)

Also, from Eq. (34), we have

ψ(µ) '
2k−1∑
σ=1

M−1∑
η=0

gσ,ηΦσ,η(µ) = GTΦ(µ),(38)

and the unknown coefficients G were obtained from Eq. (36). Thus, Eq. (38) is the
approximate solution of Eq. (33), and is substituted into Eq. (33).

Now, assume that µ = µr ∈ [0, 1), r = 1, 2, 3, . . . , then ∃ a positive integer Nq such
that

E(µr) =

∣∣∣∣GTΦ(µr)−Q(µr, G
TΦ(µr))

−
δ
(
µr, G

TΦ(µr)
)

Γ(λ)

∫ µr

0

ϑβ−1

(
µβr − ϑβ

β

)λ−1

K1(µr, ϑ)F1

(
ϑ,GTΦ(ϑ)

)
dϑ

−
ξ
(
µr, G

TΦ(µr)
)

Γ(λ)

∫ 1

0

ϑβ−1

(
1− ϑβ

β

)λ−1

K2(µr, ϑ)F2

(
ϑ,GTΦ(ϑ)

)
dϑ

∣∣∣∣ ∼= 0,

and E(µr) ≤ 10−Nq . If max 10−Nq = 10−N , is prescribed, then k̂ = 2k−1M is increased
until the difference E(µr) at each of the points becomes smaller than the prescribed
10−N , where N is a positive integer. For max 10−Nq 6= 10−N , the error can be estimated
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by the following function:

Ek̂(µ) =

∣∣∣∣GTΦ(µ)−Q(µ,GTΦ(µ))

−
δ
(
µ,GTΦ(µ)

)
Γ(λ)

∫ µ

0

ϑβ−1

(
µβ − ϑβ

β

)λ−1

K1(µ, ϑ)F1

(
ϑ,GTΦ(ϑ)

)
dϑ

−
ξ
(
µ,GTΦ(µ)

)
Γ(λ)

∫ 1

0

ϑβ−1

(
1− ϑβ

β

)λ−1

K2(µ, ϑ)F2

(
ϑ,GTΦ(ϑ)

)
dϑ

∣∣∣∣.
If Ek̂(µ)→ 0, for sufficiently large k̂, then the error decreases.

6. Applications and discussions

Two examples have been given to demonstrate the efficiency and applicability of the
presented method. The convergence of solutions and the convergence of absolute errors
have been shown in the graphs. Here, absolute errors are the values of |ψ(µ)−ψk̂(µ)|
at selected points, where ψk̂(µ) is the approximate solution and the exact solution is
ψ(µ).

Example 6.1. Consider the following example:

ψ(µ) = Q(µ, ψ(µ)) +
sin(ψ(µ))

Γ(3)

∫ µ

0

ϑ
1
2

(
µ

3
2 − ϑ 3

2

3
2

)2

(1 + µϑ)ψ(ϑ)dϑ

+
ψ(µ)

Γ(3)

∫ 1

0

ϑ
1
2

(
1− ϑ 3

2

3
2

)2

(µ+ ϑ)(ϑ+ ψ(ϑ))dϑ,(39)

where Q(µ, ψ(µ)) =
(
µ−µ3

90

)
− sin(ψ(µ))

90

[
µ

11
2

55
+ 142µ

15
2

36855
− 4µ

19
2

1309

]
− ψ(µ)

90

[
7349µ
4455

+ 5216
6545

]
,

and the exact solution is ψ(µ) = µ−µ3
90

.
Now, comparing Eq. (39) with the Eq. (4), we get

δ(µ, ψ(µ)) = sin(ψ(µ)), ξ(µ, ψ(µ)) = ψ(µ), K1(µ, ϑ) = 1 + µϑ, K2(µ, ϑ) = µ+ ϑ,

F1(ϑ, ψ(ϑ)) = ψ(ϑ),F2(ϑ, ψ(ϑ)) = ϑ+ ψ(ϑ), L = 1, λ = 3, β =
3

2
.

It can be observed that the function Q satisfies the condition (A1) with M1 = 0.0274,
and Q∗ = 0.0043. Condition (A2) is satisfied by the functions δ and ξ with d1 = 1,
d2 = 1, M2 = 0 and M3 = 0. Condition (A3) is satisfied by the functions K1 and K2

with l1 = 2 and l2 = 2, respectively. Condition (A4) is satisfied by the functions F1

and F2 with Ω1(|ψ|) = |ψ| and Ω2(|ψ|) = 1 + |ψ|. Then, the inequalities appearing in
condition (A5) becomes as

(M1κ +Q∗) +
l1 (d1κ +M2) Ω1(κ)β−λ

Γ(λ+ 1)
Lβλ +

l2 (d2κ +M3) Ω2(κ)β−λ

Γ(λ+ 1)
Lβλ ≤ κ,

i.e.,

(40) 0.0274κ + 0.0043 +
16
27
κ2

Γ(4)
+

κ(1 + κ)16
27

Γ(4)
≤ κ,
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and (
M1 +

d1l1Ω1(κ)

Γ(λ+ 1)
β−λLβλ +

d2l2Ω2(κ)

Γ(λ+ 1)
β−λLβλ

)
< 1,

i.e.,

(41) 0.0274 +
16
27
κ

Γ(4)
+

(1 + κ)16
27

Γ(4)
< 1.

Thus, it is clear that the condition (A5) is satisfied for κ = 1. So, by Theorem 3.1,
Eq. (39) has at least one solution in C([0, 1],R).

To obtain the approximate solutions to this problem, we are going to apply the pre-
sented computational method, i.e., discussed in Section 4. For this purpose, choosing

different values of k and M , so that k̂ is increasing, where k̂ = 2k−1M . All calculations
have been carried out using the MATLAB program on a computer. For this compu-

tational purpose we are using the collocation points as µi = (i−0.5)
2k−1M

. The variations of
absolute errors and maximum absolute errors for some values of k and M are shown
in Table 1 and Table 2, respectively. Figure 2 shows the solution convergence graph
for k = 2,M = 4, and Figure 3 shows the absolute error convergence graph.
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Figure 2. Solution convergence graph for Example 6.1.
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Figure 3. Absolute error convergence graph for Example 6.1.
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Table 1. Absolute errors variation for Example 6.1.

µ k = 2,M = 2 k = 2,M = 3 k = 2,M = 4
0 2.3476e-02 8.7202e-03 3.3152e-08

0.1 4.1823e-03 8.7153e-04 2.1469e-08
0.2 9.1113e-03 1.5330e-03 6.1319e-08
0.3 1.0405e-02 7.3586e-04 3.1205e-08
0.4 6.3015e-03 6.5064e-05 4.2004e-07
0.5 9.4377e-02 7.6896e-03 1.0012e-08
0.6 1.5469e-02 1.8435e-03 4.1239e-08
0.7 2.7439e-02 2.2381e-03 1.3135e-09
0.8 2.8348e-02 5.0588e-04 2.1254e-08
0.9 1.8744e-02 3.8843e-04 1.1239e-08

Table 2. Comparison of maximum absolute errors for Example 6.1.

k M k̂ = 2k−1M Maximum absolute error
2 2 4 9.4377e-02
2 3 6 8.7202e-03
2 4 8 4.2004e-07

Example 6.2. Consider the following example:
(42)

ψ(µ) = Q(µ, ψ(µ)) +
ψ(µ)

Γ(5
2)

∫ µ

0
ϑ

(
µ2 − ϑ2

2

) 3
2

ψ2(ϑ)dϑ+
sin(µ)

Γ(5
2)

∫ 1

0
ϑ

(
1− ϑ2

2

) 3
2

ϑψ(ϑ)dϑ,

where Q(µ, ψ(µ)) = µ2

20
− µ9

√
2ψ(µ)

63000 Γ( 5
2

)
− π sin(µ)

√
18

20480 Γ( 5
2

)
, and ψ(µ) = µ2

20
is the exact solution.

Now, comparing Eq. (39) with the Eq. (4), we get

δ(µ, ψ(µ)) = ψ(µ), ξ(µ, ψ(µ)) = sin(µ), K1(µ, ϑ) = 1, K2(µ, ϑ) = ϑ, F1(ϑ, ψ(ϑ)) = ψ2(ϑ),

F2(ϑ, ψ(ϑ)) = ψ(ϑ), L = 1, λ =
5

2
, β = 2.

It can be observed that the function Q satisfies the condition (A1) with M1 =
0.000017, and Q∗ = 0.0505. Condition (A2) is satisfied by the functions δ and ξ
with d1 = 1, d2 = 0, M2 = 0 and M3 = 1. Condition (A3) is satisfied by the functions
K1 and K2 with l1 = 1 and l2 = 1, respectively. Condition (A4) is satisfied by the
functions F1 and F2 with Ω1(|ψ|) = |ψ|2 and Ω2(|ψ|) = |ψ|. Then, the inequalities
appearing in condition (A5) becomes as

(M1κ +Q∗) +
l1 (d1κ +M2) Ω1(κ)β−λ

Γ(λ+ 1)
Lβλ +

l2 (d2κ +M3) Ω2(κ)β−λ

Γ(λ+ 1)
Lβλ ≤ κ,

i.e.,

(43) 0.000017κ + 0.0505 +
(κ + 0)0.1768κ2

Γ(7
2
)

+
(0 + 1)0.1768κ

Γ(7
2
)

≤ κ,
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and (
M1 +

d1l1Ω1(κ)

Γ(λ+ 1)
β−λLβλ +

d2l2Ω2(κ)

Γ(λ+ 1)
β−λLβλ

)
< 1,

i.e.,

(44) 0.000017 +
0.1768κ2

Γ(7
2
)

+ 0 < 1.

Thus, it is clear that the condition (A5) is satisfied for κ = 1. So, by Theorem 3.1,
Eq. (42) has at least one solution in C([0, 1],R).

To obtain the approximate solutions to this problem, we are going to apply the pro-
posed computational method, i.e., discussed in Section 4. For this purpose, choosing

different values of k and M , so that k̂ is increasing, where k̂ = 2k−1M . All calculations
have been carried out using the MATLAB program on a computer. For this compu-

tational purpose we are using the collocation points as µi = (i−0.5)
2k−1M

. The variations of
absolute errors and maximum absolute errors for some values of k and M are shown
in Table 3 and Table 4, respectively. Figure 4 shows the solution convergence graph
for k = 2,M = 4, and Figure 5 shows the absolute error convergence graph.
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Figure 4. Solution convergence graph for Example 6.2.
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Figure 5. Absolute error convergence graph for Example 6.2.
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Table 3. Absolute errors variation for Example 6.2

.

µ k = 2,M = 2 k = 2,M = 3 k = 2,M = 4
0 4.6810e-02 5.6709e-05 1.1310e-09

0.1 6.8409e-03 5.7659e-05 3.7818e-09
0.2 1.3129e-02 6.0509e-05 2.5614e-09
0.3 1.3098e-02 6.5259e-05 3.4309e-09
0.4 6.9321e-03 7.1910e-05 4.1517e-09
0.5 4.6919e-02 2.3751e-05 1.0816e-10
0.6 6.8632e-03 3.6530e-05 2.1817e-09
0.7 1.3193e-02 5.1209e-05 2.5109e-09
0.8 1.3248e-02 6.7788e-05 4.0891e-09
0.9 6.6960e-03 8.6267e-05 6.1253e-08

Table 4. Comparison of maximum absolute errors for Example 6.2.

k M k̂ = 2k−1M Maximum absolute error
2 2 4 4.6919e-02
2 3 6 8.6267e-05
2 4 8 6.1253e-08

7. Conclusions and future work

In this study, we considered Eq. (4), involving the Katugampola fractional integral
of order λ > 0 and with the parameter β > 0. We have stated some requirements for
the existence of solutions. The concepts of the fixed point theorem and the measure
of noncompactness have been used to prove the existence result. Furthermore, a
computational method based on the Fibonacci wavelets and collocation technique has
been presented to obtain the approximate solutions of Eq. (4). By this method,
Eq. (4) has been reduced to a system of algebraic equations with unknown Fibonacci
coefficients, and then solved by the MATLAB program. To evaluate the efficiency and
applicability of the method, we provided two examples along with error estimates.
Absolute error convergence and solution convergence graphs for Examples 6.1 and
6.2 have been given in computational tables and figures. It can be observed from
Remark 1.1 that our suggested method is also applicable for Eqs. (1), (2) and (3).
By observation of computational results and relevant figures, we have seen that the
approximate solutions are in strong agreement with those of the exact solutions, and
as a result, we draw the conclusion that the presented method is efficient, accurate,
and effective.

In the future, one can extend the concepts presented here for the existence of
solutions and approximate solutions to nonlinear V-F fractional integro-differential
equations and also for stochastic integral equations, or by considering some generalized
fractional integral equations, satisfy criteria different from those executed in this work.
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[11] M. A. Darwish, K. Sadarangani, On Erdélyi-Kober type quadratic integral equation with linear
modification of the argument, Appl. Math. Comput. 238 (2014), 30–42.
https://doi.org/10.1016/j.amc.2014.04.002

[12] D. Dhiman, L. N. Mishra, V. N. Mishra, Solvability of some non-linear functional integral
equations via measure of noncompactness, Adv. Stud. Contemp. Math. 32 (2) (2022), 157–171.

[13] M. Didgar, A. R. Vahidi, Approximate solution of linear Volterra-Fredholm Integral equations
and systems of Volterra-Fredholm integral equations using Taylor expansion method, Iran. J.
Math. Sci. Inform. 15 (2) (2020), 31–50.
http://ijmsi.ir/article-1-1131-en.html
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