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THE n-GENERALIZED COMPOSITION OPERATORS FROM
ZYGMUND SPACES TO Qx(p,q) SPACES

TAHA IBRAHIM YASSEN*

ABSTRACT. The boundedness and compactness of the so-called n-generalized com-
position operator ¢%™ from the class of Zygmund-type spaces into Qx (p, q) spaces
are characterized in this paper.

1. Introduction

Let A = {¢ € C: || < 1} be the open unit disc in the complex plane C, H(A)
denote the class of all analytic functions in A.
In [4], for each 0 € A, ¢, : A — A denotes the Mobius transformation defined by

0ol)i= T,

Green’s function of A with a logarithmic singularity at o, is defined as follows,

1
=1 .
9(c,0) = log c 8 1oa (@]

The known composition operator C@f(() = f(p(¢)), f € A has been studied
for many years (see [5-7,17]). From the recent research on the operator theory of
complex-type function spaces, we can introduce the n-generalized composition oper-
ators ¢ used in the current paper as

( ) / 7 ((€)a D (€)de.

where, g € H(A) and gD = dzci , with "n — 1” order derivatives, n € N.

for ( € A.

DEFINITION 1.1. (see [14]) Let K : [0,00) — [0,00) be a right continuous and

nondecreasing function. For 0 < p < oo and — 2 < g < oo, the space Qx(p,q) is
defined by

Qx(p,q) = sup / ) YK (9(C, 0))dA(C) < oo

geA
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If
lim sup/\f P(1— ¢[2) K (g(C, 0))dA(C) = 0,

lo|=17 oeA

then f € Qko(p, q).
Wulan and Zhou [13] mentioned the following properties of these spaces:
(1) For p =2, ¢ =0, we obtain Qx(p,q) = Qk (see [4]).
(2) For p=2, ¢ =0, and K(t) = t?, we obtain Qx(p,q) = Q, (see [1]).
(3) For K(t) =t*, Qx(p,q) = F(p,q,s) [3,16].

DEFINITION 1.2. For 0 < < o0, a function f € H(A) belongs to the Zygmund
space Zg if

sup | ()" (O)(1 = [¢*)"”
Ifllz, = [FO) +IF (O)] + +sup [((OI(1 C%)?

Zygmund-type spaces and some operators on them were studied in [2,9].

DEFINITION 1.3. (see [11]) The analytic function §f € A has the Hadamard gap
(also called as lacunary series) if §(¢) = > oo, ax(™, (with n, € N; for all k € N)
and there exists a constant A > 1 such that nfL—:l >\ for all k € N.

2. Preliminaries

We need the following lemmas to derive our results.

LEMMA 2.1. [15] Let § be a holomorphic function in A with the gap series expansion
= Z akcnk7 C € A:
k=1

where, for a constant \ > 1, the natural numbers ny, k > 1 satisfy "7’;—21 > A\. Then
f € B,, if and only if lim sup |a|n, * < oc.
k—o00
LEMMA 2.2. [18] Assume that {ny} is an increasing sequence of positive integers
satisfying % >AN>1forall k€ N. Let 0 < p < oo. Then there are two positive
constants, C'y and Cy, depending only on p and X\ such that

S 2 : L[ ing? Z . 2 2
01(;|ak|) §<%/ kzk ) < C, ;mm |

LEMMA 2.3. [8] Let 0 < 5 < o0, for f € Z3.

L For 0< 8 <1 [f'()] < +%5llflz, and [§(O)] < 25lfllz.;

2. For f=1.[f"(O <2 In =z fllz, and [F(O] < [[fllz;;

2Ifll =
3. For p>1. [f'(Q)| < W;
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4. For 1< <2 [f(Q) < m\!ﬂ!z@;

5. For 8=2. [ (Q)] < 2[fllz, In =2

2z,
B—1) (B-2) (-2

6. For 8> 2. [f(Q)] <

The following lemma follows by standard arguments of the corresponding results in

[12].

LEMMA 2.4. Let 0 < 8 < oo and K be a nonnegative non decreasing continuous
function on [0, 00). Assume ¢ is an analytic mapping from A into itself. Then C" :
Z3 = Qk(p,q) is compact if and only if for any bounded sequence {n,} € Zz which
converges to zero uniformly on compact subsets of A, Zliglo CE" 10| Qs (pg) = O-

The proof of following lemma is similar to the proof of Lemma 1 in [10].

LEMMA 2.5. Let 0 < 8 < co and K be a nonnegative non decreasing continuous
function on [0,00). Assume ¢ is an analytic mapping from A into itself. If cen
Z3 — Qk(p,q) is compact, then for any € there exists a §, 0 < 0 < 1 such that for all
fe Z/D’a

Sup/ 7' (Pl D (1 — [¢]*) K (9(C, 0))dA(C) < e
lp(¢)>r]

c€EA

holds whenever § < r < 1.

3. The boundedness of C" : Z; — Qx(p,q)
3.1. The case 0 < < 1.

THEOREM 3.1. Let 0 < 8 < 1, and g € H(A). Let ¢ € A be an analytic self-
mapping. Then, C$" : Z5 — Q(p, q) is bounded if and only if

cEA

1) i = sup / 8O (1 = [¢[A)K (9(C, 0))dA(C) < 0.

Proof. Assume that (1) holds and let f € Z3. By Lemma 2.3 (1) we have

, 2
F(©) < =511z,
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Hence

1CS Gy = Sup/l (C2") — [¢1*)" K (9(¢, ) dA(C)

cEA

= sup [ 1) QPISOF™ (1 = [¢B)K (9(¢. o )A)
s( )nfuzﬁsup [Pt = i (oA

= Clfl, su / B(O)P" (1 — [CP)YIK (g(C, 0))dA(C)
— ClflL, b

< Q.

It follows that C3" : Z3 — Qk(p, ¢) is bounded.
Conversely, we assume that C3" : Z5 — Qg (p, ) is bounded. Let h(¢) = ¢ € Z3,
then

p
oo > |[CZ"b]Ig

~ s / (CEm Y (C)P(1 = [¢[2)K (g(C, 0))dA(C)

oEA

— up / D) (OPIa(Q) P V(1 — ¢ K (g(C, 0))dA(Q)

geA

= sup/|9 QP D( — [¢*) K (9(C, 0))dA(C)

geA

Then (1) holds. The proof of this theorem is completed.

3.2. The case = 1.

THEOREM 3.2. Let =1 and g € H(A). Let ¢ € A be an analytic self-mapping.
Then

(a) C3" 25 — Qk(p,q) is bounded if
we = sup [ Io0P ) (g2 ) (- Rl )aA() < o0
(b) If C3": Z5 — Qr(p,q) is bounded, then
2
b= sup / 9017 (1= 1) In T (1 = KPR (0(C.))AK) < o0

Proof. (a) Let f € Z5, by Lemma 2.3 (2), we have

F(OI< 2 In \CI2 1125 -
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Then we have

12 = 30 [ 1CEOP( = PR (9(C A)

oEA

- sup /|f OPlg(OF"D(1 = [¢)1K (g(C, 0))dA(C)

< 21z, sup [ 100P (102 ) (0= 1CBR(9(6 o)A

= CIfIE,sup [ 1960~ [CF)K(9(C o)A
geN JA
— CIFE, b

< Q.
Hence C%" : Z5 — Qk(p,q) is bounded.

b) Assume that C%9" : Z5 — Qk(p,q) is bounded. Let h({) = ( € Z5. Then
b 5 5

sup / (O (1 — [¢2)K (9(C, 0))dA(C) < 00

oceN JA
Hence
su p(n—1) n; _112)e o
0 e OP I 1 = R (6, A
< In2 sup / QPO = [¢[2)K (9(C, 0))dA(C)
aeh Jip(Q)|<
@ < 2sup / — IR (g(¢, o)) AA(C) < o0,
oeA
Now, let

k
1 2
f(C)Z Z 2k+1'C2+1

() =Y ¥ e B,

k=0

By Lemma 2.1, from the relationship of Bloch space and Zygmund space, t € Z.
Let

k=00

t(¢) = t(e’¢) D

k=0

. (ejﬁC)Q’“—i-l'

2k +1
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Then we have ty € Z3. Thus

oo > |lcg"|PlltallZ,

sup / () P (L — |CP)YE (9(C, 0))dA(C)

ogEA

sup /
oeEA

o> 5

v

—~

w
~—
Y

Ze”k“” ¢ \m D = ¢ (g(C, o)) dA(Q).
So
1 21
e Pllolls, = o / s lel o
1 21
= — 90| |P| [t [P .
ol WA

Using Fubini’s theorem, Lemma 2.2 and (3), we have

1 2
o > o / G

> " up / B0 2 (¢ \\g VPO = ¢ (g(C, o)) AAC)
o€ Jip(Q)> 75
1 27rk 0o (2k+1)19 2 -
il J dA p(n—1) 1 — 1PV K
> sup /¢<<>> {QW / > <<>\ <<>}g<<>! (1= [P K (g(C, o))

1
75 k=0

k=00
> Csup/ ( \SD(C)\ZM) 9O (1 = [¢*) K (9(¢, 7).
|@(C)|>% k=0

ocEA
For 0 <r <1,
fe’e) oo 2k+1_7 ; fe'e)
1 T% 2 7“2) ok+1
1n1_T2227:Z 7327’
k=1 k=0 j=2k k=0
Then, we have
k=00 1
k+1
(O <1
— 1= Je(Q)?

Thus

1 2
> — 97| [t o] Pd)
00 27r/o e [P 1[E]]

su p(”’l)n—l — |¢|?)? o .
Wz o HOP 0 T~ KE PR 0)AQ)

ocEA

By using (2) and (4), I3 holds.
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3.3. The case (> 1.

THEOREM 3.3. Let § > 1, and g € H(A). Let ¢ € A be an analytic self-mapping.
Then C$" : Z3 — Qk(p, q) is bounded if

la(Q) .
flelf/A (1 — |o(O)P)PFED (1 —I¢IF)* K (g(¢, 0))dA(C) < o0

Proof. Let § € Z5. Then by Lemma 2.3 (3), we have

o< 2 il
FOI< 105 i
Then we have
I8 My = 512 [ CEIOP( = PR (9(C )AK)

— up / () (OPIa(C) PP (1 — [¢[2)K (9(C, 0))dAC)

oeN

27| |/|%, p(n—1)
< Zlflz, sup / ] (1= [CPY K (9(C 0))dAQ)

T=57 oh ) T= e QPP
p(n—1)
= s [ (4= ) (0(¢. o)A ()

< 0.

Hence C%" : Z5 — Qr(p, q) is bounded.

4. The compactness of C%": Z3 — Qx(p,q)

THEOREM 4.1. Let 0 < 8 < 1, and g € H(A). Let ¢ € A be an analytic self-
mapping. Then C$" : Z3 — Qk(p,q) is compact if and only if

o) sup [ 18(Q)1 (1= [CF) K al¢, ) dA(Q) < o0
and
(6) i Sup / o lg(OP (1 = [P E (9(¢, 0))dA(C) = 0.

Proof. Let {n,} be a bounded sequence in Zz, which converges to 0 uniformly on
compact subsets of A. We need to prove that [[C%"[|q,p.q — 0, 2 — oo. From (6),
we have that, for any € > 0, there exists an r, 0 < r < 1 such that

(7) sup / (O (1 = [¢2)K (9(C, 0))dA(C) < e
[o(Q)[>r

ocEN
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Using Lemma 2.3 (1), we have

sup / (CE ) (OP (1 — [CPYE (9(C, o)A

oEA

sup/ 7, (@ (O)Pla ()PP (1 = [¢[*) K (9(¢, ))dA(C)
lp(Q)|>r

geA

+ sup/ |7, (e (O)Pla ()P (1 = [¢[*) K (9(¢, ))dA(C)
le(Q)I<r

oEA

IA

< Clinfy, sup /| o SOPI P (G, o) A)
® >r

oEA

+ swp (@) s [ (o(QPI = K (9l 0)dA)
|o|<r oeN JoeA
By Cauchy’s estimate, {n,} also converges to 0 uniformly on compact subsets of A,
then
sup |n.(@)|? — 0,2 — oo,

|w|<r
Hence by (5) and (7), [[C&™n,|[
— Qk(p,q) is compact.

Conversely, assume that C%" : Z5 — Qk(p,q) is compact. Let h(¢) = ¢ € Zg,
then (5) holds. Using Lemma 2.5 we have

(8) Sup/ 7' (P(C)PIg(Q "D (1 = [¢1*) K (9(¢, 0))dA(C) < e.
p(Q)l>r

gEA

g — 01— oo By Lemma 2.4, C%" : Zjg

Let f(¢(¢)) = € Zsin (8), then

- / (O (1 = [¢2) K (9(C, 0))dA(C) < .
[p(Q)|>r

cEA

THEOREM 4.2. Let f =1, and g € H(A). Let ¢ € A be an analytic-self mapping.
If

) sup [ 18(Q)" (1= C)K (9(C. o)A <
and

im su p(n—1) n#p — 11?4 o -
10) Tmup [ (@ () (0~ 1K (€ o)A

then C8" : Z5 — Qk(p,q) is compact.

Proof. Let {n,} be a bounded sequence in Z5 which converges to 0 uniformly on
compact subsets of A. Using Lemma 2.4, we need to prove that [[C2"(|q,p.q — O,
1 — oo. From (10), for any £ > 0, there exists an , 0 < r < 1 such that,

s [ 1P () (0 (G <o
(>
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Using Lemma 2.3(2), we have

sup / (CE Y (OP(L — |2 (g(¢, 0))dAQ)
A

o€

< swp [ P IaOP™ = (PR (9(¢ )AK)
a€A Jlp(Q)|>r

s [ GO IaOP D (PR (9(¢ )A)
o€ Jlp(Q)l<r

IN

Cltz sp [ o0 (=) (1= KK a(¢.0)aA()

gEA

T+ sup [nl(@)P sup / L I8OPI = [P K (0(6.0)) A,

|w|<r oEA

By Cauchy’s estimate, {n,} also converges to 0 uniformly on compact subsets of A.
Then

(12) sup |n (@)’ — 0,2 — co.

|w|<r

Hence, by (9), (11) and (12), [|C%"n,|[¢
— Qk(p,q) is compact.

x(pa) 0, 2+ — co. By Lemma 2.4, C’gv” : 25

THEOREM 4.3. Let > 1, and g € H(A). Let ¢ € A be an analytic self-mapping.
If

(13 sup [ 18(Q)1 (1= [GF) K {al¢, o) dA() < o0

and

s [ O R ia©) ~0
oer Jipo)>r (1= |@(Q)[2)PB-1) ’ ’

then C§" : Z5 — Qk(p,q) is compact.

Proof. Let {n,} be a bounded sequence in Z5 which converges to 0 uniformly on
compact subsets of A. Using Lemma 2.4, we need to prove that [[C2"(|qp.q — O,
1 — oo. From (14), for any £ > 0, there exists an r, 0 < r < 1 such that,

a(Q)Y
15
(15) SEEAW 0= [p(O PP

(1= [CPE (9(¢, 7)) dAQ) < <.



70

T.I. Yassen

By Lemma 2.3 (3),

sup / (CE Y (P (1 — [CPYE (9(C, o)A
A

geA

sup/ [ ()18 (PP (1 — [¢11) 1K (9(¢, 0))dA(C)
Q>

IN

oEA

g€eA

+ sup / (2 (O)PIa(Q) P (1 = [¢2)7E (g(C, 0))dA(C)
lp(Q)I<r

IN

P |9(C>|p(n_l) 2
C||n, — 1K (g(¢,0))dA
Hn ||Zﬂ SIEJJIXD A(C)Dr (1 _ |90(C>|2)p(ﬁ_1) (1 K‘ ) (Q(C U)) (C)

+ sup (@) sup [ (O~ P K (G o)A

|w|<r

By Cauchy’s estimate, {n,} also converges to 0 uniformly on compact subsets of A.
Then

(16)

Hence, by (13), (15) and (16), [[C&™n,|[;

sup |n, (@)’ — 0,72 — co.

o] <r

K (0,9) — 0, © = oco0. By Lemma 2.4, (]3;” : 23

— QK (p,q) is compact.
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