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SEMILOCAL CONVERGENCE ANALYSIS OF THE THIRD ORDER
NEWTON-LIKE METHOD IN RIEMANNIAN MANIFOLDS

CHANDRESH PRASAD AND PRADIP KUMAR PARIDA*

ABSTRACT. In this paper, we present the semilocal convergence analysis of the
third order Newton-like method in Riemannian manifolds. We study the conver-
gence analysis of our method under Lipschitz continuity condition on the first order
covariant derivative of a vector field. Using normal coordinates the order of conver-
gence is derived. Finally, a numerical example is given to show the effectiveness of
our results.

1. Introduction

Many problems in civil engineering, chemical engineering, mechanics and numerical
optimization can be solved through nonlinear equation

(1) €(x) =0,

where € is a nonlinear operator defined in an open convex subset © of a Banach
space B into itself. The exact solution of these equations are difficult to find so
that we use iterative methods to solve these equations. Some study the convergence
of iterative methods usually based on semilocal and local convergence analysis. If
the convergence analysis which gives information about a solution and estimates the
radius of the convergence ball, then it is said to be local convergence where as if the
convergence analysis tells information about an initial point, then it is said to be
semilocal convergence. There are thousands of papers that can be found in literature
which devoted to study of so many iterative methods in Banach spaces [1-3]. The
third order Newton-like method [6,7] in Banach space to solve (1) is defined as:

Yn = Tp — Qfl(xn)_le(xn)a
¢ (2n) + € (yn)
2
where @ is first Fréchet derivative of €. As is known, the iterative methods of higher
order to find the zero of a nonlinear equation (1) have been studied in the past

years. The most important iterative methods are Newton’s, Halley, Super-Halley,
Chebyshev, Chebyshev-Halley, and the two-steps. The convergence of these methods

(2)

-1
Tpyl = Ty — ( > ¢(x,), for each n =0,1,2,...,
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in Banach space started with the work of Kantorovich in the 1960’s. There are
several proofs for the convergence and uniqueness of these methods under different
assumptions and the initial points considered, see [11-15]. The Newton-like method
is probably the best known whose iterative procedure is cubic for solving nonlinear
equations, in the same way as in Banach spaces [6]. Recently, there has been a growing
interest in studying iterative methods in Riemannian manifolds, since there are many
numerical problems in manifolds that arise in many contexts (see for instance [5]
and the references therein). In developing iterative method from Banach space to
Riemannian manifold creates some difficulties which did not happen in Banach spaces.
Some difficulties are, in Banach spaces the space B and T, B at a point a are isomorphic
so that it is legitimate to sum points and vectors but in Riemannian manifold this
does not happen. For this reason we have used the exponential function. Another
difficulty is ordinary derivative as ordinary derivative is sufficient to define a iterative
method in Banach space but in manifold ordinary derivative is not necessary tangent
to the manifold because of this we have used covariant derivative to define a iterative
method in manifold. Other kind of difficulty is unlike Banach spaces geodesics are
straight lines but in manifolds open balls are not necessarily geodesically convex. The
result obtained in this paper is basically to find the singular point of a vector fields
in Riemannian manifolds. We will also prove the convergence and uniqueness of our
iterative method using recurrence relations. To do this we will use some basic results
of differential geometry.

The paper is divided into six sections as follows: Section 1 is the introduction.
In Section 2, we discuss some basic properties of differential geometry. In Section 3,
we present the semilocal convergence analysis of the third order Newton-like method
under Lipschitz continuity condition on the first order covariant derivative of a vector
field to approximate the zero of a vector field in Riemannian manifolds. In Section
4, order of convergence using normal coordinates are given. In Section 5, an example
is given to show the effectiveness of our results. Finally, in Section 6, conclusion is
given.

2. Preliminaries

In this section, we discuss some basic results of differential geometry (see [8], [18]).

DEFINITION 2.1. Let Z be a real n dimensional Riemannian manifold. The tangent
space of Z at a is denoted by 7, Z. The inner product (., .), on 7, Z induces the norm
I|-|la- The tangent bundle of Z is denoted by T'Z and is defined by

T7Z :={(a,v);a € Zandv e T, Z} = U T.Z.
acZz

Let a,t € Z, and let ¢ : [0,1] — Z be a piecewise smooth curve joining the points a
and t. Then the arc length of g is defined by

1 1 dg dg %
l — / d = _— d
(0) /0 |0'(x)||dz /O<d$,dm> T

and the Riemannian distance from a to ¢ is defined by
d(a, t) = inf (o),
e
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where the infimum is taken over all the piecewise smooth curves o connecting a and
t.

DEFINITION 2.2. A vector field X is a map X : Z — T'Z such that X(a) € 7,2
for any a € Z.

DEFINITION 2.3. Let x(Z) be the set of all vector fields of class C* on Z and D(Z)
the ring of real-valued functions of class C'**° defined on Z. An affine connection V on
Z is a mapping

Vx(Z) x x(Z2) = x(2)
(X,ﬂ) — VU

that satisfies the following properties

(i) VwaﬂQI = fVxU + gVU.
(i) V(4 + V) = Vil + V0.
(iif) Vx(fU) = fVxU+ X)L,

where X, U, U € x(Z) and f ,g9 € D(Z).

DEFINITION 2.4. Let 4 be a vector field of class C! on Z, the covariant derivative of
il is determined by the connection V which defines on each a € Z a linear application

of T, Z itself

Dsl(a) : TuZ — T, Z
v — Dil(a)(v) = Vxil(a),

)
where X is a vector field satisfying X (a) = v.

DEFINITION 2.5. A geodesic in Z connecting the points a and t is called a mini-
mizing geodesic if its arc length equals its Riemannian distance between a and t.

DEFINITION 2.6. A parametrized curve o : I C R — Z is a geodesic at py € I, if
Voo (p) =0 at the point py. If ¢ is a geodesic for all p € I, we say o is a geodesic.
If [z,y] C I, o is a geodesic segment joining o(x) to o(y).

A basic property of geodesic is that ¢'(p) is parallel along o(p); this implies that
llo'(p)] is constant.

Let U(a,s) and Ula, s| be an open and a closed geodesic ball with centre a and
radius s respectively. By the Hopf-Rinow theorem (see [17]), if Z is a complete metric
space, then for any a,t € Z there exists a geodesic p, called the minimizing geodesic
o joining a to t with

l(o) = d(a,t).

Moreover, if v € T,Z then there exists a unique minimizing geodesic p such that
0(0) = a and ¢'(0) = v. The point p(1) is called the image of v by the exponential
map at a, i.e.

exp, : 1o Z — Z,

such that exp,(v) = o(1) and o(p) = exp,(pv), for any p € [0, 1].
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DEFINITION 2.7. Let p be a piecewise smooth curve. Then for any =,y € R, the
parallel transport along ¢ is denoted by R, . and given by

Roy : Tow)Z = Tow)Z
v Vie()),
where V' is the unique vector field along ¢ such that V)V =0 and V(o(z)) = v.

DEFINITION 2.8. Let j € N and 4 be a vector field of class C*. Then the covariant
derivative of order j of { is denoted by D74 and defined as the multilinear map
DisL: CH(TZ) x CH(TZ) x -+ x C*(TZ) — C*(TZ)

/

~~
j-times

which is given by
DISI(Ay, Ay, .. Aj 1, A) = VaD? 7 UU(A) Ay A )

j—1

(3) = DITUU(Ay, Ay, VaAi L A,
i=1

for all Ay, Ay, ..., A1 € CH(T2Z).
DEFINITION 2.9. A set H in a Riemannian manifold Z is called convex if for any
pair of points a, ¢t € H any minimizing geodesic [a, t] lies in H.

DEFINITION 2.10. Let Z be a Riemannian manifold, 2 C Z be an open convex set,
and 4 € x(Z). Then the covariant derivative Dil = V() is Lipschitz with constant
K > 0, if for any geodesic ¢ and x,y € R such that o[z,y] C Q, it satisfies the
inequality

| Ruye DU(0()) Ry — Do) < K / "l ) dp.

We will write DU € Lipg(§2). If Z = R™, then the above definition is the same as the
usual Lipschitz condition for the operator D : Z — Z.

LEMMA 2.11. (Banach’s lemma ( [9])) Let P be an invertible bounded linear op-
erator in a Banach space B and () be a bounded linear operator in B. If

IPQ -1l <1
then () is invertible and
B P—l P—l
o< e I
L—[|P7tQ —1I|| = 1= [[PH||Q — P
Moreover,
1 1
Q™' P| < - < - :
L—[[P71Q—1I|| = 1= [[PH||Q — P

Now, we take some theorems from [8] which are useful to prove our convergence of
iterative method and the proofs are given there.

THEOREM 2.12. Let o be a geodesic in Z and let & be a C'-vector field on Z.
Then,

(4) Rusoti(o(t) = $(0(0) + [  Ryoo DX1(0(0)) 2 (6)d6.
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THEOREM 2.13. Let o be a geodesic in Z and let i be a C?-vector field on Z.
Then,

Ry0DU(0(t))d' (t) = DU(0(0))d'(0) + /0 t R, 00D?8U(0(0))(c'(0), ¢'(0))d6.

3. Third order Newton-like method in Riemannian manifolds

In this section, we will establish the semilocal convergence analysis of the third
order Newton-like method in Riemannian manifolds. The third order Newton-like
method (2) in Riemannian manifolds has the form

fn = _Fnﬂ(an)a )
bn = eXpan(fn)’
W, (t) = exp,, (tfn),
R (Du(an) + R%,lz,oDu(bn)R%,o,l > ‘111(%)7
Unt1 = €xXp,, (gn), for each n =0,1,2,...,

where DU(a,) = V()i(a,) and T, = DiU(a,)~". Let ag € Q@ C Z and assume that
L ||ITol| <&, € >0,
2. ||F0u(a’0)H < Ca C > OJ
3. | Ropa DM(0(b)) Ry — Dil(o(a))]| < K [ | (w)|lda, K >0,
where p is the geodesic such that ofa,b] C Q.

Let g = K&(C and for all n > 1, we define the sequences

(6) Yn = A(xn)B(7r), Tny1 = 20 A(20)Yn,
where
) Afa) = 5
a(4 —a)
(8) B(a) = Qa2

Let by be the smallest positive zero of the polynomial C(a) = 5a® — 8a + 2, then
by = 0.310102. .. Before studying the convergence of (5), we will first analyze some
properties of real functions given in (7)-(8) and then about the sequence {z,}.

LEMMA 3.1. Let A(a) and B(a) be the real valued functions, which is given by (7)
and (8), then, for a € (0, by

1. A, B are increasing and A(a) > 1,

2. A(Aa) < A(a) and B(Ma) < AB(a), for X € (0,1).

Proof. 1t is easy to prove and hence omitted. O]

LEMMA 3.2. Let z € (0, by|, then,

1.y, A(z,) <1,
2. {z,}, {yn} are decreasing sequence and x, < 1, for all n > 1.
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Proof. See [6]. O

LEMMA 3.3. Suppose that all the assumptions of Lemma 3.2 holds and define
¢ = x1/x0, then, for n > 1, we have

Low, <% 'y <% g, forn > 2,

2. yn < 6%/ A(xo).

Proof. See [6]. O

LEMMA 3.4. Let 4 be a vector field of class C' and let Y, (t) = exp, (tgn) be a
family of geodesically convex neighborhoods with minimizing geodesics, then, for all
n > 0, we have

R\pn’l,oDu(bn)R\pn’O,l + Dil(an) > -1 [Rq/ml’oDu(bn)R\pmoyl — Dil(an)

DR, 0t (ani1) = - >
1

x Tpil(ay,) + / Lo [Rr, 60 DAY, (8) R, 00 — D8 (ay) | Y7, (0)dt.
0

Proof. We have
FnRTn,l,Ou(an+1> :Fnu(an> + FnRTn,l,Ou(an+1> - Fnu(an>

1
:Fnil(an)+/ Ln Ry, 10 DY, () R, 04X, (0)dt
0

1
T, 8(ay) + T (0) + / (TR, 10 DA(To(8) Ry 00 — L, ) Y (0)dt
0

Dﬂ((ln) + R\Ifn,l,ODLl<bn)R\Ifn,0,1 ) _li,l(a )
9 n

=I',Ua,) — (

1
+ / o[ R, o DU (1) B, 0 — D) T4 (01
0

[I B (Dil(an) + Ry, 1,0D84(bn) Ry, 0.1
an 2

) 1Du(an)} r,84(a,)

1
n / r, [RTMLODLL(Tn(t))RTmQt—Dﬂ(an)}T;(O)dt
0

_(Dﬂ(an) + Ry, 1,0DU(by) Ry, 01 > -1
2
% [an,l,ODu(bn)R\I/n,O,l + Dﬂ(an)
2

1
+ / o[ R, 0 DS, (8) R, 0 — Dil(a,)| X (0)ds
0

:<Dﬂ(an) + Ry, 1,0D(b,) Ry, 01 ) -1
2
% [an,l,ODu(bn)R\I/n,O,l — Dﬂ(an)
2

- Dﬂ(an)} T,8(an)

} T,8(a,)

1
+ / T | R, 0 DT () B, 00 — Dil(an)| 77, (0)
0

Now, we are going to prove our theorem.
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THEOREM 3.5. Let Z be a complete Riemannian manifold, 0 C Z be an open
convex set, and Y € x(Z) satisfies the conditions (1) — (3) with:

1
0<axy < bo, MSKC < 5, V[ao,MC] C Q,

where k = ﬁ and M = m Then, the method given by (5) converges to

xo
a singular point a* of the vector field 84 and the singularity a*, the iterations a,, b,

belong to V{ag, M (], and a* is unique in V']ay, M].

Proof. Firstly, we shall prove that the following statements are true for n > 1, by
using the principle of mathematical induction:

ITn Ry, 01000 < A(zna),

) d(bna an) S yn—ld(bn—la an—l)a

I K||T,||d(bp, an) < zp,

IV) d(api1,an) < 2/(2 = x,)d(by, ap),

V) d(ani1,0n) < (4 —20)/(2 = 2,)d(br; ay).

Before proving the inequalities (1) — (V'), we will prove some results and later will be

used to prove (I) — (V). Now, we get K ||T'||d(bo, ag) < KEC = xq as [y exists and we
have
x

1
<5 K|ITolld(bo, ao) < 50 <1.

R\pml?gDﬂ(bo)R\yO’o,l + Dil(ao)

D(ag) — Ry, 1,0D8(bo) Ry 0,1
5 0

2

r

Iao - FO

Ry ,1,0D8(bo) Ry ,0,1+DU(ao)
2

-1
By Banach’s lemma, < > DU(ap) exists and

H (quo,l,oDﬂ(bo)R%,o,l + Dﬂ(a0)>_1DM(ao) < 2
2 — X0
Since an41 = exp,, (gn), for n = 0, we have
d(a1, ao) =||gol
< | (oo PECn ot = BN by | D) s
§2 _2%61(50, ap)

and

4
d(ay, by) < d(ar,ap) + d(ag, by) < 2 xod(bo,ao)-

Now, we will prove the conditions (1) — (V') for n > 1. We have
[ 1ay — ToRrg1,0DU(a1) Ryg 0|
=||Toll | D(ao) — Ryy,1,0DU(ar) Ryy o1l < K|Tol|d(ay, ao)
2 2
K¢d(bo, ao) < il

— T — Ty

<

< 1.




102 C. Prasad and P. K. Parida

By Banach’s lemma , I'y exists and
2 — i

IT1 Ry 01T | < 5 ey A(zo).
Now, by Lemma 3.4,
[ToRorg,1,08H(a1)|]
:| (nyog,oDﬂ(bo)fZ\pO,og + Dil(%))‘l [R\Ifg,l,ODLl(bO)RZ\IIO,O,l — Dﬂ(ao)]

1
xF&Ka@%i/ Lo [Rry 00 DSU(Yo(t)) R0 — DSk{as)] Th(0)dt
0

2
2—.7)0

K K
< HFOHEd(bOaCLo)z + ||F0H5d(a1,a0)2

2K
2 2
5= 52 ol 00)* + Vol =5 (o, )

330(4 — $0) -
Smd(bo, (10) = B(l’o)d(bo, ao).

So that
d(by, ar) = f1]l = IT18a1) || = [IT1 Rr,01L0 ' ToRro1,04(ar) |
<1y R 0105 I T0 Rerg, 1,084 (ar) || < A(zo)B(wo)d(bo, ag) = yod(bo, ao).-

<

Also

I
IToll  _ 4(a) ol

I < =
|| 1H - 1-2(L’0/2—I0

K|y [ld(by, a1) < K|[To||A(0)*B(w0)d(bo, a0) = zoA(z0)yo = 1.
Again as Iy exists , therefore
1Rx1/1,1,0D5J(51)R\1/1,0,1 + D8(ay) ‘ _ ‘ 1DLl(a1) — Ry, 1,0D3(b1) Ry, 01
1 T
§§K||F1||d(b1,a1) S ? < 1.

I, =T
2

r

2

Ry, 1,0DU(b1) Ry, 0,1+Di(a1)
2

-1
By Banach’s lemma, < > Dil(ay) exists and

Ry, 10DU(b1) Ry, 01 + Dil(ay)\ ! 2
1, 0, < '
H( 2 ) Dﬂ(al) - 2—171
We obtain that
Ruy 10D8(b1) Ry, o1 + D8l(a1)\ -1 )
don, ) || < | (FeroP2 s £ BN by | (o) (o)
<
_2_9[;10[(51,@1)

and

44—z
d(az,b1) < d(az,ar) + d(ay,by) < 5 1d(b1,a1).
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Therefore all the conditions (I) — (V') for n = 1 hold. Suppose it holds for n =
2,3,4,..., k. Then, we will prove it for n = k + 1. As K||T'x||d(bx, ax) < x. We have
HIak - FkRTk,l,ODu(akJrl)RTk,O,lH
=Tl | DU(ar) — By 1,0D8(ak1) Ry 01l < K| Tlld(an1, ax)

<

ka
K||Tk||d(b < < 1.
- 1T | (k7ak)_2—9§k

By Banach’s lemma , 'y, exists and

_ 2 — T
||Fk+1RTk,O,1Fk1|| S 9 _ 3l‘k = A(ZEk)
Now, by Lemma 3.4,
1Tk Ry, 1,08 (k1) |
_‘ <R\I/k,1,oDﬂ(bk)quk,o,1 + Dil(ak)>—1 [Rq,k,LoDﬂ(bk)Rq,km _ Dﬂ.(ak)}
= 5 5

1
X Fkﬂ(ak) + / Iy [RTk,t,OD/u(Tk(t))RTk,O,t — Dil(ak)] T;(O)dt
0

2 K K
Sp— 1% = (b ar)? + 1Tl 5 dlak, a)?

K 2K
< Telld(b 2 T'p||———=d(b 2
_2_ka klld(bk, ax)” + || k“(2—xk)2 (b, ax)

(4 — xp) B
_Wd(bk, ak) = B(xk)d(bk, (lk).

So that

<

d(bgs1, ars1) =|| ot
=|Trs1tl(@rs1) || = [Trs1 Ry, 0105 TrRr, 1,08 (k)|
< Thr1 Ry 0T Tk Roey 1,080 (@s ) |
<A(zy)B(xr)d(bg, ar) = yrd(by, ar,).
Also
1T
2a1/2 — xy,

IPesall < 77— = A(zg) [Tk,

K|Txsalld(Orirs arr) < K| TellA(zw)*Bar)d(b, ar) = wpA(zg)ys = Tpir.
Now,
Ry, 1,0DU(br11) R,y 01 + DiU(agi1)

]ak+1 - Fk+1

2
‘ Dil(ag11) — R,y 10D8(b11) Ra, 1 01
= Fk+1 9
1 T
§§K\|Fk+1Hd(bk+1>ak+1) < k; <L
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lz\llk 1 OEu(bk+1)lz\I/ 0,1 ( k 1) .
+1> k+1>Y Dil(a +
) Du(ak ]) exists alld

(R\I/k+17170Dﬂ(bk+l)R‘I’k+1,0,1 + Dil(ak+1)
2

By Banach’s lemma, <

2

2= Zp

) Dit(a)| <

Thus, we have

d(ak+2, ak+1) = || gr41l]

< H (R\Pkﬂ’l’ODﬂ(ka>R;k“’0’l hi Dﬂ(akﬂ)) Dil(ay41)|| || DM (ags1) " U ap1) |
<Ld(bk+1, ak+1)
T2 = T
and
d(ak+2, bpt1) < d(agyo, appr) + d(ags, bpgr) < 4_ﬂd(b/&-&-l, Ay1)-

— Tk+1

Hence by mathematical induction it holds for all n € N. Now, to prove the sequence

{a,} is convergent, it will be sufficient to show that it is Cauchy sequence. By Lemma

3.2, for zyp = by, we have C(z() = 0 and A(zo)yo = 1. We have from (6), z, = z,_1 =
- =1x9 and Yy, = y,—1 = -+ = yo. From condition (/]), we have

d(bn7 an) S ynfld(bnfly anfl) = yOd(bnfla an71> S e S Z/gd(bm aO)S’inC

and

d(an—i-la an) S d(bna a’n) S

-z, 2 — :L’OK ¢
Thus, we have
d(am—i-na a'm) Sd(am—wn am—l—n—l) + e + d(am+17 am)

2 2™ /1 — kK"
9 <_ = m+n—1 m — ( )
) _2—:1:0[/i + +K}C 2—x9\1—k& ¢

From (9), {a,} is a Cauchy sequence as k < 1. Let 0 < zy < by and C(z() > 0. Now
from conditions (1) — (V) and Lemma 3.3(2), for n > 1, we have

— n

d<bna an) Syn—ld(bn—la Ap— 1 = H b07 Qg S (§2i/€)c == §2n_1/’€nC7

i=0
where ¢ = x1 /29 < 1 and kK = 1/ A(z9) < 1. We obtain that

I
—

s
Il
o

d<an+m, ) <d(p g, am+n—1> + o+ d(amy, am)

2 2
Smd(bn-s—m—h Uman—1) + -+ P

d(by, am)

2 2m+n7171

< K:ern*lC e 2m71/im<
T2 Tm4n—1 2 — T,

2f</m m-r+n— m
< [gz + 1—1/€n—1_‘__”_‘_§2 _1}C
2—x,

26" 1k 2m[2n=1_1] n—1 2m[2—1]
Sm[g K +---+g I‘i+1:|<

S
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We know by Bernoulli’s inequality that for every z € R > —1 and k € Z > 0, we have
(14 2)* — 1 > kz. Therefore if we take z = 1 we have the following

[g2M[2"*1—1]Hn—1 NI A P 1}

1— ¢

1—¢2"k

n

< [(gszﬁ)n_l + (§2m/<c)"_2 +o41] =

Hence, we get

2§2m_1lim 1 — gZWnFGn
10 d n+my Um S X

As¢<land M =2/((2 — x9)(1 — sk)), then from (10), we have for m = 0,

2 1—¢"k"
11 d(a,,ap)< <MC.
(11) (a ao)_Q—xo 8 1—ck C<M¢

C.

Therefore a,, € V{ag, M(]. Also b, € V]ag, M(], as

d(bnt1, a0) <d(bny1, ang1) + d(angr, an) + -+ + d(a, ag)

2
Sd<b'r7,—i-17 an—i—l) + 9 xnda)na an) + o+ 2 $0d(b07 CL())
2 2
§2_—%+1d(bn+1, Api1) + -+ 5 :Egd<b0’ aop)
_ n+l,.n+1
<< 2 1o ¢<MC.

—2—1x 1—¢k

Taking n — oo in (9) or (11), we get a* € V]ag, M(]. Now, to prove a* is a singular
point of {, we find the bounds of ||Di(a,)||. For this let 6 be a geodesically convex
neighborhoods with minimizing geodesic such that 6(0) = ap and §(1) = a,. By using
Theorem 2.13, we have

1D (an)]|

=||Rs1,0DU(an)Rs01 + Dil(ag) — D(ap)||
<[|Rs1,0DU(an) Rs0,1 — DiU(ao)|| + || DL(ao)|
<||[DiU(ao)|| + KM(.

Then, from (5), we have
[lan) || = D&l(an) full < DU an)[[[[ foll = [[D&(an)|d(bn, an).

Since || D4U(ay,)]| is bounded and d(b,,, a,,) — 0, when n — oo, we obtain that ||{(a*)|| <
0, thus $(a*) = 0. Now, we will prove the singularity is unique, before that we will

find the bounds of ||T',||. We have

1
| Rs.1.0DM(an)Rs01 — DU (ap)|| < K/ 16"(0)|lds = Kd(ay,,aq)< KMC¢
0

and

||F0||||R5,1’0Dil(an)R570’1 — Dﬂ(ao)H < §KMC < 1.
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So that Rs10D(a,)Rs0, is invertible by Banach’s lemma and
L0l =[|Rs 1,00 nRs 0|

| Tol|
<
1 —||Tolll| Rs 1,0 D an) Rs 0,1 — DiU(ao)||
PR
ST KeMC

Now, let a** be an another singularity of & in V]ag, M(] and ¢ be a geodesically
convex neighborhoods with minimizing geodesic such that 9¥(0) = a* and J(1) = a™*
Then we have

t
[ R0 DU () Ry 0.0 — DEU(a”)[| < K/ 19(0)|ds
0
=Ktd(a*,a™) < Kt(d(ao, a*) + d(ao, a**)).
Hence

1
IDg(a") | / [[1B29,10 DI (1)) R o1t — Dl(a”)]|dt
0

1
Sm/o' Kt(d(ao,a*) +d(a0,a**)>dt
K

By Banach’s lemma, the operator fol Ry 1o DU(V(t)) Ry 0,dt is invertible and we have
1
0= Rg,ljoﬂ(a**) — ﬂ(a*) = / RﬂmoDﬂ(ﬁ(t))R&O,t(ﬁ,(()))dt.
0

Therefore ¥'(0) = 0. As 0 = ||9(0)|| = d(a*, a**), we get a* = a™*. Hence the proof is
complete. O

4. Order of convergence of the Newton-like method in Riemannian man-
ifolds

In this section, we will study the order of convergence of the Newton-like method
in Riemannian manifolds.

DEFINITION 4.1. ( [10]) Let Z be a complete Riemannian manifold and {a,} be a
sequence in Z converges to a*. If there is a chart (U, h) of a* and constants [ > 0 and
T > 0 such that

(12) 1™ (@ns1) = h (@)l < TA™H(an) = 27 (@)

holds for all sufficiently large n, we say that {a,} converges to a* with order at least
[.

REMARK 4.2. The above definition do not depend on the choice of the chart i.e.
if (Y, z) is another chart of a*, then (12) holds changing h by z and constant ¥ by
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£ [16]. So that, we can assume U is a normal neighborhood of each of its points, see
Theorem 3.7 in [17]. Since in a totally normal neighborhood U of a*,

(13) d(a,b) = || expg () — exp, /(D).
for all a,b € U and for all sufficiently large n, we can rewrite (12) as
d(any1,a") < Td(an,a*)".

Now, we will prove the order of convergence of the Newton-like method in Rie-

mannian manifolds. Before that, we will prove the order of convergence of the iterative
method defined by

o = — (Dil(an) —+ R\yn7170Dﬂ(bn)qun7071
" 2
Ant1 = €xp,, (gn), for each n =0,1,2,...

(14) >1u(“")’

.For this, we will prove a lemma.

LEMMA 4.3. Let Z be a complete Riemannian manifold, ) C Z be an open convex
set, 4 € x(Z), and a(t) = exp, (tv).

Then,
R DuU(b,)R D¥U(ay,
Ropotl(a(t)) = t(a,) + ¢ DttoD2 0 n0a £ PUE)Y, 4 )
with
K
1RO < 5 (ol + dCan, b))l

Proof. From (4), we have

Rusotl(a(t)) = U(an) + /0 s o DS((5)) Ruvg s (0)ds.

Thus

R\ymLoDﬂ(bn)R\pmoJ + Dﬂ(an)>v
2

Ry, 10D(by) Ry, 01 + Dﬂ(%))y) ds

2 )

Rasotl(a(t)) — W(an) — t(

— /Ot (Ra’s,oDu(a(S))Ra,o,s(U) - (

letting

R(t) = /0 t (Ra,s,opum(s))zea,o,s(v) _ (

we obtain

R\pn,LoDﬂ(bn)i\pn,og + Dil(%))y) ds,

1 t
R < 5/ 12Ra,s0 DU((8)) Rao,s — D(an) — Ry, 1,0DH(bn) Ry, 0.1/ ||v]|ds
0
1 t
- / 120y 0 DS((5)) Rugs — 2D8K(an) + D$K(ay) — R, 10 D8(be) R o]|[[v]]ds
0

K
<5 ([lo] + td(an, bu) o]l
Therefore

IR <

K
5 (Il + dan, bu) el
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]

THEOREM 4.4. (Order of convergence) The iterative method given in (14) is of
order one.

Proof. By Lemma 4.3, if « is a geodesically convex neighborhoods with minimizing
geodesic joining a,, to a* defined by
a(t) = exp, (tvn),
where v, € T,, Z and d(a,, a*) = ||v,||. Then,

R DuU(b,)R Di(a,
(15) Ra,t,Oﬂ(a*) :il(an) + ( ¥,,1,0 u( ) 2\I!n,0,1 + u<a )>’Un+R(1)
with
K
IROI < - (lvall + d(@n, b)) [onll-
Therefore, from (15), we have
O p—

<R\I/n,1,0Du(bn)R\I/n,0,l + Dﬂ(an)>_1u(a ) + vn + (R\I/n,l,ODu<bn)R\I/n,0,l + Dﬂ(an)>_1R(1)

2 " " 2 '
Since

_<R\Iln’1’0Du(bn)lE;‘ljmo’l - Du(an)>_ u<an) - eXpa (anJrl) and Un = eXpa ( *)7

we have

—1
expy (ansr) — expy (a”) = (Tent0 D v+ DULY gy

we conclude that
d(an41,a") = || eXP;}(anH) — exp;nl(a*)H

_ H R\pml’QDﬂ(bn)R\pmo,l + Dﬂ(an) ) _lR(l) H
2

qun 1 oDﬂ(b )R\p ,0,1 + DL[ CLn ||R
- 2

2K
<
=424, (anH + d(an, bn)) ]|

2K

+ 1)d(an, by)d(ay,a").
If n is sufficiently large, then d(a,,a*) < d(ay,b,), and therefore
d(ay,,a*)
—41) <2
(d(an, ) ) S
and then, for b,, sufficiently close to a*,
d<an+17 a*) S Nod(an7 bn)d<an7 CL*),
1T - O

with N() 1—2a. 2a
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REMARK 4.5. If we fix a; sufficiently close to a*, then, the calculations made in
the Theorem 4.4 become in

d(ant1,a") < Nid(aj,a”)d(an, a”),
with N; < %HF,IH. Thus,
(16) d(ant1,a”) < Nd(a;,a™)d(an, a"),

with N < 4|1, |.

Now, we can prove the order of convergence of the Newton-like method in Rie-
mannian manifolds.

THEOREM 4.6. Under the hypotheses of Theorem 3.5, the method described in (5)
converges with order of convergence 3.

Proof. Since
d(a'n-l—la a’n) S d<an+17 bn) + d(bTm an)-

Now, from Theorem 3.5 the sequence {a,} converges to a*. Also, the convergence
order of the Newton method in Riemannian manifold is two (for proof see Lemma 28
(i) [10] ) and by using (16), we have

d(any1,a*) < Nd(ay,a*)d(b,,a*) < Nd(a,,a*)Cd(a,,a*)* = NCd(a,,a*)*.

5. Numerical examples

In this section, a numerical example is given to show the effectiveness of our results.
EXAMPLE 5.1. Let us consider the vector field W : R?® — R3 given by
W(a) =W (a1, as, ag)T = (a1a3,aza3,a3 — 1.001)T

with Frobenius norm and let $f = W|g> be a vector field on §% = {a;,as,a3 € R :
a? + a3 + a3 = 1.001}. Then it can be easily verified that

W|g2(a) € T,8*V a € S°.

Now, the derivative D4l using the algorithm given in [4] in the tangent plane of S§? is
given by

at — a2 —a}(—1+a+a2) —aas(—1+ a3+ a2+ a?)
—ajag(—1+a? +a3+a3) ay—ai—ai(—1+a?+a)

Next, by using the method of Lagrange’s multipliers, we find that
K = sup{D(ay, as,a3) : a? + a3 + a3 = 1.001} = 0.0005
is Lipschitz constant of DL Initially for ag = (1/v/2,0.0316,1/v/2)7, we get

1
0 <zp=0.0014 <byg=0.310102..., MEK( =0.00142 < 5

Hence all the assumptions for convergence are satisfied. By the Newton-like method
on S?, we get the solution. The results are in the Table 1, which shows that (a;)
converges to the singularity (0,0,1.0003)”. The numerical calculations and the error
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of our proposed iterative method has done by the help of MATLAB R2021a software
and we have calculated the iterations with tolerance 10719,

TABLE 1. Results of the Newton-like method on S? :

Iterations a; [|¢(a:)]] d(ait1,a;)
7.071068¢ — 01
0 3.160000e — 02 7.074597e-01 0

7.071068e — 01
9.785461e — 02
1 4.373039¢ — 03 | 7.074597e-01 6.746070e-01
9.954904e — 01
1.580080e — 04
2 7.061243e — 06 | 9.792490e-02 9.791206e-02
1.000295¢ + 00
6.576326e — 13
3 2.938904e — 14 | 6.109799e-04 1.581657e-04
1.000295¢ + 00

TABLE 2. Results of the Newton’s method on S

Iterations a; [140(a;)] d(ait1, a;)
7.071068e — 01
0 3.160000e — 02 7.074597¢-01 0

7.071068e — 01

—2.125536e — 01
1 —9.498837¢ — 03

9.772522¢ — 01

7.074597e-01  9.593971e-01

N}

3.340510e — 03

1.492846e — 04 2.127349e-01 2.173174e-01
1.000133¢ + 00

—1.244017e — 08

3 —5.559408e — 10

1.000139¢ + 00

3.354875e-03  3.343862¢-03

N

1.654361e — 24
1.033976e — 25 2.774689%e-04 1.245259e-08
1.000139¢ + 00

Algorithm (Newton-like method Algorithm on the sphere S?)
1. To define & = (hy, he, h3) and ax = (a1, Gk, A3t )

2. To calculate U(ax) = (h1(ax), ho(ar), hs(ax)).

3. To calculate

C11 ak =a1; | M T3 amkhm,zgalk

3
— G3k hl,xl - E amkhm,mlalk
hl,xg - E amkhm,zgalk

( )
(i )
=i (1 (s — z i)
( )

C22 ak =2k h2 ,T3 E amkhmxgaﬂc — 3k hQ,mQ - E amkhm,w2a2k
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where h; .. is the partial derivative of h; with respect to z; at the point a.

4. To calculate »
e G ) I () B

_a3kf1k
Jr=— —asy, for and || fi]-
asg for + a1k fik

5. To calculate

6. To calculate

b = cos(| full)ax + = sin(|| fsl}) f
A

7. To calculate

(m>:_(qmm+qam qmm+qu>*cm%v_

G2k coalak) + co1(bg) coo(ar) + ca2(by)

8. To calculate

—agkdik

—as3k92k and [|gx||.
292k + Q1£91K

gk

9. To calculate

1
a1 = cos(||grll)ar + m sin(||gx|)gx-

6. Conclusion

In this paper, we have studied the third order Newton-like method in Riemannian
manifolds to find singular point of a vector field. Recurrence relations are developed
to establish the convergence of the Newton-like method in Riemannian manifolds.
Using recurrence relations existence and uniqueness theorem is derived. Also we have
derived the order of convergence of our proposed method. The scope of studying
modified Newton methods on manifolds is a vibrant area of research with significant
theoretical depth and diverse applications, particularly in optimization and machine
learning. The concrete directions for future work is developing new algorithms with
improved computational efficiency and faster convergence rates. Finally, a numerical
example is given to show the effectiveness of our results.
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