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CHARACTERIZATIONS OF BIHOM-ALTERNATIVE(-LEIBNIZ)
ALGEBRAS THROUGH ASSOCIATED BIHOM-AKIVIS ALGEBRAS

SYLVAIN ATTAN

ABSTRACT. BiHom-Akivis algebras are introduced. It is shown that BiHom-Akivis
algebras can be obtained either from Akivis algebras by twisting along two algebra
morphisms or from a regular BiHom-algebra via the BiHom-commutator-BiHom-
associator algebra. It is also proved that a BiHom-Akivis algebra associated to a
regular BiHom-alternative algebra is a BiHom-Malcev algebra. Using the BiHom-
Akivis algebra associated to a given regular BiHom-Leibniz algebra, a necessary
and sufficient condition for BiHom-Lie admissibility of BiHom-Leibniz algebras is
obtained.

1. Introduction

An Akivis algebra (A, {.,.},{.,.,.}) is a vector space A together with a bilinear
skew-symmetric map (z,y) — {z,y} and a trilinear map (x,y,z) — {z,y,z}
satisfying the following so-called Akivis identity for all x,y,z € A :

(1) Ox,y,z {x7 {y7 Z}} :Oz,y,z {x7 y? Z}_ Ox,y,z {y? x? z}'

Initially called "W-algebras” [3] and later Akivis algebras [11], Akivis algebras were
introduced ( [1], [2], [3]) to study some aspects of web geometry and its connection
with loop theory.

The theory of Hom-algebras originated from Hom-Lie algebras introduced by J.T.
Hartwig, D. Larsson, and S.D. Silvestrov in [10] in the study of quasi-deformations of
Lie algebras of vector fields, including g-deformations of Witt algebras and Virasoro
algebras. In order to generalize the construction of associative algebras from Lie
algebras, the notion of Hom-associative algebras is introduced in [17], where it is
shown that the commutator algebra (with the twisting map) of a Hom-associative
algebra is a Hom-Lie algebra. Since then, other Hom-type algebras such as Hom-
alternative algebras, Hom-Jordan algebras [16,19] or Hom-Malcev algebras [19] are
introduced and discussed. The extension in the binary-ternary case of the general
theory of Hom-algebras was initiated in [12] by defining the class of Hom-Akivis
algebras as a Hom-analogue of the class of Akivis algebras ( [1,2,11]) which are a
typical example of binary-ternary algebra. Later Hom-Lie-Yamaguti algebras [8] and
Hom-Bol algebras [4] are also defined as other classes of binary-ternary Hom-algebras.
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Generalizing the approah in [6] the authors of [9] introduce BiHom-algebras, which
are algebras where the identities defining the structure are twisted by two homomor-
phisms o« and 5. When the two linear maps of a BiHom-algebra are the same, it
reduces to a Hom-algebra. Therefore, the class of BiHom-algebras can be viewed as
an extension of the one of Hom-algebras. These algebraic structures include BiHom-
associative algebras, BiHom-Lie algebras, BiHom-bialgebras, BiHom-alternative alge-
bras, BiHom-Jordan algebras, Bihom-Malecv algebras, BiHom-Novikov-Poisson alge-
bras [14].

As for BiHom-associative, BiHom-Lie, BiHom-alternative, BiHom-Jordan, BiHom-
Malcev algebras, we consider in this paper a twisted version by two commuting linear
maps of the Akivis identity which gives the so-called BiHom-Akivis algebras. This
work on BiHom-Akivis algebras can be viewed as an extension in binary-ternary case
of the theory of BiHom-algebras. It is known [3] that the commutator-associator al-
gebra of a nonassociative algebra is an Akivis algebra. The Hom-version is this result
can be found in [12]. This led us to consider “non-BiHom-associative algebras” i.e.
BiHom-nonassociative algebras or nonassociative BiHom-algebras and we prove that
the BiHom-commutator-BiHom-associator algebra of a regular non-BiHom-associative
algebra has a BiHom-Akivis structure. Also the class of BiHom-Akivis algebras con-
tains the one of BiHom-Lie algebras in the same way as the class of Akivis (resp.
Hom-Akivis) algebras contains the one of Lie (resp. Hom-Le) algebras.

The rest of the present paper is organized as follows. In Section 2 we recall basic def-
initions and results about BiHom-algebras. Here, we prove that any two of the three
conditions left BiHom-alternative, right Bihom-alternative and BiHom-flexible in a
regular BiHom-algebra, imply the third (Proposition 2.8, Proposition 2.9 and Propo-
sition 2.10 ). In Section 3, BiHom-Akivis algebras are considered. Two methods are
used to produce BiHom-Akivis algebras starting with either a regular BiHom-algebra
(Theorem 3.3) or classical Akivis algebra along with twisting maps (Corollary 3.8).
BiHom-Akivis algebras are shown to be closed under twisting by two self-morphisms
(Theorem 3.6). In Section 4, Generalizing the construction of Malcev (resp. Hom-
Malcev) algebras from alternative [18] (resp. Hom-alternative [19]) algebras, we point
out that BiHom-Akivis algebras associated to a regular BiHom-alternative algebras
are BiHom-Malcev algebras (these BiHom-algebras are recently introduced [7]). In
section 5, it is observed that the associated BiHom-Akivis algebra to a given regu-
lar BiHom-Leibniz algebra,leds to an additional property of BiHom-Leibniz algebras,
which in turn gives a necessary and sufficient condition for BiHom-Lie admissibility
of regular BiHom-Leibniz algebras.

Throughout this paper, all vector spaces and algebras are meant over a ground
field K of characteristic 0.

2. Preliminaries

In the sequel, a BiHom-algebra refers to a quadruple (A, i, o, 5), where p : A ®
A— A a: A — Aand f: A — A are linear maps such that af = Sa.
The composition of maps is denoted by concatenation for simplicity and the map
71 A®2 — A®? denotes the twist isomorphism 7(a ® b) = b ® a.

DEFINITION 2.1. A BiHom-algebra (A, u, a, B) is said to be regular if o and [ are
bijective and multiplicative if oy = po a®? and S o u = po B2
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DEFINITION 2.2. [9] Let (A, p, o, ) be a BiHom-algebra.
1. A BiHom-associator of A is the trilinear map as, 3 : A®* — A defined by

(2) aSap = f1o(p@ P —a®p).

In terms of elements, the map as, g is given by

GSa,g(l',y,Z> = M(ﬂ(xvy)aﬁ(z)) - ,u(oz(a:),u(y,z)), Vz,y,z € A.

2. A BiHom-associative algebra [9] is a multiplicative BiHom-algebra (A, u, «, 3)
satisfying the following BiHom-associativity condition:

(3) asap(x,y,2) =0, for all z,y,z € A.

Note that if « = 8 = Id, then the BiHom-associator is the usual associator denoted
by as. Clearly, a Hom-associative algebra (A, u,a) can be regarded as a BiHom-
associative algebra (A, u, a, a).

REMARK 2.3. A non-BiHom-associative algebra is a BiHom-algebra (A, p, o, 8) for
which there exists x,y, z € A such that as,s(z,y, 2) # 0.

EXAMPLE 2.4. Let (A, ) be the two-dimensional algebra with basis (eq,es) and
multiplication given by
pler, e2) = plez, e2) = ey
and all missing products are 0. Then (A, p) is nonassociative since, e.g., u(u(e, es), €2) =

e1 # 0 = p(er, pu(eq, e2)). Next, if we define for any A # —1, linear maps a,, 5y : A —
A by

ay(er) = (A + 1)eg, ax(es) = Aeg + ez and

1 —A

Bx(er) = )\—4—161’ Balez) = N+ 1

e1 + €,

then
Aax,ﬁx = (A7 Hay,py = KO (OQ\ ® BA)a Qy, BA)
is a non BiHom-associative algebra where the non-zero products are
Hax,6, (€1, €2) = fiay g, (€2,€2) = (A + 1)ey
since e.g. asq, g, (€1,€2,€2) = (A + 1)e; # 0. Actually, A,, s, is a regular BiHom-
algebra with 8 = oL

Let recall the notion of BiHom-alternative and BiHom-flexible algebras.

DEFINITION 2.5. Let (A, i, a, ) be a multiplicative BiHom-algebra.

1. (A, u, o, B) is said to be a left BiHom-alternative (resp. right BiHom-alternative
) if its satisfies the left BiHom-alternative identity,

(4) asas(B(z), a(y), z) + asas(B(y), a(z), 2) =0,
respectively, the right BiHom-alternative identity,
(5) CLSawg(I', ﬁ(y)a Oz(Z)) + CLSaﬁ(I', 5(2)7 04(?/)) =0,

for all z,y,z € A. A BiHom-alternative algebra [7] is the one which is both a
left and right BiHom-alternative algebra.
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2. (A, u, a, ) is said to be BiHom-flexible if its satisfies the BiHom-flexible identity,

(6) asap(8%(2), aB(y), a*(2)) + asa,s(5(2), aB(y), a*(x)) = 0
for all z,y, z € A.

Observe that when o = § = Id, a BiHom-alternative and a Bihom-flexible algebra
reduce to an alternative and flexible algebra respectively.

REMARK 2.6. 1. Any BiHom-associative algebra is a BiHom-alternative and
BiHom-flexible algebra.
2. It is proved that equations (4), (5) and (6) are respectively equivalent to

asa5(B(w), a(w),2) = 0, asas(z, By), a(2)) = 0 and asap(8(x), aB(y), o*(x)) =0
for all x,y € A.

LEMMA 2.7. [7] Let (A, p, «v, B) be a regular BiHom-algebra. Then, (A, i, a, 3) is
a regular BiHom-alternative algebra if and only if the function as, s(3* ® a8 ® o?) is
alternating.

PROPOSITION 2.8. Any regular BiHom-alternative algebra is BiHom-flexible.
Proof. Follows by Lemma 2.7. O

PROPOSITION 2.9. Any regular left BiHom-alternative BiHom-flexible algebra is
BiHom-alternative.

Proof. Let (A, u,a, B) be a regular left BiHom-alternative BiHom-flexible algebra.
We need just to prove as, s(z, 5(y), a(y)) = 0 since it is equivalent to (5) (see Remark
2.6 ). Now, let pick z,y € A then, we have:

asap(w, B(y), aly)) = asas(B*(B7%(2)), aBla™ (y)), a*(a™ (1))
= —asa5(* (0" (), aB(a" (), e*(87(x))) (by (6) )
= —asas(B(Ba”" (y)), a(Ba” (y)),a’B7*(x)) =0 (by (4) ).

Hence, (A, p, «, 5) is right BiHom-alternative and therefore, it is BiHom-alternative.
]

Similarly, we can prove:

PrOPOSITION 2.10. Any regular right BiHom-alternative BiHom-flexible algebra
is BiHom-alternative.

DEFINITION 2.11. Let (A, [.,.],, 8) be a multiplicative BiHom-algebra.

1. The BiHom-Jacobiator of A is the trilinear map J, 5 : A*® — A defined as

(7) Ja5(2,, 2) =0y [8°(2), [B(y), a(2)]]
where O, . denotes the sum over the cylic permutation of z,y, z.
2. (A, ].,.],, B) is said to be a BiHom-Lie algebra if

(a) [6(z), a(y)] = —[A(y), a(x)] (BiHom-skew-symmetry),
(b) A satisfies the BiHom-Jacobi identity i.e.
(8) ch,ﬂ(x7y7 Z) =0

for all z,y, z € A.
3. (A,[.,.],, B) is said to be a BiHom-Malcev algebra if

(a) [8(z), aly)] = =[B(y), a(2)] (BiHom-skew-symmetry),



Characterizations of BiHom-alternative(-Leibniz) algebras+ 429

(b) A satisfies a BiHom-Malcev identity i.e.
9 JaplaB(@),aB(y). [B(z), a(2)]) = [Jas(B(2), By), B(2)), o (x)]

for all z,y, z € A.
REMARK 2.12. 1. If « = 8 = Id, a BiHom-Lie (resp. BiHom-Malcev ) algebra

reduces to a Lie (resp. Malcev) algebra.
2. Any BiHom-Lie algebra is a BiHom-Malcev algebra.

3. BiHom-Akivis algebras: Constructions and examples

In this section we twist the defining identities of Akivis algebras by two self-
morphisms to obtain the so-called BiHom-Akivis algebras. These algebraic objects
generalise (Hom-) Akivis algebras. We also provide an example of a BiHom-Akivis
algebra and some construction methods of these BiHom-algebras (the construction
from non-BiHom-associative algebras and the one from Akivis algebras).

DEFINITION 3.1. A BiHom-Akivis algebra is a quintuple (V, [, ], [., ., .], &, B), where
V' is a vector space, [.,.] : V x V — V a BiHom-skew-symmetric bilinear map,
[, ]V xV xV =V a trilinear map and «, 5 : V — V linear maps such that

(10) Ja,ﬁ (17, Y, Z) :Ox,y,z [ZL‘, Y, Z]_ O:c,y,z [ya X, Z]

forall z,y, z in V where J, g(z,y, 2) =0, [6%(x), [B(y), @(z)]] is the BiHom-Jacobiator
of (V,[.,.],a, ).

A BiHom-Akivis algebra (V,[.,.], [, -, .], a, 8) is said multiplicative if @ and § pre-
serve [.,.] and [., ., .].

Similarly as Akivis and Hom-AKkivis cases, let call (10) the BiHom-Akivis identity.

REMARK 3.2. 1. If « = 8 = Idy, the BiHom-Akivis identity (10) is the usual
Akivis identity (1).

2. The BiHom-Akivis identity (10) reduces to the BiHom-Jacobi identity (8), when
[z,y,2] =0, for all x,y,z in V.

The following relevant result shows how one can obtain BiHom-Akivis algebras
from regular BiHom-algebras and hence from regular-BiHom-associative algebras.

THEOREM 3.3. Let (A, u,«, 3) be a multiplicative regular BiHom-algebra. Then
the BiHom-commutator-BiHom-associator algebra
(AL ] =p—pola™B@a™), [, ] =asago (@' @ F®a)
of (A, u, a, ) is a multiplicative BiHom-Akivis algebra.

Proof. Let (A, pi, ) be a multiplicative regular BiHom-algebra. For any z,y, z in A,

we have [z, y] := p(z, y)—pla™ B(y), af ™ () and [z, y, 2] == asqa,s(a”' %(2), B(y), a(z)).
Then, by [7] (Lemma 2.1), we have

Jos(2,Y5 2) =Ory,e asap(@™ B2(x), B(y), a(2)) = Ouy.z asas(a” B2(y), B(z), a(2))
i.e.
Jop(T, Y, 2) =Oryz (2,4, 2= Oryz [y, 2, 2].
Hence, (A, ., .],[,., ], @, ) is a multiplicative BiHom-Akivis algebra. H
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The BiHom-Akivis algebra provided by Theorem3.3 is said associated (with a given
regular BiHom-algebra).

EXAMPLE 3.4. Consider regular non-BiHom-associative algebras A,, g, of Example
2.4. Define on A the following products:
[l‘, y] = Hay,Bx (I7 y) — Haoy,8x (O‘XIB/\(?J% O‘Aﬁ;1<x))
and
[.Z', Y, Z] ‘= ASay By (a;lﬁ)%(x)’ /B/\(y)7 05/\<Z))'

Then, By Theorem 3.3, (A, [.,.],]., ., .], ax, B)) are multiplicative BiHom-Akivis alge-
bras where the non-zero products are

1 A2 42X
[e1, €2 = (A + 1)en, [e2,e1] = —)\+161, €2, 9] = P €1
and
[e1, €2, €3] = [ea, €9, €2] = !
1,€2,C2 2,€2,C2 )\—I—ll
DEFINITION 3.5. Let (A,[,.],[.,...],a,8) and (A, {.,.},{.,.,.},& B3) be BiHom-

Akivis algebras. A morphism ¢ : A — A of BiHom-Akivis algebras is a linear map of
K-modules A and A such that foa=do f, fo8 = o f and

O['?']:{'7'}of®27 O['7‘7']:{‘7'7'}of®3'
For example, if we take (A, [, .],[., ., ], @, 8) as a multiplicative BiHom-Akivis alge-
bra, then the twisting self-maps o and /3 are themselfs self-morphisms of (A, [., ], [., ., .], @, 5).
The following result holds.
THEOREM 3.6. Let (A, [.,.],[.,,-,.],«, ) be a BiHom-Akivis algebra and ¢, : A —
A self-morphisms of (A,[.,.],[.,.,.],«, 8) such that @i = 1p. Define on A a bilinear
operation |.,.],, and a trilinear operation |., ., ], by

[x> y]@ﬂ/f = [90(‘1')7 w(y)],

[2,Y, 2] = @¥?([2,y, 2]), for all z,y, z € A.
Then Agp = (A, [, Jouw, [ - o PO, ¢6) is a BiHom-Akivis algebra.
]

Moreover, if (A, [., ],[.,., ], a, ) is multiplicative, then A, ., is also multiplicative.

Proof. Clearly [.,.]ys (vesp. [.,.,.]pw) is a bilinear (resp. trilinear) map and
the BiHom-skew-symmetry of [.,.] in (A4,[.,.],[,.,.],®, ) implies the BiHom-skew-
symmetry of [., .|, in Ay .

Next, we have (by the BiHom-Akivis identity (10)),

Oay. [(VB)*(2), WBWY), pa(2)pwlows =Ouy.z [0 8 (), ¥([vB(y), dipa(2)])]
=Oug.z (P ([B°(2), [B(y), (D)) =0y (0¥*([2, 9, 2]) — 0¥*(ly, 2, 2]))
=Ouy,z ([JJ, Y Z]%w - [yv Z, Z]AOJ/J)‘

The second assertion is proved as follows:

o[z, ylew) = va(le(x), Y(y)]) = [pap(z), par(y)]
= [p(pa()), Y (pa(y))] = [pa(x), pa(y)]pw,
VB([7, ylpw) = VB([e(x), ¥ (v)]) = [¥Bp(x), YU (y)]
]

= lp(¥B(z )>,w< Byl = [p(x),vB(y)
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and

o[z, y, o) = pap?([z,y, 2]) = ey ([pa(z), pa(y), pa(2)]) = [pa(z), pa(y), pa(z)] sy
1][)5([$, Y, Z]QO,T/)) = 7/)5907/)2([% Y, Z]) = Wﬁ%[ﬁ’ﬁ(@a ¢B(y)7 L/}B(z)]) = [wﬁ(l‘)a ¢B(y)v ¢ﬁ(z)]s0,¢‘

This completes the proof. n

COROLLARY 3.7. If (A, [, ], [., ., ], &, B) is a multiplicative BiHom-Akivis algebra,
then so is Ayn gm for all n,m € N.

Proof. This follows from Theorem 3.6 if take ¢ = o" and ¥ = ™. ]

The following result gives a method for constructing BiHom-Akivis algebras from
Akivis algebra and their self-morphisms. It is an extension in binary-ternary algebras
case of the well-known construction of a class of BiHom-algebras from the correspond-
ing class of untwisted algebras.

COROLLARY 3.8. Let (A, [.,.],].,.,.]) be an Akivis algebra and «, 3 self-morphisms
of (A,[.,.],[.,.,.])- Define on A a bilinear operation |[.,.]o,s and a trilinear operation
[., . -}0@,8 by

[I7 y]a,ﬁ = [Oé(l’), /B(y)]7

[Jf, Y, Z]a,,@ = 0452([:[;7 Y, Z]));
for all x,y,z € A. Then Anp = (A, [, ]as |, ]ap @, B) Is a multiplicative BiHom-
Akivis algebra.

Moreover, suppose that (B,{.,.},{.,.,.}) is another Akivis algebra and that p, ¢ are
endomorphisms of B. If f : A — B is an Akivis algebra morphism satisfying f o a =
pofand fo3 =1pof, then f: (AL, ']aﬁ? [, 7]0,57 a, B) = (B, {., '}%1/’7 {0 '}<Pﬂ/17 ®, 1)
is a morphism of multiplicative BiHom-Akivis algebras.

Proof. The first of this theorem is a special case of Theorem3.6 above when o =
B =id. The second part is proved Similarly as in Theorem 3.6. Clearly, we prove as
follows:

f(lz,ylas) = flalz), BW)]) = {falz), FBW)} = {of(@), 0f (W)} = {f(@), f(¥)}ouw
F([2y, Zlas) = faB([z,y,2]) = o*({ £ (@), f(y), F(2)}) = {f(2), F(y), F(2)} o0
This ends the proof. O]

EXAMPLE 3.9. Consider the two-dimensional Akivis algebra (A4,[.,.],[.,.,.]) with
basis (e, e2) given by
[617 62] == [617 €2, 62] = [627 €2, 62] = €1

and all missing products are 0 (see Example 4.7 in [12]). For any 7, s € R, the maps
and [, defined by «..(e1) = (r+1)ey, a,(e3) = re;+e2 and Sy(e1) = (s+1)eq, Bs(ez) =
seq + eg are commuting morphisms of A. Note that «, # s if and only if r # s. Next,
if we define the operations |., .4, 5, and [, ., .]a, 5, With non-zero products by

le1, €2)a,,5, = (r+ 1)er and [e1, €2, €2)a, 5, = [€2, €2, €2)a,.8, = (r+1)(s + 1)y,

we get, by Corollary 3.8, that A, 5, = (A, [, Jar.Bss [+ -+ -Jar.. Qs Bs) are BiHom-Akivis
algebras.
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4. BiHom-Malcev structure on BiHom-AKkivis algebras

In this section we define and study BiHom-alternative and BiHom-flexible BiHom-
Akivis algebras. Next, we provide a characterization of BiHom-alternative algebras
through associated BiHom-Akivis algebras. The relevant result here is to prove an-
other version of Theorem 2.2 in [7] i.e. the BiHom-Akivis algebra associated with a
regular BiHom-alternative algebra is BiHom-Malcev algebra.

DEFINITION 4.1. A BiHom-Akivis algebra A := (A, [., .], [, ., ], «, §) is said:
(i) BiHom-flezible, if
(11) [a(z), a(y), a(z)] + [a(2), a(y), a(z)] = 0 for all z,y € A.
(ii) BiHom-alternative, if
(12) [@*(x), @*(y), B(2)] + [@*(y), o’ (x), B(2)] = 0 for all 2,y € A,
(13) (), B%(y), B2(2)] + la(x), (), B%(y)] = 0 for all 2,y € A.

REMARK 4.2. 1. The BiHom-flexible law (11) in A is equivalent to [a(z), a(y), a(z)]
=0 for all x,y € A.

2. The identities (12) and (13) are respectively called the left BiHom-alternativity
and the right BiHom-alternativity. They are respectively equivalent to

[a?(z),0?(x), B(y)] = 0 and [a(z), B2(y), B2(y)] =0 for all z,y € A.
The next result follows from Theorem 3.3 and Definition 4.1.

PROPOSITION 4.3. Let A = (A, u, «, ) be a multiplicative regular BiHom-algebra
and

Ac=(A [, ]=p—po(@B@ap)or[,,]=assso(a”'f?®L@a)a,f)its

associated BiHom-Akivis algebra.

1. If (A, p, o, B) is BiHom-flexible, then Ay is BiHom-flexible.
2. If (A, p, a, B) is BiHom-alternative, then so is Ag.

Now, we obtain the following characterization of BiHom-Lie algebras in terms of
BiHom-Akivis algebras.

PROPOSITION 4.4. Let A := (A,[,.],].,.,.],a, B) be a BiHom-flexible BiHom-
Akivis algebra such that « is surjective. Then Ap = (A,[.,.],«, ) is a BiHom-Lie
algebra if, and only if Oy, , [z,y,2] =0, for all z,y, z € A.

Proof. Pick x,y,z in A. Then there exists a,b,c € A such that z = afa),y =
a(b),z = a(c) since « is surjective. Therefore, the BiHom-Akivis identity (10) and
the BiHom-flexibility (11) in A imply

(

O,z [8%(2), [B(y), a(2)]] =y [2,9, 2]= Ouyz [y, 2, 2] =Oape [a(a), a(b), a(c)]
= Oape [a(b), aa), a(¢)] = 2 Oape [afa), a(b), a(c)] = 2 Ony.z [2,y, 2].
Hence, O, . [8%(2),[8(y),a(z)]] = 0 if and only if O,,. [z,y,2] = 0 since the
characteristic of the ground field K is 0. m

The following result generalizes Proposition 2.1 in [7], which in turn is a generalization
of a similar well-known result in alternative rings. The reader can also see Proposition
3.17 in [19] for the Hom-version of this result.



Characterizations of BiHom-alternative(-Leibniz) algebras+ 433

ProposITION 4.5. Let A := (A, [.,.],[.,.,.],a, ) be a BiHom-alternative BiHom-
Akivis algebra such that a and [ are surjective. Then

(14) Ou,e [6%(2), [B(y), a(2)]] = 6l, y. 2]
for all z,y,z € A.

Proof. Pick x,y,z € A. Then, there exists a,b,c € A such that z = a?(a),y =
a?(b), z = a(c). Hence, the application to (10) of the BiHom-alternativity in A gives

OI:%Z [/32('7")7 [/B(y)7 Oé(Z)]] :Oiuyaz [$, Y, Z] - U[yv €T, Z] :Ow,y,z [.%', Y, Z] - ©$,y,z [a2(b)7 C¥2<CL), 5(0”
(15) Ox,y,z [1'7 Y, Z]"‘ Oa,b,c [042((1)? QZ(b)> B(C)] =2 Ox,y,z [.1‘, Y, Z]

Next, again by the BiHom-alternativity in A and surjectivity of o and 3, we prove
that olx,y, z| = 3[z,y, z]. Therefore

Ous,z [B%(2), [B(y), a(2)] = 6[z, y, 2].

First, let recall the following.

DEFINITION 4.6. [7] Let (A, p,«,3) be a regular BiHom-algebra. Define the
BiHom-Bruck-Kleinfeld function f : A®* — A as the multilinear map

flw, 2y, 2) = asas(B*(w)aB(z), a*B(y), 0*(2)) — asas(B*(x), aB(y), o’ (2)) o’ B(w)
(16)0”B%(w)asa,s(aB(w), a*(y), o’ B (2)).

The following result is very useful.

LEMMA 4.7. [7] Let (A, u, «, ) be a regular BiHom-alternative algebra. Then the
BiHom-Bruck-Kleinfeld function f is alternating.

PROPOSITION 4.8. Let (A, i, a, ) be a regular BiHom-alternative algebra. Then

(17)  asas(B(x),aB(y), aB(x)a’(2)) = asas(a™' B(2), B(y), aB(2))a’ 5 (x)
(18)  asas(B(x),aB(y), aB(z)a’(2)) = af’(z)asqs(6*(x), aB(y), o*(2))

for all z,y,z € A.

Proof. For (17), we compute as follows,

asa,5(8°(x 0452() B(w)a?(2)) = asa,a(8*(B()), aB(B(y)), o (o' B(w)2))

);
= asa,6(6% (0" B(2)2), aB(B ( ), @ ( (¥))) ( by alternativity of as, s(8° ® af ® a?) )
= asa,6(6% (0™ B(2))a ( C )) 2B(a™"B(2)), a’(a™"B(y)))
= fa™'B(z),a'B(2),a ( ), 0" Bly ))
+a8a,ﬁ(52( '6(2)), af(a™! B(x)), o*(a” B(y))a’Bla" B(x))

+a’ B2 (a7 B(2))asa,s(aB(a” B(2)), o (a7 B(x)), @’ B~ (a7 B(y)))
= asq g(a 1 B%(2), B (y), aB(2))a?B*(x) ( by alternativity of f and as, (3> ® af ®a?) ).

This finishes the proof of (17).
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For (18), we compute as follows

asa,5(6°(2), aﬂg( ), ap(z)a’(z))

a8(B*(B(2)), aB(B()), a* (o~ ' B(2)z))
)

= asa,6(6% (0" B(2)z), aB(B(x)), ( (y)) ( by alternativity of ase 5(8” ® af @ a?) )
= asap(8*(a” ( ))ap(a™ B(x), oo™ B(x)),a’ (™" B(y)))
= fla™'B(2), 0" B(z), 0" B(x), e Bly ))

+asap(B% (o' B(x)), af(a” B(2)), o*(a™ B(y)))a’Bla™" B(2))
+a?f* (e B(x))asasaBla™ B(2)), a* (@ B(x)), o’ (a7 B(y)))
=af(z )asa5(62( ),af(y),a?(z)) ( by alternativity of f and asas(B?@af®a?) ).

This finishes the proof of (18). O

COROLLARY 4.9. Let (A, u, v, B) be a regular BiHom-alternative algebra. Then
(19) asas(B(x), aB(y), [aB(x),a*(2)]) = [asas(a™ B (x), B (y), aB(2)), a®B*(x)]

for all z,y,z € A where [.,.] = p—po (a ' ®aB™t)or is the BiHom-commutator
bracket.

Proof. Indeed, we have

asa,5(B° (), af(y), [aB(z), o®(2)])

= asa,5(B°(2), af(y), af(w)a®(2)) — asa,s(6°(2), af(y), aB(z)a’(x))

= asap(a” ' B2(2), B*(y), aB(2))a’ B2 (x) — af’(x)asa,s(6%(x), aB(y), o’(2))
( by (17) and (18) )

= [asa,s(a” 5 (x), B2 (y), aB(2)), &* 52 (x)]

as desired. O

We now come to the main result of this section, which is Theorem 2.2 in [7] but from
a point of view of BiHom-Akivis algebras.

THEOREM 4.10. Let (A, p,«, ) be a multiplicative regular BiHom-alternative
BiHom-algebra and Ax = (A,[.,.] = p—po(a'B@ap™)or,],.,.] = asspo
(a™18?2 ® B® a),a, B) its associated BiHom-Akivis algebra. Then (A4, ][.,.],a, ) is a
BiHom-Malcev algebra.

Proof. From Proposition 4.3 we get that Ay is BiHom-alternative so that (14)
implies
Japlab(z), aB(y), [B(x), a(y)]) = 6lab(z), af(y), [B(z), a(2)]
= 6asa,5(6%(x), af?(y), [aB(x), a*(2)])
= [6asa,s(a™ 3%(x), B%(y), aB(2)),a*5*(x)] by (19) )
= [[B(z). B(y). B(2)], &”B*(2)] = [Jap(B(2), B(y), B(2)), a5 (x)]

and so, we obtain the BiHom-Malcev identity (9). Hence, (A, ][., ], «, 5) is a BiHom-
Malcev algebra. O

a
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5. Some characterizations of BiHom-Leibniz algebras

This section is devoted to BiHom-version of some known properties of left Leib-
niz algebras. Using the associated BiHom-Akivis algebra to a given regular BiHom-
Leibniz algebra, we give a characteristic property of BiHom-Leibniz algebras (Proposi-
tion 5.5). Basing on this property a necessary and sufficient condition for the BiHom-
Lie admissibility of these BiHom-algebras is obtained (Corollary 5.7). In the sequel,
for a given bilinear map p on A, the terms pu(z,y), p(pu(x,y), 2) and p(z, u(y, z)) will
be often denoted by zy, xy - z and x - yz respectively for all z,y, z € A to reduce the
number of braces. First, let recall the following:

DEFINITION 5.1. A (left) BiHom-Leibniz algebra is a multiplicative BiHom-algebra
(A, i, v, 8) such that the following identity

(20) plaB(x), w(y, 2)) = p(p(B(x),y), B(2)) + p(B(y), u(a(z), 2))

holds for all x,y,z € A. In terms of BiHom-associators, the identity

(20) called the BiHom-Leibniz identity, is written as

(21) asa,3(0(2),y,2) = =B(x) - (a(z) - 2).

Therefore, from the definition above and Remark 2.3, we observe that BiHom-Leibniz
algebras are examples of non-BiHom-associative algebras. Hence, thanks to Theorem
3.3, we obtain.

COROLLARY 5.2. Let A = (A, u,«, ) be a multiplicative regular BiHom-Leibniz
algebra. Then Ax = (A,[.,.] =p—po(a'B@af o[, .] =asspso ('@
B ® a),a, ) is a BiHom-Akivis algebra.

We have the following result:

PROPOSITION 5.3. Let (A, pu,«,3) be a multiplicative BiHom-Leibniz algebra.
Then

(22) (B(x)aly) + Bly)a(z)) - B(z) = 0
(23) aB(@)[B(y), o’ (2)] = a

for all x,y,z € A.

Proof. The BiHom-Leibniz identity (20) implies (8(x)a(y))-B(z) = af(z)-a(y)z—
af(y) - a(z)z. Similarly, interchanging = and y, we get (B(y)a(zx)) - B(z) = af(y) -
a(x)z — af(z) - a(y)z. Then adding memberwise these equalities, we obtam (22 ).
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Next, we get

= af(x) - Bly)a?(z) — aB(B(2)) - a(x)aly) — B(x)af(z) - ab(y) (by (20))
= af(x) - B(y)a’(z) = B*(z)a(x) - Baly) — Ba(z) - af(2)a(y)

—B(z)aB(z) - af(y) ( again by (20) )

= af(2)[B(y), @*(2)] = (B(B(2))a(x) + Blz)a(B(2))) - Ble(y))

= af(x)[B(y), @*(2)] ( by (22))

and then, we obtain (23). O

REMARK 5.4. If « = 8 = Id in Proposition , then one gets the well-known identities
of Leibniz algebras: (xy +yx) -z =0 and z[y, 2| = [zy, 2] + [y, x2]( see [5], [15]). The
readers can also see the Hom-versions of these properties in [13].

PROPOSITION 5.5. Let (A, i, «, ) be a regular BiHom-Leibniz algebra. Then
(24) Jaﬁ (LE, Y, Z) :O(:L",y,z) (057152 (.ﬁﬂ)ﬂ(y) : 045(2)) .

Proof. Note that by (21), the ternary operation [.,.,.] of the associated BiHom-
Akivis algebra to the considered regular BiHom-Leibniz algebra (see Corollary5.2)
1s

[z, y, 2] = =B%(y) - B(x)a(2)
and then by (10), we obtain
Jap(2,y,2)  =O@yz (= B(y) - B@)a(2) = Oy (= B(x) - Bly)a(2))
=) (B(2) - Bly)a(z) — B*(y) - Blx)a(
=) (@B(a™ B(2)) - Bly)alz) = B(B(Y)) - ala™ B(z))a(z))
(25) =Oay, (@B (2)B(y) - aB(2))( by (20)
Hence, we get the desired identity. O
Note that in BiHom-Leibniz algebras case, equation (24) is the specific form of the
BiHom-Akivis identity (10).

DEFINITION 5.6. [9] A multiplicative regular BiHom-algebra (A, i, «, 5) is said
BiHom-Lie admissible if (A,[.,.],a, ) is a BiHom-Lie algebra where [.,.] = u — po
(@ 'B@aft)or.

From Proposition 5.5 one obtains the following necessary and sufficient condition
for the BiHom-Lie admissibility of a given regular Hom-Leibniz algebra.

COROLLARY 5.7. A regular BiHom-Leibniz algebra (A, ui, o, ) is BiHom-Lie ad-
missible if and only if

O,y (7' B (@)B(y) - aB(2)) =0
for all x,y,z € A.
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