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ON CLASSES OF INDEFINITE p-KENMOTSU STATISTICAL
MANIFOLD

SHAGUN BHATTI AND JASLEEN KAUR*

ABSTRACT. This paper introduces the notion of lightlike hypersurfaces for a novel
class of manifolds known as an indefinite nearly S-Kenmotsu statistical manifold and
explores the associated geometric properties. It establishes results on the screen to-
tally geodesic and screen totally umbilical lightlike hypersurfaces. It delineates the
structure of the recurrent, Lie-recurrent and nearly recurrent structure tensor fields
of lightlike hypersurfaces of an indefinite nearly f—Kenmotsu statistical manifold.
Additionally, the geometry of leaves of integrable distributions of lightlike hyper-
surfaces in an indefinite -Kenmotsu statistical manifold tangent to the structure
vector field has been researched.

1. Introduction

In the realm of contact manifolds, various classes of almost contact metric mani-
folds have been periodically examined. [24] presented a new class of almost contact
metric structure, known as trans-Sasakian structure and explored its geometry. [10]
introduced the C5 and Cg-structures, two subclasses of trans-Sasakian structures that
contain the Sasakian and Kenmotsu structures, respectively. Further, a nearly trans-
Sasakian structure of type (a, ) was established by [16], which generalizes the trans-
Sasakian structure . A nearly trans-Sasakian of type («, ) is nearly-Sasakian or
nearly Kenmotsu or nearly cosymplectic if 3 = 0 or @« = 0 or a = [ = 0, respec-
tively. Therefore, a class of almost contact manifolds known as nearly Kenmotsu
manifolds was introduced by [26]. Various researchers studied the theory of nearly
Kenmotsu manifolds extensively in [1], [8], [4] and [19]. Afterwards, the indefinite
nearly trans-Sasakian manifolds were investigated by [18] wherein the geometry of
lightlike hypersurfaces was explored and results for recurrent, nearly recurrent and
Lie recurrent structure tensor fields developed.

Lightlike hypersurfaces, being an intriguing branch of geometry, have numerous ap-
plications in various branches of mathematics and physics. [11] formulated the theory
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of a lightlike hypersurfaces of a proper semi-Riemannian manifold which was subse-
quently investigated by various geometers [27], [12]. Thereafter, the lightlike hyper-
surfaces of various almost contact metric manifolds such as indefinite Kenmotsu and
trans-Sasakian manifolds were studied by [21], [22], [23] and [17].

The study of geometric structures on a set of certain probability distributions resulted
in the formation of an interesting branch of manifolds known as statistical manifolds
which have been investigated by [2], [3], [20] et.al. Furuhata [13] made significant con-
tributions to the initiation of the geometry of hypersurfaces in statistical manifolds.
The concept of Sasakian statistical manifold and Kenmotsu statistical manifold were
introduced by [15] and [14], respectively. They constructed certain results related to
the real hypersurfaces and warped product of statistical manifolds. [5] introduced the
lightlike hypersurfaces of an indefinite Sasakian statistical manifold. Further [6], [7]
studied the induced geometric objects and developed the curvature identities on light-
like hypersurfaces of statistical manifold.

From this perspective, the present research work introduces the concept of an indefi-
nite nearly f—Kenmotsu statistical manifold and delves into its geometric properties.
The theory of lightlike hypersurfaces within the framework of the indefinite nearly
[S—Kenmotsu statistical manifold has been investigated. Some assertions for a light-
like hypersurface to be totally umbilical and screen totally umbilical have also been
provided. The structure of the recurrent, Lie-recurrent and nearly recurrent structure
tensor fields of lightlike hypersurfaces in the indefinite nearly f—Kenmotsu statisti-
cal manifold has been characterized. Furthermore, the lightlike theory of leaves of
integrable distributions in indefinite Kenmotsu statistical manifold has been exam-
ined and several structural theorems pertaining to its geometry have been formulated.

2. Preliminaries

Consider a semi-Riemannian manifold (M, g) of dimension (2n + 1). If g is a semi-
Riemannian metric, ¢ is a (1, 1) tensor field, v is a characteristic vector field and 7 is
a 1-form, such that

(1) 9(0X,90Y) = g(X,Y) —n(X)n(Y),  glv,v) =1,

(2) (X)) =-X+n(X), §(X,v)=n(X), geX,Y)+g(X,¢Y)=0

which follows that ¢v = 0 and no¢ = 0 for all X,Y € [(TM), then (¢, v, g) is called
an almost contact metric structure on M.

DEFINITION 2.1. [18] An almost contact metric structure on M is called an indef-
inite nearly S-Kenmotsu structure if

(3) (V)Y + (Vyd) X = —B{n(Y)pX + n(X)pY}

holds for any X,Y € F_(TM ), where V is a Levi-Civita Connection and B is a smooth
function. Therefore, (M, ¢, v, n, g) is called an indefinite nearly 5-Kenmotsu manifold.
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We note that, if 3 = 0, then M is said to be an indefinite nearly cosymplectic manifold.

Let (M, g) be a hypersurface of (M,g) with g = g | M. If the induced metric g on
M is degenerate, then M is called a lightlike or degenerate hypersurface of M. There
exists a vector field £ # 0 on M such that g(§, X) =0, for all X € I'(T"M). The null
space or radical space of T,,(M) at each point z € M is a subspace Rad(T, M) defined
as

Rad(T,M)={¢ €T, (M):9,({,X)=0 forall X e '(TM)}

whose dimension is called the nullity degree of g.

Since g is degenerate and any null vector is perpendicular to itself, therefore T, M+ is
also null and

Rad(T,M) =T,M NT,M*.

For a hypersurface M, dimension of T, M+ equals 1 which implies that the dimension
of Rad(T,M) is also 1 and Rad(T,M) = T,M~*. Here Rad(TM) is called a radical
distribution of M.

Consider S(T'M), screen distribution, as a complementary vector bundle of Rad(T'M)
in T'M, such that
(4) TM = Rad(TM) L S(TM)
It follows that S(T'M) is a non-degenerate distribution. Thus,
TMpy = S(TM) L S(TM)*

where S(TM)*, known as screen transversal vector bundle, is the orthogonal comple-
ment to S(T'M) in TM)y;.

THEOREM 2.2. [11] Let (M, g) be a lightlike hypersurface of (M, g). Then there
exists a unique vector bundle tr(T'M) known as lightlike transversal vector bundle of
rank 1 over M, such that for any non-zero local normal section & of Rad(T'M), there
exist a unique section N of tr(T M) satisfying

() gV, §) =1
g(N,N)=0, g(N,V)=0 forall VeI'(S(TM)).
Then the tangent bundle TM of M is decomposed as follows:
TMpy = S(TM) L (TM* & tr(TM)) =TM @ tr(TM).

Following are some basic concepts related to lightlike hypersurfaces of an indefinite
statistical manifold.

DEFINITION 2.3. A pair (V, g), where g is a semi-Riemannian metric of constant
index ¢ > 1, is called an indefinite statistical structure on M, if V is torsion free and

(6) (Vx9)(Y.Z) = (Vyg)(X, Z)
holds for any X,Y,Z € T'(TM).
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Moreover, there exists V* which is a dual connection of V with respect to g, satisfying
Xg(Y,2)=g(VxY,Z)+§(Y,ViZ) forall X,Y,Z € T(TM)

If (M,g,V) is an indefinite statistical manifold, then so is (M,g, V*). Hence the
indefinite statistical manifold is denoted by (M, g, V, V*).

Let (M, g) be a lightlike hypersurface of a statistical manifold (M, g). Then the Gauss
and Weingarten formulae with respect to dual connections as given by [13], [7] are as
follows:

VxY =VxY +h(X,)Y), V%Y =VyiY +h(X)Y)

VxN = —AyX + VN, ViN = -AyX + VYN,
for X, Y € I(TM), N € I'(trT'M), where VxY, VXY, AnX, Ay X € T'(T'M) and
h(X,Y), h*(X,Y), VN,V N € [(tr(TM)).

Here V,V* are called induced connections on M and Ay, A}, are called shape op-
erators with respect to V and V* respectively. The second fundamental forms with
respect to V and V* are denoted by B and B*, respectively. Then

B(X,Y) =g(h(X,Y),§), B'(X)Y)=g(h'(X,Y),9),
7(X) =g(VxN,€), 79(X)=g(V¥'N,Q).
It follows that
h(X,Y)=B(X,Y)N, h*(X,Y)=B*(X,Y)N
VN =7(X)N, V¥'N =7 (X)N

Hence,
(7) VxY =VxY + B(X,Y)N, V%Y =VyY + B*(X,Y)N
(8) VxN = —-AyX +7(X)N, ViN=-AyX+7(X)N

As per [7] showed that the relation between dual connections using the Gauss formula
as follows:

Xg(Y,2) = g(VxY, Z)+g(Y,Vx Z) = g(VxY, Z)+9(Y,Vx 2)+B(X,Y)0(Z)+B"(X, 2)0(Y)
where 6 is a 1-form such that 6(X) = g(X, N).

From the above equation, it is concluded that the induced connections V and V*
are not dual connections and a lightlike hypersurface of a statistical manifold need
not a statistical manifold. Also, the induced connections V and V* and the second
fundamental forms B and B* are symmetric.

Further, using Gauss and Weingarten formulae, we have:
(Vxg)(Y, 2)+(Vxg)(Y, Z) = B(X,Y)0(2)+B*(X, 2)0(Y )+ B*(X,Y)0(Z)+ B(X, 2)0(Y)

Let P denote the projection morphism of 7'M on S(T'M) with respect to the decom-
position (4). Then

VxPY =V PY + W (X,PY), ViPY =V*'(PY +h"(X,PY),
Vxl=-AX+V5E Vié=-A"X+Vy
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holds for all X,Y € I'(T'M) and £ € I'(Rad(TM)), where V PY,V* PY, A’ X and
A X € T(S(TM)). Also V', V* and V'+, V*+ are linear connections on I'(S(T'M))
and I'(Rad(T'M)) respectively. Here b/, h* and A’ A are respectively called screen
second fundamental forms and screen shape operators of S(T'M).

The local second fundamental forms of S(T'M) are defined as
C(X,PY)=g(hW(X,PY),N), C*X,PY)=g(h"(X,PY),N),
e(X)=g(VYEN),  €(X)=g(VE¥EN) forall XY € D(TM).
Therefore,

h'(X,PY)=C(X,PY), h'(X,PY)=C"X,PY),

Vi€ =-1(X)§, Vi&=-m"(X)],
) VyPY =V PY + C(X,PY),, V4PY = VIPY + C*(X, PY)E,
Vxé=—AX —7(X)§, Vi{=-A/X —7(X)¢ forall XY € (TM)
where ¢(X) = —7(X).

Using above equation, the induced objects are related as:
B(X,¢)+ B*(X,£) =0, g(ANX+AVX,N)=0,

(10) C(X,PY) = g(A4X,PY), C*(X,PY)=g(AyX,PY).

From the equations (5), (6),(7),(8) and (9), the following propositions hold:

PROPOSITION 2.4. [25] Let (M, g) be a lightlike hypersurface of a statistical man-
ifold (M, g,V,V*). Then the second fundamental forms B and B* are related to the
shape operators A; X and AZX of S(T'M) as follows:

(11) g(AéX, PY) = B*(X,PY), g(Az/X, PY) = B(X,PY).
Therefore, equation (11) gives,
B(AYX,Y) = B(X, A7Y), B*(AX,Y) = B*(X, ALY).

PROPOSITION 2.5. [7] Let (M, g) be a lightlike hypersurface of a statistical man-
ifold (M, g,V ,V*). Then the shape operator of any screen distribution of a lightlike
hypersurface is symmetric with respect to the second fundamental form of M.

PROPOSITION 2.6. [7] Let (M, g) be a lightlike hypersurface of a statistical mani-
fold (M, g,V ,V*). Then the second fundamental forms B and B* are not degenerate.

Also for the dual connections, following holds:
B(X,Y) = g(A7X,Y) — B*(X,€)0(Y)
Using above equations, A¥¢ + Ai§ = 0.
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3. Indefinite nearly g-Kenmotsu statistical manifold

Following [15], we consider a Levi-Civita connection V with respect to g such that
V = £(V + V*). For a statistical manifold (M, g,V, V*), the difference (1,2) tensor

K of a torsion free affine connection V and Levi-Civita connection V is defined as
(12) K(X,Y) = KxY = VyY — VyY.

Since V and % are torsion free, then

(13) KxY = Ky X, 9(KxY, Z) = g(Y,Kx Z)

holds for any X,Y,Z € T'(TM).

Moreover, K(X,Y) = %XY — V%Y implies K(X,Y) = $(VxY — ViY).

DEFINITION 3.1. Let (g, ¢, v) be an indefinite nearly f—Kenmotsu structure on

~

M. A quadruplet (V = ? + K, g, ¢,v) is known as an indefinite nearly 5—Kenmotsu
statistical structure on M if (V,g) is a statistical structure on M and the condition

(14) KxoY + KyopX = —20KxY
holds for any X,Y € I'(TM).

Then (M, V, g, $,v) is called an indefinite nearly S—Kenmotsu statistical manifold.

If_(]\Z_ ,V,g,¢,v) is an indefinite nearly S—Kenmotsu statistical manifold, then so is
(M7 V*7 g) ¢7 V)'

THEOREM 3.2. Let (M,V,V*,g) be an indefinite statistical manifold with an al-
most contact metric structure (g, ¢,v). Then (M,V,V* g,¢,v) is said to be an
indefinite nearly [f-Kenmotsu statistical manifold M if and only if

(15)  Vx¢Y —oViY + VyoX — 6Vi X = —B{n(Y)oX +n(X)eY'}
holds for all X,Y € T'(TM) on M.

Proof. Let M be an indefinite nearly S—Kenmotsu statistical manifold. Then, (3)
and (12) implies

VxoY —Kx¢Y —p(KxY+V5Y)+Vy X —Ky X —d(Ky X+ViX) = —B{n(Y)pX+n(X)pY}
Now using (14), above equation becomes
VXY — ¢ViY + VydpX — ¢V X = —B{n(Y)¢X +n(X)gY'}

for all X, Y € I'(T'M).
Conversely, replacing V by V* in above and subtracting obtained equation from (15),
we get

(VxY = Vi) = 6(VXY = VxV) + (Vy¢X = Vi9X) = (V3. X = Vy X) =0
Hence (14) follows from (12) and (13). O
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REMARK 3.3. Let (g, ¢,v) be an indefinite nearly 8—Kenmotsu structure on M.
So, by setting
KxY =n(X)n(Y)v
for any X,Y € T'(TM) such that K satisfies (13) and (14), an indefinite nearly
f—Kenmotsu statistical structure (V} =V + AK, g, ¢,v) is obtained on M for \ €
C>(M).
Inspired from [22], we present the following example.

EXAMPLE 3.4. Let M be a 7-dimensional manifold defined by M = {z € R" : 2; #
0}, where z = (21, 22, 23, 24, 25, Z, 27) are the standard coordinates in R”. Consider,
the vector fields {11, l2, 3, 4, l5, lg, [z}, linearly independent at each point of M, defined

as
ll = 27—8 lg = 2’7—a l3 = 27—a l4 = 27—8
821 ’ 822 ’ 323 ’ 824 ’
Iy = —z7i lg = —z7i I, = _273‘
825’ 62’67 (927

Let g be the semi-Riemannian metric defined as g(l;,l;) = 0, for all i # j,i,j =
1,2,..,7 and g(lg,lx) = 1, for all k = 1,2,3,4,7; g(ln,ln) = —1, for all m = 5,6.
Also, let 1) be the 1-form defined by 7(X) = (X, I7), for any X € X(M), where X(M)
is the set of all differentiable vector fields on M.

Let ¢ be the (1, 1) tensor field defined by

Ol = —lo, ¢l = b1, Ply = —ly, Pla =13, ¢ls = —ls, dle =I5, ¢l7 = 0.
Using the linearity of ¢ and g, we get n(l;) = 1, *X = =X + n(X)l;, §(¢X,9Y) =

9 X,Y) —n(X)n(Y), for any X,Y € X(M). Thus, for I; = v, (M,g,¢,v,n) is an
almost contact metric manifold.

Let V be the Levi-Civita connection with respect to the metric g given by Koszul’s
formula as

25(VxY, Z) = Xg(Y. 2)+Y§(X, 2)=Z5(X,Y)=3(X. [V. Z))=3(Y, [X. Z)+3(Z, [X.Y])
Now, taking l; = v and using Koszul’s formula, following expressions are derived:
%llll = —v, %blg = —v, %l3l3 = —v,
65414 = —v, 615l5 =, %ZSZG =y,
Vil =h, V=l V=1
Vils =L, Vil =15, Vil =1

Therefore, using above, it is concluded that (M, g, ¢, v,n) is an indefinite nearly Ken-
motsu manifold (for 5 = 1).

Taking A = 1 in remark (3.3), we have
Vili=—v, Vyly=-v, Vl3=—v,
vl4l4 = —v, vlslg) =, vlﬁlf; =,
?5157 =11, ?5217 = Iy, ?l3l7 = I3,
Vil =1y, Vili =15, V=l
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Now (V,g) is a statistical structure and Kj,¢l; + Ki,¢l; = —2¢K},1; holds for all
i,j =1,2,...,7. Hence, (V,3,¢,n,v) becomes an indefinite nearly Kenmotsu statis-
tical structure on M. Similarly, the above equations for dual connection V* can be

obtained using VY = VxY — n(X)n(Y)v.

Thus, (V=V+K,§,o,v) defines an indefinite nearly Kenmotsu statistical structure
on M.

3.1. Lightlike hypersurfaces of an indefinite nearly f—Kenmotsu statistical
manifold.

Let (M, g) be a lightlike hypersurface of an indefinite nearly f—Kenmotsu statistical
manifold (M, g, V,V* ¢,v), where g is the degenerate metric induced on M. There-
fore, for any & € I'(RadT'M) and N € I'(itrT M), using (1) and (2), following holds:

(16) §(6.v) =0, §(N,v)=0
$e=—€ N=-N

The above proposition leads to the following decomposition:
(17) S(TM) ={pRad(TM) @ oltr(TM)} L L, L<v >

where L, is non-degenerate and ¢-invariant distribution.

If distributions on M are denoted by

(18) L= Rad(TM) 1. ¢Rad(TM) L. L,, L = ¢ltr(TM),
then L is invariant and L’ is anti-invariant distributions under ¢. Also,
(19) TM=LoL Luv

Consider two null vector fields U and W such that

(20) U=—-¢N, W =—¢¢

and their corresponding 1-forms
w(X)=g(X, W), w(X)=g(X,U).
Denote by S, the projection morphism of TM on the distribution L. Then,

(21) X =5X+ulX)U
for any X € T'(TM). Applying ¢ to (21), we have
(22) ¢X = ¢X +u(X)N

where ¢ is a tensor field of type (1,1) defined on M by ¢X = ¢SX.

Using (2),
(23) P*X = —X +n(X)v + u(X)U.

Since ¢U = 0, we obtain ¢* + ¢ = 0 from (23), which shows that ¢ is an f-structure
on M.

Using (16) and (20),
g, W) =1
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which implies that < U > @& < W > is non-degenerate vector bundle of S(7T'M) with
rank 2. From (17) and (18), the following decompositions hold:
24)

S(IM)={UeW} LL,l<v> L=Rad(TM)L<W >1L, L =<U>.

Let P and ) be two projections of T'M into L and L', respectively. Then X =
PX 4+ QX +n(X)v, for any X € I'(T'M). Therefore (1), (2), (22) and (24) gives

(25) P*X = - X +n(X)v +u(X)U

where QX = u(X)U and ¢PX = $X. Also, using (22), following identities hold:
(26) 9(¢X,9Y) = g(X,Y) = n(X)n(Y) — w(X)w(Y) — u(Y)w(X),

(27) 9(¢X,Y) = —g(X, 0Y) — u(Y)0(X) — u(X)O(Y),

(28) ov =0, g(¢X,v)=0 forall X,Y € T(TM).

As, jﬁzX = —X + n(X)v + u(X)U, then by applying Vx to ¢¢ = —W, that is
Vxo& = =V xW and using (9) implies,

(29) (Vx9)§ = =VxW + ¢A X — 7(X)W,
(30) (V50)E = —=VEW + gA* X — 7" (X)W.
Also, applying Vx to ¢W = ¢ that is VyoW = Vx& implies,
(31) (Vxp)W = —¢pVxW — ALX — 7(X)E,
(32) (VX)W = —pVEW — A X — 75(X)E.

ExAMPLE 3.5. Following example (3.4), consider a hypersurface M defined by
M={2EM:25=12}
of an indefinite nearly Kenmotsu statistical manifold (M, g, ¢,n,v) for 8 = 1.

The tangent space T'M is spanned by {Z;}, where Z, = 1y, Zy = ly — l5, Z5 =
ls, Zy =y, Z5 = lg, Zg = v. Further, E = l, — l5 spans the distribution TM~* of
rank 1. Therefore, TM+ C TM and M is a 6-dimensional lightlike hypersurface of

_ 1
M. The transversal bundle ltr(T'M) is spanned by N = 5

sition (17) and the almost contact structure of M, L, is spanned by {H, ¢H }, where

H =173, ¢H = —Z, and the distributions v, ¢ Rad(T M) and ¢ltr(T M) are spanned

1
by v, oF = Z1 + Z5 and ¢N = §(Z1 — Zs), respectively.

(I3 + l5). From decompo-

Hence, M is a lightlike hypersurface of an indefinite nearly Kenmotsu statistical man-
ifold M.

THEOREM 3.6. Let M be a lightlike hypersurface of an indefinite nearly —Kenmotsu
statistical manifold M. Then

Vxv = BX —{Bn(X) = n(Vxv) =n(V,X)}v — ¢V;¢X + B* (v, ¢ X)U — V, X
for all X,Y € T(TM) on M.
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Proof. Consider (15) and replace Y by v. Then
—pVxv+ VioX — ¢V, X = —3(¢X)
Applying ¢ on both sides and using (2), we get
Vv = BX—{Bn(X)-n(Vxv)—n(V,X)y—¢V;6X+B"(v,¢X)U-V, X —B(v, X)N

Therefore, using (7) in above and then comparing tangential and normal parts, we
have the desired result.

]

THEOREM 3.7. Let M be a lightlike hypersurface of an indefinite nearly —Kenmotsu
statistical manifold M with v € I'(TM). Then for any X,Y € I'(TM), following
holds:

VxoY — VLY + VyoX — oV X

B8 BV)BX +n(X)3Y} + ulY)AxX + u(X)AY — 2B°(X, Y)U

Proof. In an indefinite nearly f—Kenmotsu statistical manifold M, the condition
¢X = ¢X + u(X)N and the symmetric character of B* implies

Vx@Y + Vxu(Y)N — ¢V%Y 4 2B*(X,Y)U + Vy ¢ X + Vyu(X)N — ¢V X
= —B{n(Y)oX + n(X)oY +n(Y)u(X)N + n(X)u(Y)N}
This leads to
(34) VxoY + B(X,0Y)N +u(Y)T(X)N + Xu(Y)N — ¢V Y
+VyoX + B(Y,6X) +u(X)T(Y)N + Yu(X)N — ¢V X
= —B{n(Y)oX +n(X)oY +n(Y)u(X)N +n(X)u(Y)N}
+u(Y)AnX +u(X)AyY —2B*(X, YU

Therefore, using (22) and comparing tangential parts, (33) is obtained.
O

COROLLARY 3.8. Let M be a lightlike hypersurface of an indefinite nearly —Kenmotsu
statistical manifold M. Then following hold:

B(X, ¢Y)+u(Y)7(X)+(Viu)Y +B(Y, ¢ X )+u(X)r(YV)+(Vyu) X = —B{n(Y )u(X)+n(X)u(Y)}
for all X, Y € I'(T'M).

Proof. On comparing the transversal parts in (34), we get the required assertion.

O

THEOREM 3.9. For a lightlike hypersurface M of an indefinite nearly 3—Kenmotsu
statitsical manifold M following assertion holds:

(i) B(U,v) + B*(U,v)+ C(W,v)+ C*(W,v) =0,

(i) B(U,W) + B*(U,W) — C(W, W) — C*(W, W) = 0,
(iii) B(U,U) + B*(U,U) + C(W,U) + C*(W,U) = 0,
(iv) w(VyW) +w(VEW) = —7(U) — 7%(U),

(v) 2[C(W,v) + C*(W,v)] + [C(v, W) + C* (v, W)] = 0.
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Proof. On replacing V by V* in (33), we obtained
VoY — oVxY + Vi oX — ¢Vy X
= —B{NY)oX +n(X)dY } + u(Y)AyX +u(X)AYY —2B(X,Y)U.
Now adding above equation to (33), we get
(35)  VxoY — oViY + VyoX — oV X + VioY — oVxY + VioX — ¢Vy X
= —2B{n(Y)pX +n(X)pY } + u(Y)(AnX + Ay X) + u(X)(AyY + AyY)
—2[B*(X,Y) + B(X,Y)|U.

Now, taking X = U and Y = W in (35), we have
(36) _ _ _
Vi — VW — Vi U+VEE— VW -V U = AyW+ A% W —2[B*(U, W)+ B(U, W)]U.

Taking scalar product of above with v, W, U and N respectively, and using (10),
(11), (20) and (5) we get

9(Vus,v) +9(Vi&,v) = g(ANW,v) + g(AyW,v),
—g(AU W) — g(A" U W) = g(ANW, W) + g(AyW, W) — 2[B(U,W) + B*(U, W],
—g(A,U,U) — g(A",U,U) = C*(W,U) + C(W,U), and
T(U)g(& N)+9(VyW, U)+9(Vy U, U)+7"(U)g(§, N) = g(VuW, U)+9(VwU,U) = 0
which leads to (i) — (iv).
On replacing X by U and Y by v in (35) and then using (22), we get
OViv + ¢ViU + ¢Vyv + ¢V, U = —Ayv — Ayv + 2[B*(U,v) + B(U,v)|U.
Now, taking scalar product of above with W, we get
2[B*(U,v)+ B(U,v)| - C(v, W) = C*(v, W) = 0.

Further, from (), we have 2[C(W,v) + C*(W,v)] + C(v, W) + C*(v, W) = 0.
0

DEFINITION 3.10. Let M be an indefinite nearly 3—Kenmotsu statistical manifold.

Then, (i) A lightlike hypersurface M of M is said to be totally tangentially umbilical
with respect to V (respectively V*) if
B(X,Y)=cg(X,Y) (respectively, B*(X,Y) = c"g(X,Y)) forall X, Y € (T M)
where ¢ and ¢* are smooth functions.
(i) A light_like hypersurfac_e M of M is said to be totally normally umbilical with
respect to V (respectively V*) if

A X = cPX (respectively, AcX = cPX) forall X,Y € T(TM).

In case, if c =0 and ¢* = 0, then M is totally geodesic.
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DEFINITION 3.11. (i) A lightlike hypersurface M of M is said to be screen totally
umbilical with respect to V if

ANX =dPX or equivalently, C(X,PY) =dg(X,PY) forall XY € I'(S(TM))

where d is a smooth function.

(ii) A lightlike hypersurface M of M is said to be screen totally umbilical with respect
to V*if
AnX =d"PX or equivalently, C*(X,PY) =d"g(X,PY) forall X, Y € I'(S(TM))

where d* is a smooth function.

In case, if d =0 and d* = 0, then M is screen totally geodesic.

REMARK 3.12. For a lightlike hypersurface M of an indefinite nearly S—Kenmotsu
statistical manifold M, the integral curve of v is a spacelike geodesic of both M and M
with respect to the connections V and V (respectively V* and V*), where v € I'(T'M).

Proof. Taking X =Y = v in (15), we get Viv =0 and V,v = 0. Thus,
(37) V.w=0, B(v,v)=0, C(r,v)=0,

(38) Viv=0, B*(v,v)=0, C*(v,v)=0.

by Gauss formula.

As, V,v = 0,V,v = 0,Viv = 0 and Vyv = 0, then the integral curve of v is
a spacelike geodesic of both M and M with respect to the connection V and V
(respectively V* and V*).

O

THEOREM 3.13. For a lightlike hypersurface M of an indefinite nearly f—Kenmotsu
statistical manifold M where v is tangent to M, the following assertions hold:
(i) If M is totally umbilical, then M is totally geodesic.
(ii) If M is screen totally umbilical, then M is screen totally geodesic.

Proof. (i) On taking, X =Y = v in definition (3.10), we have B(v,v) = cg(v,v) =
¢ which implies ¢ = 0 using (37) and similarly B*(v,v) = ¢*g(v,v) = ¢* which implies
¢* = 0 using (38). Therefore, M is totally geodesic.

(ii) If M is screen totally umbilical, then C'(X, PY) = dg(X, PY) and C*(X, PY) =
d*g(X, PY) from definition (3.11). Now, on taking X = PY = v in above, we
get C(v,v) = dg(v,v) = d which implies d = 0 using (37) and similarly C*(v,v) =
d*g(v,v) = d* which implies d* = 0 using (38). Therefore, M is screen totally geodesic.

[l

3.2. Recurrent and Lie recurrent structure tensor field.

DEFINITION 3.14. An almost contact metric manifold equipped with an indefinite
statistical structure is called an indefinite almost contact metric statistical manifold.

DEFINITION 3.15. The structure tensor field ¢ of a lightlike hypersurface M is said
to be recurrent if there exists a 1—form g on M such that

(39) (Vx@)Y = u(X)pY  (resp. (V@)Y = " (X)oY).
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THEOREM 3.16. For a lightlike hypersurface M of an indefinite almost contact
metric statistical manifold M such that v is tangent to M, if ¢ is recurrent, then

u(X) +pr(X) =0.
Proof. Replacing Y by W in (39) and then from (31), (32) we have

(40) OVXW + VAW + ALX 4+ A X + {7(X) + 7°(X) + p(X) + p*(X)}¢ = 0.
Similarly, replacing Y by ¢ in (39) and then using (29), (30) we have
(41) VxW + VW = A X — gA* X + {7(X) + 7°(X) — u(X) — p*(X)}W = 0.
Now, taking scalar product of above with W we get

w(VxW) +u(VEW) + g(A X, oW) 4 g(A* X, oW) + [u(Ae X) + u(A*X)]0(W)

+u(W)[0(A:X) + (A" X)] =0

which implies, u(VxW)+u(ViW) = 0 as AL X, A*.X € T(S(T'M)) and § € T'(Rad(TM)).

Now, taking scalar product with v to (41), we have
N(VxW) + (VW) + g(AX, ov) + g(A"eX, ov) + [u(AeX) + u(A"X)0(v)
+u(v)[0(AX) + 0(AX)] =0
which implies n(VxW) +n(ViW) = 0.
By applying ¢ to (40), we get
—VxW = VW + A X + gA* X — {7(X) + 7°(X) + p(X) 4+ p*(X)}W =0
which implies u(X) + p*(X) = 0. Hence, the result.

]

DEFINITION 3.17. The structure tensor field ¢ of M is said to be Lie recurrent if
there exists a 1—form ¢ on M such that

(42) (Lxo)Y = ¥(X)pY
where, Lx stands for the Lie derivative on M w.r.t X that is,

If (Lx@)Y =0, then ¢ is called Lie parallel.

THEOREM 3.18. Let M be a lightlike hypersurface of an indefinite almost contact
metric statistical manifold M such that v is tangent to M. If the structure tensor
field ¢ is Lie recurrent, then ¢ is Lie parallel.

Proof. Since V and V* are torsion free,
VxY —=VyX =[X,Y] and VLY —-VyX =[X,Y].
From (42) and (43), we have ¥(X)pY = [X, ¢Y]| — ¢[X, Y] which implies
(44) Y(X)PY = (Vx)Y — Vi X +oVy X.
Similarly, we have
(45) BX)FY = (Vi)Y — Vi X + 6V3 X,
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Adding (44) and (45), then replacing Y by W, we have
(46)  20(X)E = (VxQ)W = VeX + oV X + (Vo)W — ViX + ¢V, X,

Using (31) and (32) in (46), we have
(47) B
VeX+VIX = —p(Vx WAV W Vi X~ Vip X)— ApX — AL X — {r(X)+7(X) +20(X) }€.

Adding (44) and (45), then replacing Y by &, we have

(48) —20(X)W = (Vx@)§ + VX + ¢V X + (V5 9)E + Vi X + VX,

Using (29) and (30), we obtain

(49)  GIVeX + ViX] = VW + VW — Vig X — Vip X — $(ALX + A% X)
H7(X) +77(X) = 2¢(X)}W.

Now, taking scalar product of (49) with W, we have

(50) u(VxW+ViW -V X -V, X) =0.
Similarly, taking scalar product of (49) with v, we have
(51) n(VxW +ViW —Vy X — Vi, X) =0.

On applying ¢ to (47) and using (50), (51), we have
HIVeX+VEX] = VWAV W Vi X —Viy X~ (AL X+ A" X )+{(X)+7" (X)+26(X )} W,

Comparing above equation with (49), we have ¥(X) = 0 which implies ¢ = 0.
Therefore, ¢ is Lie parallel.
O

THEOREM 3.19. Let M be a lightlike hypersurface M of an indefinite nearly
B—Kenmotsu statistical manifold M. If one of the following three conditions is satis-
fied:

(i) (Vx®)Y + (Vy@)X + (V@)Y + (Vyd)X =0,

(ii) ¢ is parallel w.r.t induced connection V and V* on M,

(iii) ¢ is recurrent,

then B = 0. Thus, M is an indefinite nearly cosymplectic statistical manifold.

In this case, the shape operators A., A*’g, Ay and A} satisty:
(52) AW +A"W =0, A\WH+AZW =0, Ayv+Ayr =0, AyE+ANE=0,

(53) A+ A% =0, AnX + A% X = [u(AxX) + u(Ay X)]U.

Proof. (i) Let (Vx@)Y + (Vyd)X + (Vi®)Y + (Vi$)X = 0. Considering (33)
and replacing V by V* and then adding the obtained equation to (33), we get
(54) (Vx@)Y + (Vyd)X + (Vo) + (Vi¢)X
— 2B[n(Y)6X +n(X)Y] — 2[B*(X,Y) + B(X,Y)]U

+u(Y)[ANX + Ay X] + u(X)[ANY + AYY]
which implies
(55)
0= —28[nY)pX+n(X)dY]—-2[B*(X,Y)+B(X,Y)|U+u(Y)[An X+ AN X]+u(X)[ANY + A% Y].
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Taking the scalar product with N of above, we have
0 = —28[n(Y ) (X +n(X (Y +u(Y)[g(Ax X+A5 X, N)+u(X)[g(AnY +45Y, V)]
which implies, S[n(Y)w(X) +n(X)w(Y)] = 0, using (10).

On taking Y = W in B[n(Y)w(X) +n(X)w(Y)] =0, fn(X) = 0 is obtained.
Now, putting X = v in fn(X) = 0, we obtain 5 = 0.
Therefore, M is an indefinite nearly cosymplectic statistical manifold.

As =0, (55) becomes
(56)  uw(Y)[AnX + ANX] +u(X)[ANY + AVY] - 2[B*(X,Y) + B(X,Y)|U = 0.
Taking scalar product of (56) with W, we have
(67) 2[B*(X,Y)+B(X,Y)] = u(Y)[u(AnX) +u(ANX)] +u(X) [u(ANY) +u(AVY))]
Taking Y = W in (57) and using (10), we derive
2[B*(X, W) + B(X,W)] = u(X)[C*(W, W) + C(W,W)]
Replacing X by U in above equation, we have
(58) 2[B*(U,W)+ B(UW)| =C*(W, W)+ C(W, W)

On comparing (58) with (ii) of theorem (3.9), we have C*(W, W) + C(W,W) = 0
which implies B*(U, W) + B(U,W) = 0 and hence

(59) B*(X, W)+ B(X,W) =0.

Since S(T'M) is non-degenerate and B, B* are symmetric, therefore using (11) in (59)
gives ALW + AW = 0.

Now taking X = U and Y = W in (56) implies

Taking scalar product of the above equation with v, we get

(60) C*(W,v)+ C(W,v) = 0.

Using (60) in (7) and (v) of theorem (3.9) gives B(U,v)+ B*(U,v) = 0 and C'(v, W)+
C*(v, W) = 0, respectively.

Also, taking X = U and Y = v in (56), we get

(61) ANI/ + A*NV = 0.

Similarly, taking X = U and Y = ¢ in (56) gives Ax& + AWE = 0.

Replacing Y by v in (57) and using (61), we get B*(X,v) + B(X,v) = 0. Since, B
and B* are symmetric then using (11), we have Az 4 A*.v = 0.

Now taking Y = U in (57), we obtain

(62) 2[B*(X,U)+ B(X,U)] = [u(AnX) + u(ANX)] + u(X)[u(ANU) + u(AyU)).
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Replacing Y by U in (56) and using (62), we have
(63)
ANX+ AN X +u(X)[ANU+ANU —u(ANU) U —u(ANU) U —u(An X)) U —u(ANX)U = 0.

Taking X = U to (63), we have AyU + AU = [u(AnU) + u(ANU)]U and hence,
ANX + AN X = [u(AnX) + u(AyX)|U.

(ii) If ¢ is parallel w.r.t V and V*, then (Vx¢)Y + (Vy¢)X = 0 and (V@)Y +
(V3¢)X =0, respectively. Hence (Vx¢)Y + (Vy @)X + (V@)Y + (Vi¢) X = 0.

Thus, f = 0 and all the required equations are satisfied using (7).

(iii) If ¢ is recurrent, then from theorem (3.16), ¢ is parallel w.r.t V and V*. Thus,
B = 0 and the equations in (52) and (53) hold by (i).
O

DEFINITION 3.20. The structure tensor field ¢ of the lightlike hypersurface M is
s.t.b nearly recurrent if there exists a 1—form g on M such that

(Vx@)Y + (Vyo)X = u(X)oY + pu(Y)9X,

(64 (resp. (V@)Y + (V3d)X = 1 (X)Y + 1 (Y)$X.)

THEOREM 3.21. Let M be a lightlike hypersurface of an indefinite nearly f—Kenmotsu
statistical manifold M. If ¢ is nearly recurrent, then 231 = —(u+ p*) on M. In this
case, the shape operators A ,A*'g,AN and A} satisfies all the equations from the
theorem (3.19).

Proof. If ¢ is nearly recurrent, then using (64) and (54), we have

(65) [1(X) + " (X) +280(X)]0Y + [u(Y) + p* (V) + 28n(Y )] X
= u(Y)[ANX + Ay X+ u(X)[ANY + AVY] —2[B*(X,Y) + B(X,Y)|U

Taking the scalar product of above equation with N and then from (10), we have
(66) [1(X) + 1 (X) 4+ 28n(X)Jw(Y) + [(Y) + 57 (Y) + 2687 (Y)]w(X) = 0
Taking X =Y = W in above equation, we get
(67) p(W) + p*(W) = 0.
Replacing Y by W in (66) and using (67), we get u(X) 4+ p*(X) = —20n(X).
Taking scalar product of (65) with W, we obtain

2[B*(X,)Y)+ B(X,Y)] = u(Y)[u(AnX) + w(ANX)] + w(X) [u(AnY) + u(ARY)]

which is (57) of theorem (3.19). Therefore, by the course of the proof of (i) of theorem
(3.19), we have all equations of shape operators.

]
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4. Lightlike geometry of leaves in indefinite /—Kenmotsu statistical man-
ifold

This section deals with study of the lightlike geometry of leaves of screen distribution
S(TM) and {¢(TM*) @ ¢(tr(TM))} L L,, where L, is ¢-invariant distribution in an
indefinite f—Kenmotsu statistical manifold.

DEFINITION 4.1. [9] Let (g, ¢, v) be an almost contact metric structure defined on

an indefinite statistical manifold (M, V, V*,g). Then (V,V*,3,¢,v) is said to be an
indefinite f—Kenmotsu statistical struture on M if and only if:

(68) VxoY — VY = B{g(¢X,Y)v —n(Y)¢X} and

(69) Vv = B{X = n(X)} + u(X)v
hold for all the vector fields X,Y on M, where u(X) = n(Vxv) = —n(Viv) =
n(K (v, v))n(X).

THEOREM 4.2. For a lightlike hypersurface M of an indefinite nearly f—Kenmotsu
statistical manifold,

(70)  B(X,U)+ B*(X,U) = C(X,W) + C*(X,W), for all X € D(TM).
Proof. From (8), we have
VxN +ViN = —AyX — Ay X + 7(X)N + 7°(X)N

Since M is an indefinite 3—Kenmotsu statistical manifold, therefore on applying ¢ in
above and using (22), we have

—(V%U +VxU) - B(X,U)N — B*(X,U)N — 2pw(X)v
= —@ANX — u(ANX)N — ¢ALX —u(ALX)N — 7(X)U — 7(X)U

On comparing transversal parts, we get the desired result.

O

Let the screen distribution S(7T'M) of lightlike hypersurface M be integrable and M’
be a leaf of S(T'M). Using (7) and (9), we get

(71) VY =VyY +C(X,Y)¢+ B(X,Y)N,
(72) VY = VY + C*(X,Y)é+ B*(X,Y)N
for any X, Y € I'(T'M").

Therefore, we obtain
(73) ViY = V&Y + h(X,Y)

where, V° and h? are the Levi-Civita connection and the second fundamental form of
M' in M respectively.

So, for any X,Y € I'(TM'"),
1
(74) V&Y = S (VY + VY,

(75) h(X,Y) = C(X,Y)¢ + C*(X,Y)é+ B(X,Y)N + B*(X,Y)N.
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THEOREM 4.3. If (M, g, S(T'M)) is a screen integrable lightlike hypersurface of an
indefinite f—Kenmotsu statistical manifold M with v € T'(T'M) and M’ is a leaf of
S(T'M), then

(76)  2VSU = —w(AyX)E — w(AnX)E — w(A X)N — w(A; X)N — 20w(X)v
+PANX + QANX + T(X)U + 77(X)U
for X € I(TM').
Proof. Using (8), we obtain
(77) VxN 4+ ViN = —AyX — Ay X +7(X)N + 7" (X)N

On applying ¢ to (77) and using the fact that M is an indefinite 3—Kenmotsu sta-
tistical manifold, we have

—(V3U +VxU) = 28w(X)v = —pANX — ¢AWX — 7(X)U — 71(X)U

Therefore, we get the desired result from (71) and (72).
[

THEOREM 4.4. Let (M, g, S(T'M)) be a screen integrable lightlike hypersurface of
an indefinite f—Kenmotsu statistical manifold M with v € I'(T' M) and M’ be a leaf
of S(T'M). Then,

(78)  2VEW = —u(ANX)E — u(AnX)E — u(A*'fX)N —u(A: X)N = 2pu(X)v
+PAX + QA X — (X)W — 75 (X)W
for X e I'(TM").
Proof. Considering (7), we have
VxY + VLY =VxY +ViY + B(X,Y)N + B*(X,Y)N
On replacing Y by £ in above equation, we get
(79) Vxé+ Vil = —AX — A X — 7(X)€ — 7(X)¢

By applying ¢ to (79) and using the concept of indefinite f—Kenmotsu statistical
manifold, we derive

—(VEW + VW) = 2Bu(X)v = —pAX — A" X + (X)W + 75 (X)W

Hence the result follows using (71) and (72).
[l

THEOREM 4.5. Let M be an indefinite 3—Kenmotsu statistical manifold and
(M, g,S(TM)) be a screen integrable lightlike hypersurface of M. Then, the vec-
tor field U is parallel with respect to the Levi-Civita connection V° on the leaf M’ of
S(TM) if and only if

AvX + A4 X = w(AyX)U + w(AX)U, for all X € T(TM'),

w and (7 4 7*) vanish on M'.
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Proof. Let, U be parallel with respect to V° on M’. Then from (76), we have
PANX + 0ANX = w(ANX)E + w(ANX)E + w(A X )N + w(A" X)N — 7(X)U
- (X)U + 2Bw(X)v

Now ¢ X = ¢X + u(X)N implies
PANX +u(ANX)N+p AN X +u(AGX)N = w(ANX)£+w(A}‘VX)£+w(AéX)N—i—w(A*éX)N
+2pw(X)v — 7(X)U — 7(X)U
Applying ¢ on both sides of the above equation and using (23), we have
ANX + Ay X = w(ANX)W + w( AN X)W + w(A: X)U + w(A* X)U.
Then from (70),
(80) ANX + Ay X = w(ANX)W + w(AY X)W + u(AnX)U + u(AyX)U.
Using (80) in (76), we get
w(AX)N +w(A X)N —u(AnX)N —u(AyX)N +26w(X )y —7(X)U—7"(X)U = 0.
On comparing tangential and transversal parts, we conclude that
w(X) =0, forall X e T(TM")
and 7(X)+7(X)=0
which implies AvX + Ay X = u(ANX)U + u(AyX)U.
O

THEOREM 4.6. Let (M, g,S(T'M)) be a screen integrable ligtlike hypersurface of
an indefinite 3—Kenmotsu statistical manifold (M,g) and M’ be a leaf of S(TM).
Then, the vector field W is parallel with respect to the Levi-Civita connection V° on
M’ if and only if

ALX + AX = w(ALX)W + w(A* X)W, for all X € T(TM'),
w and (T + 7*) vanish on M.

Proof. Suppose that W is parallel with respect to V° on M’. Then using (78), we
obtain

PALX + 9A* X = u(ANX)E + u(AyX)E + u(A; X)N + u(A X)N
+7(XO)W + 75( X)W + 2Bu( X)W
Since ¢X = ¢X + u(X)N, so the above equation implies
PAX + u(A;X)N + A X + u(AX)N = u(AnX)E + u(AyX)E + u(A; X )N
+u(A" X)N +2Bu(X )y + (X)W + 75 (X)W
On applying ¢ on both sides and using (23), we drive
AX + A X = u(An X)W + u(Ay X)W + u(AX)U + u(A X)U — 7(X)E — 7°(X)¢
From (70), we have
ALX + A" X = w(AX)W + w(A X)W + u(Ae X)U + u(A" X)U — 7(X)E — 7°(X)E.
Now comparing tangential and transversal parts, we have
(81) AX + A X = w(A X)W 4+ w(A X)W + u(AX)U + u(A* X)U
and 7(X)+7"(X)=0.
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Now, from (81), (78) and (22), we get
2Bu(X)N —2(7(X) + 77(X))W = 0.
which implies
w(X) =0, forall X € T(TM').
Hence A{ X + A*. X = w(A; X)W + w(AX)W. -

Let K be an element of ¢(T'M1)@®¢(tr(TM)) which is non-degenrate vector subbundle
of S(T'M) of rank 2. Then there exists non-zero function a and b such that

(82) K = aW +bU.

We see that a = w(K) and b = u(K). Let x be a 1—form locally defined by
R(X) = g(K, X).

THEOREM 4.7. Let M be an indefinite 3—Kenmotsu statistical manifold with v €
[(TM) and M' be a leaf of S(TM). Let (M, g, S(T'M)) be a screen integrable lightlike
hypersurface of M. Then

K(VRY) = Br(X)n(Y) — k(¢h*(X, ¢Y)),

R([XY]) = B(E(X)n(Y) = 6(Y)n(X)) — £(0h°(X, @) + r(¢h°(Y, X))
for any X, Y € T(TM").

<I'>

Proof. Since

we obtain

%(? + V*), then for any X,Y € I'(TM'), using (73) and (82),
H(VLY) = %[ 9V K Y, aW +bU) + g(V3Y, aW + bU) |

which implies

(83) K(V&Y) = [ w(K)u(VxY)+u(K)w(VxY)+w(K)u(VY)+u(K)w(VyY) ]

On applying ¢ on (68)

PV xPY +o(Vxu(Y)N

which implies

(84) ViY = pXn(Y) = Bn(X)n(Y)v +n(ViY)r + B(X,0Y)U - ¢(Vxu(Y)N)

+C(X, oY)W — u(V'y Y )N — ¢(V'y9Y).

and using (2) and (22), we get
)= B(X, ¢Y)U + VY —n(ViY)r = BXn(Y) = Bn(X)n(Y)v

Similarly we have

(85) VxY =BXn(Y) = Bn(X)n(Y)r +0(VxY)v + B"(X,0Y)U — ¢(Viu(Y)N)
+C (X, Y)W — u(Vk @Y )N — §(V"x¢Y).

Using (84) and (85) in (83), we get

K(V3Y) = SulK)B(X,0Y) + B*(X,0Y)] + Su(K)[C(X, 6¥) + C*(X, 6V )]

+B[w(K)u(X) + u(K)w(X)]n(Y)
which leads to

(86) K(VEY) = BE(X)n(Y) — k(h*(X, ¢Y)).
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Considering ([X,Y]) = k(V&Y) — k(V$X), and then using (86), we get the desired
result.
O]

5. Scope and Relevance

This paper initiates the theory of lightlike hypersurfaces of indefinite nearly f— Ken-
motsu statistical manifold. So, it is proposed that there is a scope for further ex-
ploration into the geometric characteristics of such hypersurfaces. Also, this research
work has analyzed the lightlike geometry of leaves of integrable distributions in f—
Kenmotsu statistical manifold which can be subsequently investigated for various
classes of an almost contact metric manifold combined with the statistical structure.
The study of indefinite contact metric statistical manifolds is efficacious in the field
of lightlike geometry which hold relevance in general relativity. Moreover, the diverse
geometric attributes of hypersurfaces discussed in this paper can also be researched
for complex manifolds.
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