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ON GENERALIZED SHEN’S SQUARE METRIC

AMR SOLEIMAN AND SALAH GOMAA ELGENDI*

ABSTRACT. In this paper, following the pullback approach to global Finsler geom-
etry, we investigate a coordinate-free study of Shen square metric in a more general

manner. Precisely, for a Finsler metric (M, L) admitting a concurrent m-vector field,

~ 2
we study some geometric objects associated with L(z,y) = % in terms of the

objects of L, where B is the associated 1-form. For example, we find the geodesic
spray, Barthel connection and Berwald connection of z(x, y). Moreover, we calculate
the curvature of the Barthel connection of L. We characterize the non-degeneracy
of the metric tensor of L(z,y).

1. Introduction

For a Finsler manifold (M, L) and a 1-form § on M, there is a very rich class
of special Finsler spaces called the (o, 5)-metrics. Numerous research articles and
applications on these spaces can bound in the literatire, for example, we refer to
[7,10,11,14]. One of these spaces or metrics is the Shen square metric L(z,y) = %
which plays an important role in Finsler geometry (see [2,13,14]).

Generally, the theory of special Finsler spaces is a rich area of research and has
many applications, for example, in Physics and Biology. The m-tensor fields (torsions
and curvatures) related to the Cartan connection satisfy special forms; which is the
source of many special Finsler spaces in Finsler geometry. Several researchers have
studied special Finsler spaces locally, that is, using local coordinates. For instance,
M. Masumoto [1,8,9,18] and others. On the other hand, to the best or our knowledge,
there are few intrinsic investigations of such spaces. A. Tamim, L. Youssef, and others
who made some contributions in this direction (see [15-17,21,24]).

In the study of the («, §)-metrics, we used to use the notation [ for the 1-form giv-
ing on the manifold M. But since in the pullback approach to coordinate-free Finsler
geometry, we use the notation 8 in the settings of the geometry of that approach, so
in this work we have use another notation for the 1-form. In this paper, we investigate
an intrinsic study of Shen square metric which is a specific (a, §)-metric with replcing
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the Riemannian metric with a Fineslerian one and we call it a generalized Shen square
metric.

In this paper, following the pullback formalism to Finsler geoemtry, we provide a
coordinate-free study of generalized Shen square metric with special one m-form. First,
by the concept of generalized Shen square metric we mean the deformation of a Finsler
metric L (not necessarily Riemannian) by a one form B, that is, L = @ and L
is Finslerian. Now, in this work, we consider a Finsler space (M, L) that admits a
concurrent m-vector field p, and then we compute the corresponding 7-form B := i3 g,
where g is the metric tensor of L, and hence the attached one form B(x,y) := B(7).
Then, we we consider the generalized Shen square deformation

(1) L(x.y) = <L<w7yz(; izu,y)) |

Within the generalized Shen square metric (1), we calculate intrinsically some

geometric objects attached to L. Namely, the supporting form Z the angular metric
tensors f, the Finsler metric ¢, and the Cartan torsion T. Hence, we characterize the
non-degenerate property of the metric tensor g, that is, g is non-degenerate if and
only if

L*(1 + 2p*) — 3B £ 0,

where p* := ¢(p, D).

On the other hand, we obtsin the relationship that relates the two associated
Barthel connections I' and f, as well as the corresponding canonical sprays to this
change. Moreover, the curvature tensor for the Barthel connection I' is investigated.
Also, the associated canonical sprays GG and G are related by

2L%(2B — L) 2L%

C=C Dy 3w T iy ) — s P

where, C is the Liouville vector field.
As an example of a Finsler metric (M, L) that admits a concurrent vector field, let
M = {(x1,29,73) € R®: 23 # 0} and L be a conic Finsler metric given by

2
L= \/l“% (\/y%+$¥y§+ y3) + y3.

Moreover, the components of the corresponding m-form B are given by B; =
0, By = x5, B3 = 0, and hence the associated one form B(z,y) becomes B(z,y) =
ZToyo. Therefore, we have

2
2
) {\/x% (\/y%+$%y§+ yz) +y§+xzyz}

L(z,y) 2
\/ﬂ?% (x/y% + 21y3 + ys) +y3

which defines a special generalized Shen square metric over M = R3.
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2. Notations and Preliminaries

Let M be an n-dimensional differentiable manifold. Assume that the tangent bun-
dle (TM,m, M) and its differential (TT'M,dn,TM). The vertical bundle V(T'M) of
TM is denoted by ker(dr), and the pullback bundle of the tangent bundle is denoted
by 7~ Y(T'M). The short exact sequence of vector bundle morphisms is given by [4] as
follows

0 — 7 Y(TM) L TTM -2 7= (TM) — 0,
where T M is the slit tangent bundle, v is the natural injection and p := (7w7p, dr).

The tangent structure J of T'M or the vertical endomorphism defined by J =
v o p. Moreover, C*°(T'M) denotes the algebra of C*° functions on TM and X(m(M))
denotes the C*(T'M)-module of smooth sections of the pullback bundle 7=(T'M).
The elements of X(mw(M)) will referred as m-vector fields and marked by barred letters
X.

The Liouville vector field C is given by C := ~7, where 7j(u) = (u, u), for all u in the
slit tangent bundle 7M :=TM\ {0}, and called the fundamental 7-vector field .

We recall some basics and facts about the Klein-Grifone formalism to coordinate-
free Finsler geometry. We refer to [4-6], for further information.

A nonlinear connection I" on a manifold M is a vector 1-form on T'M, C* on T M,
and C° on T'M, wherein

JI'=J T'J=—-J

In this case, the horizontal projector h and the vertical projector v of I' are defined,
receptively, by

1 1
hi=S(I+T), vi=3(I-D).

Also, the torsion ¢t and the curvature R of the connection I' are given, respectively, by

t—%uﬂ,ﬂ%— ih, h].

1
2
Now, for a linear connection D on 7~ }(T'M), the attached connection map K is

given by K : TTM — 7 1(TM) : X — Dx7. In addition, the horizontal space
H,(TM) to M at wis H,(TM) :={X € T,(I'M) : K(X) = 0}. The connection D is

referred to be regular if
T.(TM)=V,(TM)® H,(TM) Vu e TM.

Let D be a regular connection on M, then the maps p|gray and K|y are
vector bundle isomorphisms. In this case, the map S := (p|grar) " is called the
horizontal map of D.

Let D be a regular connection with the horizontal map § and the attached classical
torsion (resp. curvature) tensor field T (resp. K). Then, the associated covariant
derivatives as well as the torsion and curvature tensors are defined or given as follows:

h
1. For a m-tensor field A of type (0, p), the h- and v-covariant derivatives D and lU)
are defined, respectively, by:

ol

(ﬁAﬂZYhWYQ::(DﬁAmEWW
(D AKX, X, X,) = (DxA)(X, o

p):
»):

<
>
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2. The (h)h-torsion Q(X, ?_):i T(5X, ﬁZ), the (h)hv-torsion T(X,Y):=THX,5Y),
and the (h)v-torsion V(X,Y) :=T(vX,7Y). o

3. The horizontal curvature R(X,Y)Z = K(8X, 8Y)Z, the mixed curvature R(X,Y )7 :=

K(BX,3Y)Z, and the vertical curvature S(X,Y)Z := K(vX,7Y)Z.
4. The (v)h-torsion R(X,Y) := R(X,Y)7, the (v)hv-torsion P(X,Y) := P(X,Y)7,
and the (v)v-torsion S(X,Y) := S(X,Y)n.

We define a Finsler manifold as follows.

DEFINITION 2.1. A Finsler manifold (or, Finsler space ) of dimension n is a pair
(M, L), where M is a n-dimensional smooth manifold and L is a map

L:TM — R,
such that the following conditions hold:

(a): L(u) > 0 for all w € TM and L(0) =0,

(b): LisC*® on TM,C° on TM,

(c): L is homogenous of degree 1 in the directional variable y: LoL = L,

(d): The exterior 2-form  := dd;FE has maximal rank (non-degenerate), where
E := L?/2. The Finsler metric g attached to L on 7 '(T'M) is defined as
follows

(2) g(pX,pY) =Q(JX)Y), VXY € X(TM).

L is called the Finsler structure and E is the energy function corresponding with L.
We will use the notation (M, L) for a Finsler manifold.

REMARK 2.2. When L is defined on a conic subset U of T M (that is, if p € U and
A > 0, then A\p € U), then (M, L) is called conic Finsler manifold.

A semi-spray is a vector field G on TM that is C* on TM, and C* on TM, as
well as JG = C. A spray is a homogeneous semispray G of degree 2 in the directional
argument ([C,G] = G).

PROPOSITION 2.3. [5,6] For a Finsler space (M, L), we associated

(a): The canonical spray G: igdd;E = —dFE.

(b): The Barthel connection I': T' = [J, GJ.

Now, we present the following theorem that provides the existence and uniqueness
of Cartan connection.

THEOREM 2.4. [22] Let (M, L) be a Finsler space with the attached metric tensor
g to the Finsler function L. Then, (M, L) admits a unique regular connection V with
the properties:

(11)) Vg =0, that is, V is metrical.

(ii): The (h)h-torsion of V vanishes, that is, @ = 0,

(iii): g(T(X,Y),Z) = g(T(X,Z),Y), where the (h)hv-torsion T of V.

The connection V is referred as the Cartan connection attached to the Finsler space
(M, L).

Let’s provide the following lemma which is required for subsequent use.

LEMMA 2.5. (22| Let (M, L) be a Finsler space and [ be the horizontal map of the
Cartan connection V. Then, the metricity of the Cartan and Berwald connections is
characterized by:
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(a) (D% 9)(Y,Z)=2T(X,Y,Z), V. x9=0.

(b) (D39 (Y, Z) = =2P(X, Y, Z), Vyx g = 0.
Where P is the (v)hv-torsion of type (0,3) defined by P(X,Y,Z) = g(P(X,Y),Z)

and P is the (v)hv-torsion tensor of Cartan connection.

For more details about pullback formalism to coordinate-free Finsler geometry, we
refer for example, to [12,15,19,25,26].

3. Generalized Shen square metric

In this section, we introduce an intrinsic study of Shen square metric in a more
general settings. The study of such kind of Finsler metric in coordinate-free fashion
and to avoid the complications of the coordinate-free formalae, we restrict ourselves
to a special 1-form. Precisely, we present the following definition.

DEFINITION 3.1. Assume that the Finsler space (M, L) provides a concurrent 7-
vector field p(x) with the associated m-form B. Consider the following deformation

with B(x,y) := ¢g(p,7) =: B(7), and ¢ is the metric tensor attached to L. Assuming

that L is Finsler structure on M then it will be called a generalized Shen square
metric.

In [23], Nabil et al. investigated the concept of a concurrent m-vector field, intrinsi-
cally, in Finsler geometry. Furthermore, some geometric consequences and properties
of concurrent 7-vector fields are established. We review the definitions and features
of the concurrent m-vector field and its corresponding 7-form.

DEFINITION 3.2 ( [23]). Assume (M, L) is a Finsler space. A concurrent m-vector
field is a m-vector field p € X(w(M)) such that

(4) VexP=-X=Dixp, V,xp=0=D%P.

Moreover, if B is the 7m-form attached to p obtained by the metric tensor g: B = i3 g,
then the m-form B satisfies the properties

(VexB)(Y) = —g(X.Y) = (DixB)(Y), (V,xB)(Y)=0=(DxB)(Y).

DEFINITION 3.3 ( [23]). Assume that (M, L) is a Finsler space with the Berwald
connection D° on 7 Y(T'M). Then, a m vector field Y does not dependent on the
directional variable y if and only if D°¢Y" = 0 for all X € X(m(M)). Furthermore,

a scalar (vector) m-form w does not dependent on the directional variable y if, and
only if, D’ w = 0 for all X € X(mw(M)).

THEOREM 3.4 ( [23]). The concurrent m-vector field p and the attached n-form B
do not depend on the direction y.
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3.1. The metric and Cartan tensors of L. In this subsection, we calculate some
geometric objects associated to L(z,y) in terms of the objects attached to the Finsler
structure L. We need the following lemma.

LEMMA 3.5. Under every change L L the vertical counterpart for Berwald
connection D° Y is invariant. i.e. D° Y = Df/ Y.

Proof. Under every change L — E, the difference between the horizontal maps 5
and f is vertical, that is § = 6 + yu, for some w-vector field . Hence, the proof
follows from the facts that [22]

D»C;Y? - ph/ya 67]7

together with the fact that po~y vanishes identically and that the vertical distribution
is integrable.
In more details

DY = plyX, BY] = plyX, BY | + ply X, viI] = p]y X, BY] = D5 Y.
Hence, the result follows. O

LEMMA 3.6. Let (M, L) be a Finsler space providing a concurrent m-vector field
p(z) with the associated w-form B. Then, we have

(a): d;B(yX) =0, 2B = dB(yX) = d;B(BX) = B(X).

(b): dj L(7X) =0, D% L = dL(yX) = d; L(BX) = {( )
(c): dnB(BX) = Dy 5 - dB(6X) = ~L{(X), dB(G) =
(d): dy L(5X) = D% L = dL(5X) = 0.

(e): (DI )(Y) = (Vﬁ OF) =L'WX.Y).
(£): ddyE(vX, BY) = g(X,Y).
Where g is the Finser metric defined by the Finsler structure L, and ¢ is the normalized

supporting element defined by ¢ := L™ iz g .

Proof. We prove only the items (a) and (c) as follows: According to the facts that
povy and K o 3 vanish identically, p o 8 = idx(r)), igT = 0 = P, taking into
account Definition 3.2 and Lemma 2.5, we obtain

(a)



(c)
4B(BX) = (BopofX) B =X B =dB(X)
= BX 9,7 = (Dix 9)(@:7) + 9(Dx 5. 7) + 9B, D)
= —2P(X,p,7) — g(X,7) +0
= —L{X).
dB(G) = —Li([) =-L°

This completes the proof.
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Calculating the change of the normalized supporting element ¢ as well as the change

of the angular metric tensor A, under the (3), we obtain the following formulas.

PROPOSITION 3.7. Under the generalized Shen square metric (3), we have

1. The supporting element ¢ has the formula

(5) (X)) =(1-5)UX) +

2. The angular metric

(L — B)(L + B)?

tensors h is determined by

hX,Y) =

28%(L + B)?
+—

(6) -

ZBILEB) g%y v) + BV (X))}

71 MX,Y) +
I (X)0Y)

L3

Proof. Under the generalized Shen square metric (3), and taking into account

Lemma 3.6, we have

1). Using the facts that po~y =0 and that po f=po E = 1dx(x(M)), We get

((X)

= d;L(5X) = dsL(5X)

oL — oL _
= 37 dyL(BX) + 7B d;B(BX)

B2 2(L + B)

= (1—§)£(7)+ 7

B(X).

2). In view of item 1.) above, Lemma 3.6(e), together with Lemma 3.5, and Definition
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3.2, one obtain
AXY) = LD OY) = LD OF)
= LD5y {(1 - %)«W) + @B@}

- I {(03X(1 - )Y + (Dig T)B(?)}

L {a- T 0 0m + 2 D e mym) |

(L+9B)* 28> _ 2B _ _
Sl R () - 2 BER)AT)

H- 2 UX) + 2 B(X) B(Y))

L
+@ {(1 — %) (L7'A(X,Y) + o} :

Il
—

Hence, the result follows. m

Now, we provide the relationship between the metric tensors g and g attached to
the Finsler structures L and L, respectively.

ProprosITION 3.8. The Finsler metric g associated with the special generalized
Shen square metric (3) is given by the following relation:

w7 = LB xS B e )
2B _LLf(L =B 1%) o(7) + —6(LZ B) (B(X) (V) + BV) (X))}

Consequently, the Cartan torsion T of the special generalized Shen square metric has
the form

L —B)(L +B)3

X V.Z) = 2

" T(X.Y.7)

L 2BEB - LLS)(L =B (WX, Z)UT) + KT Z) (X))
+(L+% {B YUY, Z)+B(Y)W(X,Z)}

4 <D;Z (L= SB +3) ) (X,7) + 6(L;%>2)B<7) B(Y)
N ( D, 93(2% L )

+ <D;Z M+%> {(BX)((Y)+B(Y)((X)}.

where Dzyf(L, B) =d;f(fX) = g—iﬁ(Y) + g—é B(X) and T is the (h)hv-torsion of
the attached Cartan connection to the metric L.
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Proof. In view of the generalized Shen square metric (3), and using Proposition
3.7, we obtain

I(xX) = (1- %)4(7) + @ B(X).
Mxy) = ET %)L(f B v+ AL ;%)23(7) B(Y)
S ) ) - 2EEBY (B %) 07) + BT o))
Hence, using the definition of the angular metric tensor % := § — #® 7, we have
axy) = LR B px,v) 4 2B ;%)2 B(X)B(Y)
+—2%2<LLJ D) X)o7 - —293(LL+ B) (B(X) ¢(7) + BT (X))}

{(1 — %)E(X) + WB(Y)} {(1 — %2)5(3/) + TB(Y)}

BBy, S B
23D _LLB(L =) %) o7y + LB Z B) (B(X) (V) + BY) (X))

Consequently, using the expression of the metric g, taking into account Lemma 2.5
(a), it follows the expression of the Cartan torsion T of the generalized Shen square
metric. [l

THEOREM 3.9. The metric tensor g of L is non-degenerate if and only if
(7) L*(142p%) — 382 #£0.

That is, the generalized Shen square metric is a Finsler structure (or, conic Finsler
structure) if and only if the condition (7) is satisfied.

Proof. Assume that the Finsler metric g associated with the generalized Shen
square metric, defined by (3), is non-degenerate. Now, let g(X,Y) = 0 for all
X € X(m(M)). By using Proposition 3.8, we obtain

o = - %>L(4L - %)39(7, Y)+ 6L+ B)° ;%)2B(7) B(Y)
L 2BEB _;)(L = B) %) (7 + —(Lz B)” (B(X) (V) + BV) (X))

From which, by substituting X = p, noting that {(p) = 2 and B(p) = ¢(p,p) =: p?,
one can show that

(8) A 0(Y)+ B B(Y) =0,
where
p 2028 — L)(B + L)*(B — Lp)(B + Lp)
1 = I
B, - (B + L)?(—5B2+2BL + L* (6p* + 1))

L4
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Similarly, by substituting X = 7, taking the facts that £(7) = L and B(%) = B into
account, we obtain

(9) A l(Y)+ By B(Y) =0,
with
. (B-L)(B+L)}
A2 = - L3 s
B, — ABLL]

12
Now, the system of the algebraic equations (8) and (9) has non-trivial solution if
and only if

(B + L) (L3(1 + 2p?) — 3B?)
I
Hence, as L # 0 over T M, then we conclude that L2(1 + 2p?) — 382 = 0.
Consequently,

=0.

Y#0 <= L*(1+2p*) —38°=0.
Therefore, Y = 0 if and only if the Finsler structure L and the m-form 9B satisfy the
condition
L*(142p%) — 382 #£0.
This means that the generalized Shen square metric tensor g is non-degenerate if and
only if the condition (7) is satisfied. Hence, the proof is completed. O

Form now on, we consider that the generalized Shen square metric L satisfies the
condition (7).

4. Geodesic spray and Berwald connection

In this section, we find the relationship between the canonical (geodesic) spray G

of L in terms of the geodesic spray G of L. Precisely, we have one of the main results
in this work.

THEOREM 4.1. The canonical spray G associated with the generalized Shen square
metric (3) is given by
~ 2L%(2B — L) 214

C=C Baro) s S T Ao —am P

where, C is the Liouville vector field defined by C :=~7 and p* := B(p) = ¢(p, D).

Proof. Due to the generalized Shen square metric (3), taking into account the
expression of the exterior w-form 2 := %dd 7 L?, the fact that the difference between

two sprays is vertical (i.e. G=0G +~7, for some m-vector field 1) and using Proposition
2.3, one can show that

—dB(X) = igQX) = igiu(3dd;L?)(X)

10 T I
( ) = %ngdJLQ(X)‘F%ZyﬁdeLQ(X)



On generalized Shen’s square metric 477

Therefore, after some computation and using the fact that /7 = G and X = hX +
vX = BpX + vK X, together with Lemma 3.6, we have

dE(X) = %de(X):EdZ(X)

- L2%) {(1—%)dL(X)+2(LZ%) d%(X)}

NG %)z(fz =) 4n(x) +

SicddsTHX) = S{ddsT(5m, X)}

(11) _ %{G-djz2(X)—X-dJEZ(G)—dJEZ[G,X]}

= e @Iipx) - x - @Lim) - 2Le(ple X))

= ((G-L)l(pX)+ LG - U(pX)) — (X - L*) — LU(p[G, X]).

Moreover, we have

G-I = di(G)=(1- %2) an(c) + 2B 1y = —o1(L + B)
XL = dL(X)=(1— %2) dL(X) + AL+ ) dB(X)
i = 0@+ P,
plG,X] = plG,hX +vX] = DgpX — KX,
(DgB)(X) = —g(X,7) = —L{X),
(DG 0)(X) = (VeO)(X) =0,
dB(X) = B(KX)— LU(pX),
dL(X) = dL(vKX) = (KX),

Now, using the above facts and Lemma 3.6, (11) reduces to

Ligdd, TAX) = 200+ ) (1 - (o) (o) + 2B )

(L +B)? (L* —B?) 2(L +B)
T G'( 2 TB(pX))

(L JFL%) ((L ;2% ) an(x) + 2<Lz %)dZB(X))

HEEEE (B w6, x) + 2 B )
= 2(2B — L)(L +B)*l(pX) — 6(L + B)*B(pX)

(L +B)? [(L? — 8?) 2(L + B)
N2 )

(pX) +

—2

dL(X) +
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On the other hand, using Proposition 3.8, we have

1 ~ ~
5 b ddsLA(X) = g(7, pX)

- &= %)L(f B v+ LB ;93)213(7) B(Y)
BB DB ) o) + S 2E B (%) o7) + BT ()}

Plugging the last two relations into Equation (10), after some calculation, it follows

that
(L+B)? ((L* - B?) 2(L +*B)
— 7 { 72 dL(X) + — 7 d‘B(X)}

= 2028 — L)(L +B)*(pX) — 6(L +B)?*B(pX)

(L+9B)? [(L?—B?) (L +B)
T ( e <MM)——T—%%M0

L—B8)(L+8B)? — —  6(L+B)?>_ —
DR w7y B 6 B
2B(28B — L)(L + B)? (L+%
+ - 7
I
Using the non-degeneracy of the Finsler metric g, the above relation takes the form

(X)) YY) + {(BX)((Y)+B(Y)(X)}

(L-B)L+BP  _ AL—IB)L+BP  2AL-2BNL+B?
LA - { L - I3 (:u)
(LT . i+ (o + 3 - B g
(12) +2(2% - IL)Q(L + 9B)? .

where (1) and B(fz) are geometric quantities determined by the following two equa-
tions
L —B)(L+ B)* 20L+9B) _  2(L+B)?
( ¥4 )ew>—LFrlmm=i—fln
228 — L)(L+B)(B2 - L2p?) . (L+DB)*(=5B2+2B L+ L*(1 + 6p?))
7 ((n) + i
2(L + B)*(B(L — 2B) + 3L* p?)
(13) = ,
L2
where p? := B(p). Solving the above system, we get
2L3(B — L
Up) = 2 ( 2 2 : ’
3B2 — L2 (2p% + 1)
2L% (—2982 L + L?p?
B(m) — (=2B° +BL + L*p°)
L2 (2p? + 1) — 382

B(7)

Consequently, in view of Equation (12) taking the fact that G=0G+ ~t into account,
it follows that the canonical sprays G and é, are related by

2L%(2B — L) 214 _
L1427 — 332 = I2(1+2p%) — 332 V"

G=0G-
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Hence, the proof is completed. O]

Now, we are in aposition to find the relationship that relates the two attached
Barthel connections I" and I'. That is, we have the following theorem.

THEOREM 4.2. The Barthel connection I associated with the generalized Shen
square metric (3) is given by

F=T—X\J—d;\N @+ dsA &P,

where
A 2L%(2B — L)
LT L1+ 2p?) — 3B
2L*
/\2 . =

L2(1+ 2p?) — 382

Consequently, the horizontal map E associated with the generalized Shen square
metric has the form

FX = X — 5 {0 X + (%) 77 — dol5X) 9}
Proof. From Theorem 4.1 and the fact that
fX, J=fIX,J|+df NixJ —d;f @ X,
one can show that

[ = [J,G]=[],G— M7+ B = [ G+ [\ 77T — Ao, J]
= [L G+ M7, J] 4+ dM\ Ady J — dgh @47
—X[VP, J] —dXa N inp J + d Ao @ VP
On the other hand, we obtain

djp2 = 0
i = 0=rigpJ, (asJ oy =0),
whereas
= Y{VppX =VixD} = H{VyppX =T (p,pX)} = 0.
(977, JX = —JX.
Therefore,

T=T—X\J—d\ Q77+ ds @ P.

Consequently, using the fact that I' = 28 o p — I, the horizontal map E associated
with the special generalized Shen square metric has the form

FX = 0K — 5 {MA K +d(55) 47— diha(5K) 29}

This completes the proof. n
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THEOREM 4.3. The Barthel curvature tensor R associated with the generalized
Shen square metric (3) is determined by

R=%R—[hL]— N,

where Ny, := [L, L] is the Nijenhuis torsion of a vector 1-form LL defined by
1 _ _
(14) L:= —3 M T +dsA @9 —dsA @D}

Proof. By using Theorem 4.2, we conclude that the horizontal projection . and
vertical projection v associated with the special generalized Shen square metric has
the form

where L is defined by (14). Hence, the Nijenhuis torsion [3] of a vector 1-form L is
given by

N = %[L, L)(X,Y) = [LX,LY] +L%X,Y] - LILX, Y] — L[X,LY].

Now, the proof is attained by the fact that R = —%[ﬁ,ﬁ], and taking into account the
properties of the Frolicher-Nijenhuis bracket. O]

The Berwald vertical counterpart is given by Lemma 3.5 and the Berwald horizontal
counterpart is given by the following proposition.

PROPOSITION 4.4. For the generalized Shen square metric (3), the Berwald hori-
zontal counterpart is given by

_ o — 1 o X5 ~ o X7
DogxY = DgxY —o{M DixY +dsh(5X) D5 Y
~dM(BX)Y = dsM(BY) X — dyhe(6X) DS, Y}

+% {dd;\ (7Y, BX) 7 — ddsAo(YY, BX)) B} -

Proof. The proof can obtained by using the fact that v := yo K, h := [ o p,
YD%x Y = v[hX,JY] and D° 5 pY = p[yX,BY] ( [22, Proposition 4.4]), taking
into account Theorem 4.3, and the facts that the map v : #=Y(TM) — VTM is an
isomorphism, the Berwlad (v)v-curvature S° = 0, [JX, JY] = J[X, JY] 4+ J[JX,Y],
vJ = J and Jv = 0.
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In more details.

vD°ux pY = T[hX,JY] = (v—L)[hX +LX,JY]
= v[hX,JY] +v[LX,JY] - L[hX,JY] — LILX, JY]

— DY — % O K[JX, JY] + doM(X) K[43, JY] — dyho(X) K[, JY]}
+% {(JY - M) pX + (JY - dyh (X)) 7T — (JY - dyhe(X)) P}
+% O p([RX, JY)) + dyh([RX, TY)) T — dydo([hX, JY]) B}
) D5 pY
X) D2 pY'}
)P}

= D%y pY — %{)\1 Doy pY + dh (X
_dJ)\l(X) pY - dJ)\l(Y) pX — dJ)\Q(
+% {(ddy A (JY, X) T — ddyha(JY, X)

Consequently,

AVd o N 1 o X7 RV o X/
Dogyy = D ,BXY — 5{/\1 D’YYY + dJ)\l(ﬁX) D’YﬁY
—d;M(BX)Y — dsMi(BY) X — dsa(8X) DS Y}
1 - .
5 {dds\ (Y, X) 7 — ddsda(vY, 5X)) P} -
This ends the proof. m

We end our work by giving an example of a Finsler space that providing a con-
current m-vector field, and computing the m-form that corresponds and it should be
remarked that the presence of a concurrent vector field on Finsler spaces has been
established first by Tachibana [20]. Also, a generalization of a concurrent vector field,
called a semi-concurrent vector field, has been introduced in [28].

EXAMPLE 4.5. Let M = {(x1, 29, 73) € R3: x5y # 0} and L be given by

2
L= \/w% (\/y% + 21y3 + y3> + y3.

The corresponding components g;; of the metric tensor are given by

_ w3 (@Y + Vot + ot s (a1 Y5 + 7))
(yf + 21 y3)*/?

g1

T3 y3
Y+ a3 y3)3
x5 (227 Y3 + 3xTyiys + Vi + 213 (@] v3 + 2iyi + 27y3 + ui))

(yf + 2% y3)*?
Also, the corresponding components Cyji, of the Cartan tensor are calculated as follows

go2 = 1, g13 = (

g3z =

2.2 3 2.2.2. 9
3 TTT Y1 Y3 3 XTT3YT Y3

Clll - — = ) C1113 - =
2 (yi + 23 y3)°/? 2 (yi + 23 y3)°/?

133 — — 3% 9
2 (y7 + 23 y3)°/?

2.9 4
122 Yy

(¥ +aty3)>/%

3
U333 = B}
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The components g¥ of the inverse metric tensor are given as follows

N 2Sys + 2x1ytys + oyl + 2lys 4 2zydyl + ut + oyl + 233 (2atys + 3alylys)
z323 (\Vyi + 2iy3 (3233 + 3ytys + u3) + xtys + 223ty 4 3xtys + yi + 3yiy3)

13 _?ﬁ V y% + :E%y%

g = :
w32t (Vi + oYz (32ty3 + 3ytys + u3) + wiys + 20iyiys + 3atys + yt + 3uiv3)
= r1ys + 227yiYs + yi + 21Vt + 213
w323 (Vi + 2Ty3(323y3 + 3ytys + u3) + wiys 4+ 20iyiys + 3tz + yt + 3uiv3)
22
g =1

Straightforward calculations by using the Finsler package [27] and to avoid compli-

cated or big formulas, we list the required coefficients of Cartan connection, precisely:
1 1
rL,=—, I, =—, T4 =0.
127 2= 22
Since we have piC'ijk =0 and

ph=0p" +p'Tyy + Ty +p°T5 = 1,
simalarly, p|22 =1, p|33 =1 and all other components of pfj vanish, then we conclude

that this metric provides a concurrent w-vector field given by p = p'0;, where 0; are
the basis of fibers of (T M), p'(x) =0, p*(z) = xq, p*(x) = 0.

Now, the components of the corresponding m-form B are given by B = 0, B? =
19, B® =0, and hence the associated one form B becomes B(x,y) = xoyo. Therefore,
we have

2
2
, {\/56% (\/y%+x?y§+ y3> +y§+x2yz}

L(z,y) 2
\/a:g (x/y% + 27y3 + yg) +y3

which defines a generalized Shen square metric over M = R3.

Concluding remark

It is worth mentioning that the Shen square metric has many applications, and in
the near future, as a continuation of this work, we will investigate intrinsically some
geometric consequences for this metric related to some applications.

References

[1] A. Bejancu and H. Farran, Generalized Landsberg manifolds of scalar curvature, Bull. Korean
Math. Soc. 37 (3) (2000), 543-550.

[2] S.-S. Chern and Z. Shen, Riemann-Finsler geometry, Nankai Tracts in Mathematics, 6, World
Scientific, Hackensack, 2005.

[3] A. Frolicher and A. Nijenhuis, Theory of vector-valued differential forms, Ann. Proc. Kon. Ned.
Akad. 59 (1956), 338-359.
https://dx.doi.org/10.1016/51385-7258(58) 50058-4

[4] J. Grifone, Structure présque-tangente et connezions, I, Ann. Inst. Fourier Grenoble 22 (1)
(1972), 287-334.
https://dx.doi.org/10.5802/aif.407


https://dx.doi.org/10.1016/s1385-7258(58)50058-4
https://dx.doi.org/10.5802/aif.407

[5]

(6]

[10]

[11]

[12]

[23]

[24]

On generalized Shen’s square metric 483

J. Grifone, Structure presque-tangente et connexions, 11, Ann. Inst. Fourier Grenoble 22 (3)
(1972), 291-338.

https://dx.doi.org/10.5802/aif.431

J. Klein and A. Voutier, Formes extérieures génératrices de sprays, Ann. Inst. Fourier, Grenoble,
18 (1) (1968), 241-260.

https://doi.org/10.5802/aif.282

M. Matsumoto, On Finsler spaces with Randers metric and special forms of important tensors,
J. Math. Kyoto Univ., 14 (1974), 477-498.

https://doi.org/10.1215/kjm/1250523171

M. Matsumoto, On three-dimensional Finsler spaces satisfying the T-condition and BT -
condition, Tensor N.S., 29 (1975), 13-20.

M. Matsumoto and C. Shibata, On semi C-reducible, T-tensor= 0 and Sy-likeness of Finsler
spaces, J. Math. Kyoto Univ., 19 (2) (1979), 301-314.

https://doi.org/10.1215/kjm/1260522434

M. Matsumoto, The Berwald connection of Finsler with an (o, 8)-metric, Tensor (NS), 50
(1991), 18-21.

M. Matsumoto, Theory of Finsler spaces with (a, §)-metrics, Rep. Math. Phys., 31 (1991), 43—
47.

https://doi.org/10.1016/0034-4877(92)90005-L

R. Miron and M. Anastasiei, The geometry of Lagrange spaces: Theory and applications, Kluwer
Acad. Publ., 59 (1994).

https://doi.org/10.1007/978-94-011-0788-4_9

Z. Shen and G. Civi Yildirim, On a class of projectively flat metrics with constant flag curvature,
Can. J. Math., 60:2 (2008), 443-456. Zbl 1157.53014.

https://doi.org/10.4153/cjm-2008-021-1

Z. Shen and C. Yu, On Einstein square metrics, Publ. Math. Debrecen, 85 (3-4) (2014), 413
424.

https://doi.org/10.5486/pmd.2014.6015

A. Soleiman, Recurrent Finsler manifolds under projective change, Int. J. Geom. Meth. Mod.
Phys., 13 (2016), 1650126 (10 pages).

https://doi.org/10.1142/50219887816501267

A. Soleiman and S. G. Elgendi, The geometry of Finsler spaces of Hp-scalar curvature, Differ-
ential Geometry - Dynamical Systems, 22 (2020), 254-268.

S. G. Elgendi and A. Soleiman, An intrinsic proof of Numata’s theorem on Landsberg spaces, J.
Korean Math. Soc. 61 (1), (2023), 149-160.

https://doi.org/10.4134/JKMS. j230263

7.1. Szabo, Positive definite Finsler spaces satisfying the T-condition are Riemannian, Tensor
N.S., 35 (1981), 247-248.

J. Szilasi, R.L. Lovas and D.Cs. Kertész, Connections, Sprays and Finsler Structures, World
Scientific, 2014.

https://doi.org/10.1142/8659

S. Tachibana, On Finsler spaces which admit concurrent vector field, Tensor, N. S.; 1 (1950),
1-5.

A. A. Tamim, Special Finsler manifolds, J. Egypt. Math. Soc., 10(2) (2002), 149-177.

Nabil L. Youssef, S. H. Abed and A. Soleiman, Cartan and Berwald connections in the pullback
formalism, Algebras, Groups and Geometries, 25 (2008), 363-384. arXiv: 0707.1320 [math.
DG].

Nabil L. Youssef, S. H. Abed and A. Soleiman, Concurrent w-vector fields and eneregy B-change,
Int. J. Geom. Meth. Mod. Phys., 06 (2011).

https://doi.org/10.1142/S0219887809003904

Nabil L. Youssef, S. H. Abed and A. Soleiman, A global approach to the theory of special Finsler
manifolds, J. Math. Kyoto Univ., 48 (2008), 857-893. arXiv: 0704.0053 [math. DG].
https://doi.org/10.1215/kjm/1260271321

Nabil L. Youssef, S. H. Abed and A. Soleiman, A global approach to the theory of connections
in Finsler geometry, Tensor, N. S., 71 (2009), 187-208. arXiv: 0801.3220 [math.DG].


https://dx.doi.org/10.5802/aif.431
https://doi.org/10.5802/aif.282
https://doi.org/10.1215/kjm/1250523171
https://doi.org/10.1215/kjm/1250522434
https://doi.org/10.1016/0034-4877(92)90005-L
https://doi.org/10.1007/978-94-011-0788-4_9
https://doi.org/10.4153/cjm-2008-021-1
https://doi.org/10.5486/pmd.2014.6015
https://doi.org/10.1142/s0219887816501267
https://doi.org/10.4134/JKMS.j230263
https://doi.org/10.1142/8659
https://doi.org/10.1142/S0219887809003904
https://doi.org/10.1215/kjm/1250271321

484 A. Soleiman and S. G. Elgendi

[26] Nabil L. Youssef, S. H. Abed and A. Soleiman, Geometric objects associated with the fundamental
connections in Finsler geometry, J. Egypt. Math. Soc., 18 (2010), 67-90. arXiv: 0805.2489
[math.DG]J.

[27] Nabil L. Youssef and S. G. Elgendi, New Finsler package, Comput. Phys. Commun., 185 (3)
(2014), 986-997.
https://doi.org/10.1016/j.cpc.2013.10.024

[28] Nabil L. Youssef, S. G. Elgendi and Ebtsam H. Taha, Semi-concurrent vector fields in Finsler
geometry, Differ. Geom. Appl., 65 (2019), 1-15.
https://doi.org/10.1016/j.difgeo.2019.02.011

Amr Soleiman

Department of Mathematics, Faculty of Science, Al Jouf University,
Skaka, Kingdom of Saudia Arabia

E-mail: asoliman@ju.edu.sa, amrsoleiman@yahoo.com

Salah Gomaa Elgendi
Department of Mathematics, Faculty of Science, Islamic University of Madinah,
Madinah, Kingdom of Saudia Arabia

E-mail: salah.ali@fsc.bu.edu.eg, salahelgendi@yahoo.com


https://doi.org/10.1016/j.cpc.2013.10.024
https://doi.org/10.1016/j.difgeo.2019.02.011

	1. Introduction
	2. Notations and Preliminaries
	3. Generalized Shen square metric
	3.1. The metric and Cartan tensors of L"0365L

	4. Geodesic spray and Berwald connection
	References

