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TWO TYPES OF ALGEBRAIC STRUCTURES BASED ON
GENERALIZED RESIDUATED LATTICES

JIN WON PARK AND YOUNG-HEE Kim*t

ABSTRACT. In this paper, we introduce two types of left and right algebraic struc-
tures. We investigate the relations between bi-interior(bi-closure) operators and
bi-interior (bi-closure) systems. We explore how a bi-preordered space leads to the
formation of right and left rough sets.

1. Introduction

Pawlak [11,12] introduced the rough set theory as a formal tool to deal information
systems and decision rules in the data analysis. As an important mathematical tool
for rough set theory, the notions of closure (interior) systems and closure (interior)
operators facilitate to study topological structures, logic and concept lattices [1-6].

As a base lattice, Ward et al. [18] introduced a complete residuated lattice which is
an algebraic structure for many valued logic [1,8,15]. Bélohlavek [1,2] investigated the
properties of fuzzy relations and fuzzy closure systems on a residuated lattice which
supports part of foundation of fuzzy concept lattices and theoretic computer science.
Using fuzzy interior and fuzzy closure operators, many researchers investigated fuzzy
rough sets based on a residuated lattice [5,6,13,16,17].

As a non-commutative algebraic structure, Turunen [15] introduced a generalized
residuated lattice as a generalization of weak-pseudo-BL-algebras and left continuous
pseudo-t-norms [7]. Ko et al. [9,10] introduced the notions of bi-closure operators,
bi-closure systems and bi-completeness on a generalized residuated lattice.

In this paper, we introduce two types of left and right algebraic structures which
are bi-preorders, bi-interior and bi-closure operators, bi-interior and bi-closure systems
and rough sets based on a generalized residuated lattice.

In Section 2, we review the basic concepts and properties of generalized residuated
lattices. In Theorem 3.5, we demonstrate that both bi-interior and bi-closure operators
create corresponding bi-interior and bi-closure systems. Theorem 3.6 shows that these
systems can in turn generate bi-interior and bi-closure operators. In Theorem 3.7, we
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explore how a bi-preordered space can lead to the formation of right and left rough
sets.

2. Preliminaries

DEFINITION 2.1. [9,10,15] A structure (L,V, A\, ®,—,=, 1, T) is called a general-
1zed residuated lattice if it satisfies the following conditions:

(GR1) (L,V,A, T,1) is a bounded lattice where T is the upper bound and L is
the lower bound;

(GR2) (L,®, T) is a monoid,;

(GR3) it satisfies a residuation , i.e.,

aOb<cifa<b—=cifb<a=c

REMARK 2.2. (1) A generalized residuated lattice is a residuated lattice (—==)

iff © is commutative.
(2) Let (L, <,®) be a quantale [14]. For all z,y € L, define

r—y=\V{zell|zo0z <y},
r=>y=\V{zel|xz0z<y}
Then it satisfies Galois correspondence, that is,
oy <ziffx<(y—2)iff y < (x= 2).
Hence (L,V,\,®,—,=, 1, T) is a generalized residuated lattice.
(3) [7,15] A pseudo MV-algebra is a generalized residuated lattice with the law of
double negation.

In this paper, we always assume that (L, A,V,®,—,=,T, 1) is a complete gener-
alized residuated lattice with the law of double negation defined as a = (a*)° = (a°)*
where a® =a — 1L and a* =a = L.

LEmMA 2.3. [9,10] Let z,y, z,x;,y; € L. Then the following hold.

(1) Ify <z, then (x Oy) < (z®z2),z >y <x— zand z — x <y — x where
—e {—,=}.

(f) T = (Nier ¥i) = Nier(@ = i) and (Vier 1) =y = Nier(2: = y) for =€ {—
, =

J(zoy)—z=rx—=(y—=2)and (zQy) = z=y= (r = 2).
Jx—= (y=2)=y=(r—2)andr= (y > 2)=y — (= 2).
Jx@(x=y)<yand (x = y)Ox<y.

)=y oz<zr=y0zandyO (r—z2)<zxr—>y0O =2
)(x=>y)®(y:>z)§x=>zand(y—>z)®(a:—>y)<x—>z.
J(@=2)<(yOz) = (yO2) and (z > 2) < (zOy) = (20 ).
Jz—oy<(y—z2)=(r—2) and (z=y) < (y=2) = (r = 2).
Oy—z2<(r—y)—(r—2) and (y=2) < (zr=y)=(v=2).

1)z —y=T iff vt <y, where € {—,=}.
Nr—y=9y"=2"and x =y =y* — 2"

3) (= y) =20y and (z = y)° = y° © x. Moreover, (x ©®y)* =y = 2* and

(14) Aser 27 = (Vier 1) and Vg 2 = (Aser 22)"
(15) /\ieF :E? = (VzeF ) and VzeF i = (/\ieF xi)o-
(16)

i = Y < (Nier i) = (Njer ¥i), where —€ {—,=}.
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(17) 2 = vi < (Vier i) = (Vier ¥i), where —€ {—,=}.

DEFINITION 2.4. [9,10] Let X be a set. A function €’y : X x X — L is called a
right preorder if it satisfies the following conditions :

(O) e (z,z) =T for all x € X

(R) e (z,y) ® e (y,2) < ei(x,z) for all z,y,z € X.

A function € : X x X — L is called a left preorder if it satisfies (O) and

(L) el (y, 2) ® el (x,y) < e (z, 2) for all z,y, 2 € X.

The triple (X, €%, el ) is called a bi-preordered space.

EXAMPLE 2.5. [9,10] (1) Define two functions e} ,e} : L x L — L as
ep(zy) =z =y, elry) =z =y

By Lemma 2.3 (7), (L, e}, €}) is a bi-preordered space.
(2) Define two functions el x, elLX X X LX > L as

er(Av B) = /\xeX(A<x) = B([E)),
epx (A, B) = \yex(A(z) = B(x)).

By Lemma 2.3 (7), (L%, €} «, €} ) is a bi-preordered space.

3. Two types of algebraic structures

DEFINITION 3.1. An operator I" : LX — L¥ is called a right interior operator on
X if it satisfies the following conditions:

(I1) I"(A4) < 4,

(I12) if A < B, then I"(A) < I"(B),

(13) I"(I"(A)) = I"(A),

(IR) I"(A) ® a < I"(A ® «) where a(z) = a.

The pair (X, I") is called a right interior space.

An operator I' : LX — LX is called a left interior operator on X if it satisfies the
conditions (I1),(12),(I3) and

(IL) a © I'(A) < I'(a ® A) where a(z) = a.

The triple (X, I7, 1) is called a bi-interior space.

An operator C" : LX — LX is called a right closure operator on X if it satisfies the
following conditions:

(C1) C7(4) > A,

(C2) if A < B, then C"(A) < C"(B),

(C3) C"(C7(A)) = C"(A),

(CR) C"(a - A) < a — C"(A) where a(x) = a.

The pair (X, C") is called a right closure space.

An operator C' : LX — LX is called a left closure operator on X if it satisfies the
conditions (C1),(C2) (C3) and

(CL) CYa = A) < a = CYA) where a(z) = a.

The triple (X, C", C") is called a bi-closure space.

DEFINITION 3.2. Let (X, I”, I') be a bi-interior space and (X, C", C') be a bi-closure

space.
(1) The pair (I"(A),CT(A)) is a right rough set for A € L¥.
(2) The pair (I'(A), C'(A)) is a left rough set for A € L.
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(3) Define " : LX — L as
a’(A) = N\ (C(A)(2) = 1(A)(x))

reX
for all for A € L, C € {C",C'} and I € {I",I'}. The map o is called a right
accuracy measure
Define o! : LX — L as

a(A) = )\ (C(A)(z) = I(A)(x))

rzeX

for all A e LX, C € {C",C'} and I € {I",I'}. The map o' is called a left accuracy
measure.

DEFINITION 3.3. (1) A family F" is called a right interior system on X if (A; ®
k), Vier Ai € F" for all A; € F" and k € L.

(2) A family F" is called a left interior system on X if (k © A;),V,epr Ai € F' for
all A, € Fland k € L.

The triple (X, F", F') is called a bi-interior systems.

(3) A family G" is called a right closure system on X if (k — A;) € G", \,op A; for
all A, € G" and k € L.

(4) A family G' is called a left closure system on X if (k = A4;) € G', \,p A; for
all A; € G and k € L.

The triple (X, G", G") is called a bi-closure system.

THEOREM 3.4. (1) An operator I' : LX — L is a left interior operator on X iff
I' satisfies (I1), (12), (I3) and I'(a = A) < a = I'(A).

(2) An operator I" : LX — LX is a right interior operator on X iff I" satisfies (I1),
(12), (I3) and I"(a« — A) < o — I"(A).

(3) An operator I' : L — L* is a left interior operator on X iff I' satisfies (I1),
(I3) and €\, « (A, B) < e, «(I'(A),I'(B)) for all A, B € L*.

(4) An operator I" : L* — L* is a right interior operator on X iff I" satisfies (I1),
(I3) and €}« (A, B) < e’ «(I"(A),I"(B)) for all A,B € L*.

(5) An operator C™ : L* — LX is a right closure operator on X iff C" satisfies
(C1), (C2), (C3) and
C"(A)oa<C'(AG ).
(6) An operator C' : LX — L is a left closure operator on X iff C! satisfies (C1),
(C2), (C3) and
a®CHA) < CHao A).
(7) An operator C" : L* — LX is a right closure operator on X iff C" satisfies
(C1), (C3) and € < (A, B) < e} < (C"(A),C"(B)) for all A, B € L*.
(8) An operator C' : L* — L is a left closure operator on X iff C! satisfies (C1),
(C3) and € (A, B) < e «(CY(A),CYB)) for all A, B € L*.

Proof. (1) Since a ® I'(a = A) < I'(a ® (o = A)) < I'(A), then ['(a = A) <
a = I'(A).
Conversely, since I'(a = a®A) < a = [H{a®A) iff a®I'(a = acA) < I(aGA),
we have
aoll(A)<aol(a=a6A) <I'(ao A).
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(3) Put o = eLX(A B). By (IL) and (12), a © I'(A) < I'(a© A) = I'(e) < (A, B) ®
A) < TY(B). Hence ¢ (A, B) < ¢\ «(I'(A), I'(B)).

Conversely, if A § B, then T = €l ((A,B) < €\ (I'(A),I'(B)). Thus, I'(A) <
I'(B).

Since a <€) (A,a ® A), we have @ < e} (A, a ® A) < €l ((I'(A), I'(a © A)).
Thus a ® I'(A) < I'a G A).

(5) Let C" be a right closure operator on X. Since C"(a - A®a) < a — C"(AG«)
iff C"(a—> A0 a)®a<C"(AGa), we have

C'(A)oa<C(a—-A0a)oa<C"(AGa).

Conversely, C"(a - A)0a < C"((a - A)©a) < C"(A), then C"(a - A) < a —
C(A).

(2), (4) and (6) are similarly proved as (1),(3) and (5), respectively.

(7) Put o = €} x(A,B). Since, by (CR), C"(e}x(A,B) — B) < e} x(4,
C"(B), ehx(A,B) < C"(e}x (A, B) = B) = C"(B). Since A® €] (A, B) < B,
A< eZX(A, B) — B. Hence

¢ x (A, B) < C"(¢;x (A, B) > B) = C"(B)
< C"(A) = C"(B).

Thus e} x (A, B) < el x(C"(A),C"(B)).

Conversely, if A < B, then T = ¢/ +(A,B) < e} x(C"(A),C"(B)). Thus, C"(A) <
C"(B).

Since o < e} y(a@ = A, A), wehave o < el x(a = A, A) < e} x(C"(a = A),C"(A)).
Thus C"(a — A) < a — C"(A).

(8) Put @ = €l (A, B). Since, by (CL), C'(e}«(A,B) = B) < ¢\ «(A,B) =
CY(B), €4 «(A,B) < C'(el «(A,B) = B) — CY(B). Since €} «(A,B) ® A < B then
A< elLX(A,B) = B. Hence

e x(A,B) < C'(eL < (A, B) = B) — C'(B)
< Cl(A) — CYB).
Thus € (A, B) < e «(CY(A),CY(B)).
Conversely, (C2) if A < B, then T = ¢ (A4, B) < ¢, «(C'(A),C"(B)). Thus,
CYA) < CYB).
(CL) Since o < el (o = A, A), we have a < € (a = A A) < € (Ca =
A),CY(A)). Tt implies a ® CYa = A) < CY(A). Thus Cl{a = A) < a = CI(A).

B) —
then

]

THEOREM 3.5. (1) Let (X,I",1') be a bi-interior space. Let F, = {A € L* |
I"(A) = A} and F;, = {A € LX | I'(A) = A} Then (X, F}., F},) is a bi-interior
system such that F}; ={I"(B) | Be L*} and F!, = {I(B) | B € L*}.

(2) Let (X,C",C%) be a bi-closure space. Let G’"T ={AeL*|C"(A) = A} and
GL, ={A e L* | C'(A) = A}. Then (X,Gp»,GL,) is a bi-closure system such that

tr ={C"(B) | B € L*} and G, = {C'(B) |BELX}.

(3) Let (X, I", 1) be a bi—interjor space. Let C"(A) = I'(A*)? and C'(A) = I"(A%)*
for all A € X. Then (X,C",C") is a bi-closure space.

Proof. (1) For all A; € F}}, since A;©0a=1"(4;) 0a<I"(A;0a) < A; ®a, then
A;©ae Fp. Since \,op Ai = Vier I7(As) < I"(V,er Ai) < Vjer Ay then . A; €



806 Jin Won Park and Young-Hee Kim

Fi,. Put F" = {I"(B) | B € LX}. Let I"(B) € F’. Then I"(I"(B)) = I"(B)ii.c.
I"(B) € F}.. Let A € FJ.. Then A= 1"(A) € F". Hence FJ, is a right interior system
such that F}, = {I"(B) | B € L*}. Other case is similarly proved
(2) For all A; € G, since C"(aw = A;)) < a — C"(A;) = a — A;, then a — A, €
E’T- Since /\iGF Az = /\iGF OT(AZ) 2 Cr(/\iel_‘ Az) 2 /\iEF Aia then /\iEF AZ € Grcr
Other cases are similarly proved as (1) and the above method.
(3) Since I'(A*) < A*, we have A < C"(A). C(C"(A)) = C"(I'(A*)?) = I'(I'(A))° <
I'(A*)° = C7(A). By Lemma 2.3(13),
Crla— A) =I((a = A)*)? = I'(a ® A*)°
<(aeI(A) =a — I'(A) = a — C7(A).
Since I"(A%) < A% we have A < CY(A). CYCY(A)) = CY(I"(A%*) = I"(I"(A%))* <
I"(A%* = C'(A). By Lemma 2.3(13),
Clla=A)=I"((a= A =I"(A® a)*
<(I"(A% @a) =a=I"(A%" = a= Cl{(A).
[l

THEOREM 3.6. (1) Let (X, F", F') be a bi-interior system on X, Define I}, IL, :
L* — LX as
I.(A)=\{A; | A, <A A € F}
IL(A) =V{A | A < A A e F'}L

Then (X, I}, It,) is a bi-interior space such that

I (A) = \/AEFT(A QGLX<AMA))
IL(A) =V yepi(el (A A) © Ay).

(2) Let (X,G",G") be a bi-closure system. Define Cg,,Ct, : L — L* as
CL(A) = N{Ai|A< A, A G
Then (X, Cf.r, C'IGZ) is a bi-closure space such that

Cer(A) = AAGGT(GLX(AA)%A)
CL(A) = Ayecn(€hx (A, Ar) = A)).

(3) F" = {B; | i € T'} is a right interior system on X iff G' = {B} | B; € F"} is a
left closure system on X.

(4) F' = {B; | i € T'} is a left interior system on X iff G" = {B? | B; € F'} is a
right closure system on X.

Proof. (1) Since It,(A) = \/{4; | A < A, A; € F'} <A, (I1) and (I2) are casy.
Since Illw (A) < [éwz(A) and Ié"l(A) S Fl7 Ifmewz(A)) > I;Z(A)' By (11)7 IfmewZ(A)) =
It,(A). (IL), for all o, A € L,
a0l (A)=a0 V{A | 4 <A A eF'}
<V{aoA a0 A <a®A a®A; € FY}
=1, (a® A).

Put I'(A) = V. eFl(eLX(A“A) © A;). Since /4 (el x (A, A) © 4;) < A and

Voaerm (e x(Ai, A) © 4) € F! IN(A) < I (A).
Since I, (A Ve (A ) > el (IL,(A), A) ® IL,(A) = Im(A).
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Other case is similarly proved.
(2) Since C.(A) = N{Ai | A< A;, A; € G"}, then (C1) and (C2) hold.
Since Cf.(A) € G" and Cf.(A) < CL.(A), CL.(CL(A)) < CL.(A). By (C1),
CL(CL, (A)) = CL(A). (CL), for all a, A € L,
o — C&r(A) = — /\{Az ’ A < AZ', Az S Gr}
:/\{Oé—>Az|A§AZ7 AiEGT}
>NMa—A|la—aA<a— A, a— A €G}
> Clr(a— A).
Then C{. is a right closure operator on X. Similarly, ClGl is a left closure operator
on X.
Put C'(A) = A, calehx(AA) = A). Since A < e (A/A) = A; € G for
A eGLCL < C
Since CH(A) < e (A, CL(A)) = CLi(A4), C'(A) < CLi(A).
(3) and (6) are easily proved that for Bf € G! with B; € F", by Lemma 2.3 (13),
a= Bf =(B;®a)* €
(4) and (5) are easily proved that, by Lemma 2.3 (13), « — B? = (a ® B;)".

THEOREM 3.7. Let (X, €%, €l) be a bi-preordered space.
(1) Define

I (A) = Ao (e (= 2) = A2))
Ol (4) = V,ex (Alx) © ex (2. )
Then (I} (A), C¢x (A)) is a left rough set for A € L* and ey
(2) Define
17, (4) = Ayex (6, ) = A)
Cir (A) = Viyex (ex (=, 1) © A(x)).
Then (I}, (A), Cl; (A)) is a right rough set for A € L™ and €.
(3) Define
I (A) = Npex(ex(z, =) = A())
Cly (A) = Ve (Al2) © el(—, ).
Then (I', (A),C, (A)) is a left rough set for A € L* and €.
(4) Define
5 (4) = Auex (el (=) = Alz)
C2 () = Vo (e 2, -) © Alz)).
Then (I, (A) Ch (A)) is a right rough set for A € L* and él;.
(5) Let A B E LX. Then A < I'. (CL. (A)) and C.. (I'. (B)) < B. Moreover,
Cl. (A)< Biff A< I'. (B). 0 s
?6) Let A,B € LX. Then A < 15 (Cgr (A)) and Cf (I (B)) < B. Moreover,
Cr (A) < B iff A< I, (B).
(7) Let A,B € L*. Then A < I, (C', (A)) and C!, (I', (B)) < B. Moreover,
%X(A) <BIiff A< IélX(B). 0 7
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(8) Let A,B € L*. Then A < I', (C", (A)) and C", (I', (B)) < B. Moreover,

X X X X
' (A) < BIif A< I, (B).
X X

Proof. (1) Sincea - b®c¢>b® (a — ¢),

Ié;((a © A)(y) = Npex(€x(y,2) = a © A(z))
Za® (Agex(€(y, 2) = Alz)),

Other cases (I1) and (I2) are easily proved. Thus I fz% is a left interior operator.
(C1) and (C2) are easily proved. (C3) and (CL) follow

Vo (AR) 6 (e

\/ ; z) © ex(x,y))
= V.ex(A(z )®Vxex(63< 2,8) © ex(2,y)))
= V.ex(A(2) @ ek (2,)) = Cg (A)(y).

Since (a = b)Oc<a=bOc, C’i (a = A) < a= C(A). Hence Cég( is a left closure
operator.

(2),(3) and (4) are similarly proved.

(5) For all y € X, A € LX,

Q

4}
Xi

a
>< 3
—
D
SN—
S~—
—~
<
N—
|
<
8
m
>
—~
o
,
—
D

IA
<<
8 8
m Mm
VY
o
m
=5
=5
e
L
SN
S
o N
==
B
=

3

o (A W) = Npex (€ (y,z) = Cé;((A)(x))
vex (€ (W, 2) = (V. ex(A(z) @ € (2, 7))
wex (€ (Y, ) = (Aly) © ek (y, 7)) > A(y).

VIl o=
><i

==

O

EXAMPLE 3.8. Let M = {(x,y) € R? | y > 0} be a set and we define an operation
®: M x M — M as follows:

(T1,91) @ (¥2,92) = (21 + Y122, Y1y2).
Then (M, ®) is a group with e = (0,1), (,y)~" = (=%, }).
For (z1,y1), (z2,y2) € M, we define

(1,171) < (22, y2)
<y <Yz Or Y1 = Yo, T < To.

Then (M, < ®) is a lattice-group.
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Let (L,®,=,—,(1,1),(0,1)) be a pseudo MV-algebra where (1,1) is the least

12
element and (0, 1) is the greatest element from the following statements:

(21,51) © (T2,92) = (v1,41) @ (22, 92) V (17§)
r1 + 1T, Y1ye) V (1, )

= (

= ((z1, 1)~ '® ® (22,92)) A (0,1)
:( —T1+T2 yz) (0 1)

= (
= (

(z1,91) = (22, 2)

yi 'y

(22, y2) @ (z1,y1)"") A (0, 1)

Ty — B2 ) A0, 1),

(z1,91) = (22,92)

It is not commutative because

Furthermore, we have (x,y) = (x,y)* = (z,y)°* from:

(z,y)" = (z,y) = (1,
(z,9)° = (v,y) — (1,

Let X = {z,y,2} and A € LX as follows:
A(z) = (1,0.6), A(y) = (0.2,0.8), A(2) = (0,0.6).

Define ey, ely : X x X — L as ¢4 (z,y) = A(z) = A(y) and ey(z,y) = A(z) — A(y)
such that

By Lemma 2.3(7), (X, €, €Y4) is a bi-preordered space. Moreover, €, (z,y) = A(x)
Aly) = A*(y) = A*(2) = e}y (y, z) and €y (z,y) = A(x) = Ay) = A(y) = A%(z) =
67:40<y7.%‘).

(1) Put Fm ={A0k| ke Lland G" ={k - A| k€ L}. Since k; < A =
Vieil(AO k), Vie/ ki < A= V,.,(A0 k). Then A® (Ve ki) < Vi, (AO Ey).
Moreover, \/,. (A ® k) < A® (Ve ki). Hence I is a right interior system.

Since kl — (kQ — A) = (]{71 ® kg) — A e G" and /\ (kz — A) = <\/iEI ]%) — Ae
G", G" is a left closure system.

For B = ((1,3),(0,%),(2,

’5 » 3/

Naex(Alx) = B(z)) = (-1,

| il

el

)) € LX since A®ok; < Band B < ky = A, k =
)i ks = Npex (B@) = Alx)) = (0,2) and

A(D(=) © e} x(D,B))

,DeF}=A0k

((1,3),(0,5),(1,3)),

cor(€rx(B, D) = D(-))

D,DeG} =k — A

= (07 %) — A= ((17 %)7 (07 %)7 (07 %))

The pair (I (B), Cér(B)) is a right rough set for B.
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Two maps a”,a! : LX — L are right and left accuracy measures for B € LX,

o"(B) = Noex (Cer (B)(@) = I (B) (@) = (0, 5),
! (A) = Noex (Cor(B)(z) = I (B)(2)) = (5, 3)-

2 Put F' ={k0A| ke L}and G' ={k = A| k€ L} Sincek; <A —
Vier(ki © A), \/lelk < A = Vg (ki ©A). Then (V. ki) ©A < Vg (ki © A).
Moreover, \/, (ki ® A) < (\;c; ki) © A. Hence F' is a left interior system.

Since k; = (k?g = A) = (]{52 ® ]{51) = Ac G! and /\iel(ki = A) = <\/i€I kz) = Ac
G, G' is a left closure system.

For B = ((1,5),(0,%),(2.9) € L¥, ks = N\,ex(Ax) = B(x)) = (=4, 8), ks =
Neex(B(z) = A(z)) = (3, 7) and

= (_%7 %) OA= ((% V1, %)7 (07 §>’ (_% V1, %))
= (17%)?(()’%)7(175 )7
Ceu(B) = Apegi€px (A, B) = B(-))

= (1.1 =A4=((13)(0, 1) (—=3:8))-
The pair (IL,(B), C’l ,(B)) is a left rough set for B and e
Two maps o, ! : LX — L are right and left accuracy measures for B € L¥,

" (B) = Nyex (Ceu(B) (@ )=>fl§( )(@) = (0, 5),
o' (4) = Noex (Ceu(B) (@) = Tu(B)(2)) = (§.3)-
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