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COEFFICIENT PROBLEMS ON Q-FRACTIONAL INTEGRAL

OPERATOR DEFINED BY MODIFIED Q-OPOOLA

DIFFERENTIAL OPERATOR

RISIKAT.A.BELLO, MASLINA DARUS, and KHALID ALSHAMMARI ⋆

Abstract. In this paper, we study of a new q-fractional differential operator orig-
inated from the Srivastrava-Owa operator of fractional integration with modified
q-Opoola derivative operator. The Fekete-Szego H2(1) functional and Second Han-
kel determinant H2(2) for normalized analytic function belonging to the family of
q-starlike and q-convex functions in the open unit disk are investigated.

1. Introduction and definitions

We denote U = {z : z ∈ C : |z| < 1} the open unit disk in the complex plane and
A refers to the class of function f(z) given by

(1.1) f(z) = z +
∞∑
k=2

akz
k, (z ∈ U)

which satisfies the usual normalization condition given by

f(0) = f ′(0)− 1 = 0.

The study of function theory began in 1851. In 1916, this field became a good area
for new research due to Bieberbach’s coefficient conjecture [21]. The conjecture |an|
was proved in 1985 by De-Branges [22]. Between 1916 and 1985, many scholars tried
to prove or disprove this conjecture. As a result, they identified several subfamilies of
a class of univalent functions associated with different image domains. The families of
starlike and convex functions are the most basic, most studied, and these subfamilies
have various beautiful geometric representations.
Given that f(z) and g(z) are two analytic functions in U , then we say that the function
f(z) is a subordinate to the function g(z), and written as

(1.2) f(z) ≺ g(z),

if there exist a Schwarz function w(z) with the following conditions

w(0) = 0, |w(z)| < 1, (z ∈ U),
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such that:

(1.3) f(z) = g(w(z)).

We denote by P , the class of analytic functions p(z) with the series form:

(1.4) p(z) = 1 + c1z + c2z
2 + c3z

3 + · · · ,
and

ℜ(p(z)) > 0, z ∈ U.

Recently, Srivastava [18] and many others have studied the relationship between frac-
tional calculus and q-calculus (quantum) in the Geometric Function Theory of Com-
plex Analysis.
Srivastava et al. [8] showed in their article the importance of studying the concept by
introducing a new q-fractional integral operator defined by the successful application
of the Srivastava-Owa Operator [23] and the q-Ruscheweyh derivative of Aldweby and
Darus [24].
Motivated by the work done in [8], we shall define an Operator associated with both
Srivasatava and Owa [23] and Alatawi and Darus [1] of modified q-Opoola Differential
Operator. We begin by stating the following definitions:

Definition 1.1. (Srivastava and Owa [23] The fractional integral of order α is
defined for a function f(z),

(1.5) Iαz f(z) =
1

Γ(α)

∫ z

0

(z − ζ)α−1f(ζ)dζ. (α > 0)

where the function f(z) is analytic in a simple-connected domain in the complex z-
plane which has the origin and multiplicity (z − ζ)α−1 is removed using log(z − ζ) to
be real when z − ζ > 0.

Definition 1.2. (See Alatawi and Darus [1]) For a function f(z) ∈ A, the linear
operator Dn

q (µ, v, F, t) : A 7→ A is given by

D0
q(µ, v, F, t)f(z) = f(z)

D1
q(µ, v, F, t)f(z) = ztDqf(z)− zt(v − µ) + (F + (v − µ− F )t)f(z) = dq,tf(z)

D2
q(µ, v, F, t)f(z) = dq,t(D

1
q(µ, v, F, t)f(z))

so that
Dn

q (µ, v, F, t)f(z) = dq,t(D
n−1
q (µ, v, F, t)f(z))

which correspond to

(1.6) Dn
q (µ, v, F, t)f(z) = z +

∞∑
k=2

(F + ([k]q + v − µ− F )t)nakz
k, z ∈ U.

If F = 1, (1.6) gives the class investigated by Lasode and Opoola [15].
Next, from Definition 1.1 and 1.2, we have the following:

Definition 1.3. The Srivastava-Owa operator Iαz in Definition 1.1 and the mod-
ified q-Opoola differential operator Dn

q (µ, v, F, t) in Definition 1.2 applied together
gives a presumably new q-fractional operator defined for a function f ∈ A given by
equation (1.1):

Tα,µ,v,F,t
q f(z) = Iαz D

n
q (µ, v, F, t) = Iαz D

n
q (µ, v, F, t)

(
z +

∞∑
k=2

akz
k

)
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= z +
∑

[F + ([k]q + v − µ− F )t]n
Γ(k + 1)Γ(α + 2)

Γ(k + 1 + α)
akz

k.

Following the same approach of Srivastava et.al([see [8]) we derive the second Hankel
determinant H2

2 (f) for functions belonging to the classes L∗
q,α,µ,v,f,t and K∗

q,α,µ,v,f,t

L∗
q,α,µ,v,f,t := {f : f ∈ A and ℜ

{
DqT

α,µ,v,f,t
q f(z)

Tα,µ,v,f,t
q f(z)

}
≺ 1 + sinω(z), (z ∈ U)}

and

K∗
q,α,µ,v,f,t := {f : f ∈ A and ℜ

{
Dq

(
zDqT

α,µ,v,f,t
q f(z)

)
DqT

α,µ,v,f,t
q f(z)

}
≺ 1 + sinω(z), (z ∈ U)}

respectively.
We study the same problems related to Fekete-Szego and Hankel Determinant as in [8].
The qth Hankel determinant represented by Hn

q (f) whose elements are the coefficient
function f ∈ A given by (1.1) was defined by Pommerenke [4] as

Hn
q (f) =

∣∣∣∣∣∣∣∣
an an+1 · · · an+q−1

an+1 an+2 · · · an+n
...

...
. . .

...
...

an+q−1 an+q · · · an+2q−2

∣∣∣∣∣∣∣∣ .
This determinant has been considered by several authors for various classes and sub-
classes i.e for H1

2 (f), H
2
2 (f) and others, for instance see (Bello and Opoola [11], Riaz

et.al [27])

H1
2 (f) =

∣∣∣∣ 1 a2
a2 a3

∣∣∣∣ = (a3 − a22), a1 = 1, and H2
2 (f) =

∣∣∣∣a2 a3
a3 a4

∣∣∣∣ = (a2a4 − a23).

The study of upper bounds for the Fekete-Szego functional and the Hankel determi-
nant for various subclasses of normalized analytic functions in the geometric function
theory of complex analysis is still an interesting problem (see [3, 4, 8, 11, 16,26]).

2. Preliminary Lemmas

In order to prove our desired results, we shall require the following lemmas:

Lemma 2.1. ( [10] ) If p(z) ∈ P as in equation (1.4), then there exist some |x| ≤ 1
such that

2c2 = c21 + ϵ(4− c21),

4c3 = c31 + 2c1ϵ(4− c21)− c1ϵ
2(4− c21) + 2(4− c21)(1− |ϵ|2)z.

Lemma 2.2. ( [10]) Let p(z) ∈ P , then∣∣∣∣c2 − c21
2

∣∣∣∣ ≤ 2− |c21|
2

|cn+k − µcnck| < 2, 0 < µ < 1

|cn+2k − µcnc
2
k| ≤ 2(1 + 2µ).
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Lemma 2.3. ( [11]) Let p(z) ∈ P , then for any t ∈ R

|c2 − tc21| ≤

 −t if t ≤ −1,
1 if −1 ≤ t ≤ 1,
t if t ≥ 1.

Lemma 2.4. ( [6]) Let p(z) ∈ P . Then for any ℜ(p(z)) > 0, z ∈ U , and p(z) =
1 + c1z + c2z

2 + c3z
3 + · · · , then |ck| ≤ 2, k = 1, 2, 3, · · · .

3. Main Results

In this section, we state and prove the main result of our investigation. The first
results are the bounds for the first four initial coefficients for the new class L∗

q,α,µ,v,f,t.

Theorem 3.1. Let f(z) of the form (1.1) be in the class L∗
q,α,µ,v,f,ti.e f(z) ∈

L∗
q,α,µ,v,f,t, then

|a2| ≤
1

h2([2]q − 1)
,

|a3| ≤
1

4h3([3]q − 1)

[
[2]q − 2

[2]q − 1

]
.

|a4| ≤
1

2h4([4]q − 1)

[
6 + 11([2]q − 1)([3]q − 1)

3([2]q − 1)([3]q − 1)

]
.

where

h2 = [F + ([2]q − v − µ− F )t]n
Γ(3)Γ(2 + α)

Γ(3 + α)
,

h3 = [F + ([3]q − v − µ− F )t]n
Γ(4)Γ(2 + α)

Γ(4 + α)
,

h4 = [F + ([4]q − v − µ− F )t]n
Γ(5)Γ(2 + α)

Γ(5 + α)
.

Proof. Since f(z) ∈ L∗
q,α,µ,v,f,t, we have

(3.1)
DqT

α,µ,v,f,t
q f(z)

Tα,µ,v,f,t
q f(z)

= 1 + sinw(z).

Using the relationship between p(z) ∈ P and Schwarz function, we can write:

(3.2) p(z) =
1 + w(z)

1− w(z)
= 1 + c1z + c2z

2 + c3z
3 + · · ·

such that,

(3.3) w(z) =
p(z) + 1

p(z)− 1
=

c1z + c2z
2 + c3z

3 + · · ·
2 + c1z + c2z2 + c3z3 + · · ·

.

On the other hand,

1 + sinw(z) = 1 +
1

2
c1z +

(
1

2
c2 −

1

4
c21

)
z2+

(3.4)

(
− 1

2
c1c2 +

1

2
c3 +

5

48
c31

)
z3 +

(
5

16
c2c

2
1 −

1

32
c41 −

1

4
c22 −

1

2
c1c3 +

1

2
c4

)
z4 + · · · .



Coefficient Problems on q-Fractional Integral Operator 5

We see that

DqT
α,µ,v,f,t
q f(z)− Tα,µ,v,f,t

q f(z)

(3.5) = ([2]q − 1)h2a2z
2 + ([3]q − 1)h3a3z

3 + ([4]q − 1)h4a4z
4 + · · · ,

and

sinw(z)Tα,µ,v,f,t
q f(z) =

1

2
c1z +

(
1

2
c2 −

1

4
c21

)
z2+

(3.6)

(
− 1

2
c1c2 +

1

2
c3 +

5

48
c31

)
z3 +

(
5

16
c2c

2
1 −

1

32
c41 −

1

4
c22 −

1

2
c1c3 +

1

2
c4

)
z4 + · · ·

Comparing the coefficient of z, z2, z3, z4 in (3.5) and (3.6), we get

(3.7) a2 =
c1

2h2([2]q − 1)
,

(3.8) a3 =
1

2h3([3]q − 1)

(
c2 −

1

2
c21 +

c21
2([2]q − 1)

)
,

and

a4 =
1

2h4([4]q − 1)

(
c3 − c1c3 +

5

24
c31 +

c1c2
2([2]q − 1)

− c31
4([2]q − 1)

+

(3.9)
c1c2

2([3]q − 1)
− c31

4([3]q − 1)
+

c31
4([3]q − 1)([3]q − 1)

)
.

Applying Lemma 2.4 in (3.7) we obtain

(3.10) |a2| ≤
1

h2([2]q − 1)
.

Also by applying Lemma 2.3 into (3.8) for a3, we get

|a3| =
∣∣∣∣ 1
2h3([3]q−1)

(
c2 − 1

2
c21 +

c21
2([2]q−1)

)∣∣∣∣ = 1

2h3([3]q − 1)

∣∣∣∣c2 − (
[2]q−2

2([2]q−1)

)
c21

∣∣∣∣
and therefore

(3.11) |a3| ≤
1

4h3([3]q − 1)

[
[2]q − 2

[2]q − 1

]
.

Also again by applying Lemma 2.2 into equation (3.9) for a4, we get

|a4| =
∣∣∣∣ 1
2h4([4]q−1)

(
(c3 − c1c2) +

c1
2([2]q−1)

(c2 − c21
2
) + c1

2([3]q−1)
(c2 − c21

2
) +

5c31
24

+ 1
4([2]q−1)([3]q−1)

)∣∣∣∣
(3.12) |a4| ≤

1

2h4([4]q − 1)

[
6 + 11([2]q − 1)([3]q − 1)

3([2]q − 1)([3]q − 1)

]
.
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Theorem 3.2. Let f(z) of the form (1.1) be in the class L∗
q,α,µ,v,f,t, then

|a3 − a22| ≤
1

[2]q−1

(
1

h3([2]q−1)
− 1

h2
2([2]q−1)

)
where

h2 = [F + ([2]q + v − µ− F )t]n
Γ(3)Γ(2 + α)

Γ(3 + α)
,

h3 = [F + ([3]q + v − µ− F )t]n
Γ(4)Γ(2 + α)

Γ(4 + α)
.

Proof. Since f(z) ∈ L∗
q,α,µ,v,f,t, from (3.7) and (3.8) we obtain

|a3 − a22| =
∣∣∣∣ 1
2h3([3]q−1)

(
c2 − 1

2
c21 +

c21
2([2]q−1)

)
− c21

4h2
2([2]q−1)2

∣∣∣∣ .
Without loss of generality, we assume c1 = c with c ∈ [0, 2], then applying Lemmas
2.1 and 2.4, we find that

|a3 − a22| =
∣∣∣∣ 1
2h3([3]q−1)

(
c2+ϵ(4−c2)

2
− c2

2
+ c2

2([2]q−1)
− c2

4h2
2([2]q−1)2

)∣∣∣∣ .
By simplification of the above equation and using triangle inequality, we find for
|ϵ| ≤ r = 1 that.

|a3 − a22| ≤
∣∣∣∣ 1

2h3([3]q − 1)

(
(4− c2)r

2
+

c2

2([2]q − 1)

)
− c2

4h2
2([2]q − 1)2

)∣∣∣∣ .
Denoting the right hand side of the equation by γ(c, r) and use the derivative test to
minimize the function γ(c, r) with (c, r) ∈ [0, 2]× [0, 1]

|a3 − a22| = γ(c, r)

≤ max
{0≤r≤1;0≤c≤2}

{γ(c, r)} = γ(2, 1).

Then

|a3 − a22| ≤
1

[2]q − 1

(
1

h3([3]q − 1)
− 1

h2
2([2]q − 1)

)
which complete the proof of the Theorem 3.2.

Theorem 3.3. Let f(z) be of the form (1.1) be in the class L∗
q,α,µ,v,f,t, then

|a2a4 − a23| ≤
6− ([2]q − 1)([3]q − 1)

6h2h4([2]q − 1)2([3]q − 1)([4]q − 1)
− 1

h2
2([2]q − 1)2([3]q − 1)2

where

h2 = [F + ([2]q − v − µ− F )t]n
Γ(3)Γ(2 + α)

Γ(3 + α)
,

h3 = [F + ([3]q − v − µ− F )t]n
Γ(4)Γ(2 + α)

Γ(4 + α)
,

h4 = [F + ([4]q − v − µ− F )t]n
Γ(5)Γ(2 + α)

Γ(5 + α)
.
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Proof. From equation (3.7) and (3.8), we have

|a2a4 − a23| =
∣∣∣∣ c1
(2h2([2]q − 1))(h4([4]q − 1))

(
−c1c2

2
+

c3
2
+

5c31
48

+
c1c2

4([2]q − 1)

− c31
8([2]q − 1)

+
c1c2

4([3]q − 1)
− c31

8([3]q − 1)
+

c31
8([2]q − 1)([3]q − 1)

)
− 1

4h2
3([3]q − 1)2

(
c2 −

c21
2
+

c21
2([2]q − 1)

)2
∣∣∣∣∣

=

∣∣∣∣ 1

4h2h4([2]q − 1)([4]q − 1)

(
−c21c2 + c1c3 +

5c41
24

+
c21c2

2([2]q − 1)

− c41
4([2]q − 1)

+
c21c2

2([3]q − 1)
− c41

4([3]q − 1)
+

c41
4([2]q − 1)([3]q − 1)

)
− 1

4h2
3([3]q − 1)2

(
c2 −

c21
2
+

c21
2([2]q − 1)

)2
∣∣∣∣∣ .

Without loss of generality, we can assume that c1 = c with c ∈ [0, 2]. Applying
Lemma 2.1 and Lemma 2.3, we have

|a2a4 − a23| =
∣∣∣∣ 1

4h2h4([2]q − 1)([4]q − 1)

(
−c2(c2 + (4− c2)ϵ)

2

+
c(c3 + 2(4− c2)ϵ− c(4− c2)ϵ2 + 2(4− c2)(1− |ϵ|2)z)

4

+
c2(c2 + (4− c2)ϵ)

4([2]q − 1)
− c4

4([2]q − 1)
+

5c2

24
+

c2(c2 + (4− c2)ϵ)

4([3]q − 1)

− c4

4([3]q − 1)
+

c4

8([2]q − 1)([3]q − 1)

)
− 1

4h2
3([3]q − 1)2

(
c4 + 2c(4− c2)ϵ+ (4− c2)2ϵ2

4

−c2(c2 + (4− c2))ϵ

2
+

c2(c2 + (4− c2))ϵ

2([2]q − 1)
− c4

2([2]q − 1)
+

c4

4
+

c4

4([2]q − 1)

)∣∣∣∣ .
By simplifying the right hand side of the equation above and using the triangle

inequality, we find |ϵ| ≤ r = 1, such that

|a2a4 − a23| ≤
∣∣∣∣ 1

4h2h4([2]q − 1)([4]q − 1)

(
c2(c2 + (4− c2)r)

2

+
c(c3 + 2(4− c2)r − c(4− c2)r2 + 2(4− c2)(1− |r|2)z)

4
+

5c2

24

+
c2(c2 + (4− c2)r)

4([2]q − 1)
− c4

4([2]q − 1)
+

c2(c2 + (4− c2)r)

4([3]q − 1)
− c4

4([3]q − 1)

+
c4

8([2]q − 1)([3]q − 1)

)
− 1

4h2
3([3]q − 1)2

(
c4 + 2c(4− c2)r + (4− c2)2r2

4

−c2(c2 + (4− c2))r

2
+

c2(c2 + (4− c2))r

2([2]q − 1)
− c4

2([2]q − 1)
+

c4

4
+

c4

4([2]q − 1)

)∣∣∣∣ .
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We denote the right hand side of the last equation by γ(ρ, r) and using the derivative
test to maximize the function γ(ρ, r) with (ρ, r) ∈ [0, 2]× [0, 1],

|a2a4 − a23| = γ(ρ, r) ≤ max
{0≤r≤1;0≤ρ≤2}

{γ(ρ, r)} = γ(2, 1),

and

|a2a4 − a23| ≤
6− ([2]q − 1)([3]q − 1)

(6h2h4([2]q − 1)2([3]q − 1)([4]q − 1)
− 1

h2
3([2]q − 1)2([3]q − 1)2

.

This completes the proof.

Theorem 3.4. Let the function f(z) in (1.11) be in the class K∗
q,α,µ,v,f,t , then

|a3 − a22| ≤
1

(h3[3]q([3]q−1)([2]q−1)
− 1

h2
3([2]q([2]q−1))2

,

where h2 and h3 follows as stated in Theorem 3.2.

Proof. Since f(z) ∈ K∗
q,α,µ,v,f,t,then from the definition of subordination, there exist

a Schwarz function w(z)

1 +
qzDz

q(T
(α,µ,v,F,t)
q f(z))

Dq(T
(α,µ,v,F,t)
q f(z))

≺ 1 + sin z

and can be written as follows

Dq(zDq(T
(α,µ,v,F,t)
q f(z))

Dq(T
(α,µ,v,F,t)
q f(z))

≺ 1 + sin z.

Then
Dq(zDq(T

(α,µ,v,F,t)
q f(z))

Dq(T
(α,µ,v,F,t)
q f(z))

= 1 + sinw(z),

equivalently, we have

Dq(zDq(T
(α,µ,v,F,t)
q f(z))−Dq(T

(α,µ,v,F,t)
q f(z)) = Dq(T

(α,µ,v,F,t)
q f(z)) sinw(z)

which readily yields

[2]q([2]q − 1)h2a2z + [3]q([3]q − 1)h3a3z
2 + [4]q([4]q − 1)h4a4z

3 + · · ·

=
c1z

2
+

(
c2
2
− c21

4
+

[2]qh2a2c1
2

)
z2 +

(
− c1c2

2
+

c3
2
+

5c31
48

+
[2]qh2a2c2

2
−

(3.13)
[2]qh2a2c

2
1

4
+

[3]qh3a3c1
2

)
z3 + · · · .

Comparing the coefficient on both sides of equation (3.13), we are led to the fol-
lowing equation:

(3.14) a2 =
c1

2h2[2]q([2]q − 1)
,

(3.15) a3 =
1

2h3[3]q([3]q − 1)

(
c2 −

1

2
c21 +

c21
2([2]q − 1)

)
,

a4 =
1

2h4[4]q([4]q − 1)

(
c3 − c1c3 +

5

24
c31 +

c1c2
2([2]q − 1)

− c31
4([2]q − 1)

+
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(3.16)
c1c2

2([3]q − 1)
− c31

4([3]q − 1)
+

c31
4([3]q − 1)([3]q − 1)

)
.

The proof of Theorem 3.4 follows the same pattern in the proof of Theorem 3.2.

Theorem 3.5. Let f(z) be of the form (1.1) be in the class K∗
q,α,µ,v,f,t, then

|a2a4 − a23| ≤
6− ([2]q − 1)([3]q − 1)

6h2h4[2]q[4]q([2]q − 1)2([3]q − 1)([4]q − 1)
− 1

h2
3[3]q([2]q − 1)2([3]q − 1)2

Proof. The proof follows the same pattern as the proof of Theorem 3.3.

Remark. If p1 = c1
2
, p2 = c2

2
− c21

4
, and p3 = − c1c2

2
+ c3

2
+

5c31
48
, then we deduce the

coefficient estimate result for results of Srivastava et al. [8].

4. Conclusion

In our present study, the new q-fractional integral operator T
(α,µ,v,F,t)
q which com-

bines the modified q-Opoola differential operator Dn
q (µ, v, F, t) with the Srivastava-

Owa fractional integral operator Iαz was then applied to define two general classes
L∗
q,α,µ,v,f,t and K∗

q,α,µ,v,f,t which are similar to the well known q-starlike and q-convex
functions respectively. Coefficient estimates, Fekete-Szego functional and Second Han-
kel determinant for functions belonging to the newly defined classes L∗

q,α,µ,v,f,t and
K∗

q,α,µ,v,f,t were derived. For further investigation, various other properties of these
classes can also be studied.
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