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A REMARK ON REGULAR TRANSFORMS OF POSITIVE
CLOSED (1,1)-CURRENTS

TAEYONG AHN

ABSTRACT. In this note, we prove that every regular transform of a positive closed
(1,1)-current on a compact Kéhler manifold admits Lipschitz quasi-potentials. As an
application, we obtain some regularity properties of the Dinh-Sibony approximation
of positive closed currents in the case of bidegree (1,1).

1. Introduction

One difference between the theory of currents on a general compact Kahler mani-
fold and that on a projective space appears in approximating positive closed currents.
As a projective space has many symmetries in the holomorphic category, using a con-
volution formula, we can regularize positive closed currents by smooth positive closed
currents of the same bidegree (cf. [3]). However, this is no more true if we instead
consider general compact Kéhler manifolds. They do not have many symmetries.
They might even have a finite number of automorphisms. In result, the same idea of
regularization cannot be applied.

In [1], Demailly proved that on a general compact Kéahler manifold, positive closed
(1,1)-currents can be approximated by smooth closed (1,1)-forms with various esti-
mates for approximating forms. In particular, one might say that the negative part is
relatively small in a sense that approximating smooth currents are uniformly bounded
below by a fixed smooth negative closed form. For general bidegrees in the case of
compact Kéhler manifolds, in [2], Dinh-Sibony proved that a positive closed current
can be approximated by differences of two smooth positive closed currents of the same
bidegree such that the masses of positive and negative parts are uniformly bounded
in terms of the mass of the given positive closed current.

The aim of this article is to investigate some regularity properties of the Dinh-
Sibony approximation in the bidegree (1,1) case via studying regular transforms of
positive closed (1, 1)-currents.
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Let (X,w) be a compact Kéhler manifold of complex dimension k(> 2). Let X :=
X7 x X5 be the product of two copies of X and 7 : X — X the blow-up of X along
the diagonal submanifold A C X.

THEOREM 1.1. Let ® be a smooth positive closed (k, k)-form on X and Z? its
associated regular transform (for the definition, see Section 2). Let S be a positive
closed (1, 1)-current. Then, £®(S) admits Lipschitz quasi-potentials. More precisely,
if S satisfies S — ag = dd°u, we have £®(S) — £®(as) = dd°ZL®(u) where £ (ay)
is a real closed smooth (1,1)-form and £®(u) is a Lipschitz quasi-plurisubharmonic
function.

If we apply Theorem 1.1 to the approximation of the identity transform % =
;" — &~ (for the definition, see Section 2), we obtain the following corollary. Notice
that in the case of bidegree (1, 1), we get C'-coefficients after applying the transform
three times. In general, using Young’s inequality or Holder’s inequality, it is expected
to get O coefficients after the (k + 2)-times applications of the transform.

COROLLARY 1.2. Let S be a positive closed (1,1)-current on X. Let 6 € C\ {0}
be such that |#| < 1. Then, we have the following:

1. Z,5(S) and £~ (S) are positive closed (1, 1)-current with Lipschitz quasi-potentials.

2. The current £(%y(S)) belongs to {S} and is given by a difference of two positive
closed (1,1)-forms with bounded coefficients: £, (£, (S)) + £~ (£~ (S)) and
LHLAS) + L (ZH(S)).

3. The current £y(%p(%£p)) belongs to {S} and can be written as a difference of
two positive closed (1,1)-forms with C' coefficients. In particular, the current
S can be written as S = ST — S~ where S+ are positive closed (1, 1)-current,
the current S~ admits a Lipschitz quasi-potential and each of ST and S~ can
be approximated by positive closed (1,1)-currents with C' coefficients.

2. (Semi-)regular transforms

For the basics of the pluripotential theory and the theory of currents, we refer
the reader to [1]. We start by recalling the notion of the (semi-)regular transform of

currents in [4]. Recall the spaces X, X and X in Introduction.

F=XxX
\W
1
X=XxX

X/ \M\X

Let m; : X — X denote the canonical projection on its factor for ¢ = 1,2. Then,
wx = Mw + miw is a natural Kahler form on X. Let 7 : X — X be the blow-up
of X along the diagonal submanifold A in X = X x X and let A := 71(A) denote
the exceptional hypersurface. We define II; := 7m; o 7w for ¢+ = 1,2. Then, II; and its
restrcition to A are both submersions for i = 1,2. In particular, for each P € X, its
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inverse images I1;'(P) and II;*(P) under II; and II, are biholomorphic to a blow-up
of X at P. Hence, II; and II, are proper holomorphic submersions. Thus, their push-
forwards (II;)., (II2). on the space of positive closed currents X and their pull-backs
IT7 and IT} on the space of positive closed currents on X are well defined and commute
with operators d and dd°.

DEFINITION 2.1. Let 0 < ¢ < k be an integer. Let Q be a form of bidegree (g, q)
on X which is smooth outside A and such that

QI S —logdist(-,A) and |VQ| S dist(-, A)~"
near A. Let p be an integer such that k — ¢ < p < k. A linear mapping .Z< on the
space of currents of bidegree (p, p) on X to the space of currents (p+¢q—k,p+q—k)
on X defined by

Z9(8) = (). (IT}(S) A Q)

is called a semi-regular transform of bidegree (¢ — k, ¢ — k) associated with the form
Q.

If Q is smooth, then the transform .#€ is said to be regular. If Q is positive, then
the transform .#© is said to be positive. If Q is closed, then the transform .Z€ is
said to be closed.

Here, |Q| and |V Q| mean the sum of the absolute value of the coefficients of Q and
the sum of the estimates of the gradients of their coefficients with respect to a fixed
finite atlas of X, respectively.

REMARK 2.2. A positive semi-regular transform maps positive currents to positive
currents. A closed semi-regular transform .#< maps closed currents to closed currents
and satisfies Z<(dd°S) = dd°.Z2(S) for every current S.

Young’s inequality (or Hélder’s inequality) gives the following proposition.

PROPOSITION 2.3 (Lemma 2.1 in [2] or Proposition 2.3.2 in [4]). Any semi-regular
transform can be extended to a linear continuous operator from the space of currents
of order 0 to the space of L'*'/*_forms. It defines a linear continuous operator from the
space of L®-forms, a > 1, to the space of L -forms where o is given by (a/)™' 4 1 =
al+(1+1/k)ifa<k+1and o = oo if « > k+ 1. It also defines a linear
continuous operator from the space of L>-forms to the space of C'-forms.

In particular, we are interested in approximating the identity transform. The
regularization of positive closed currents in this section was introduced in [2] and [4].

By a theorem of Blanchard, Xisa compact Kahler manifold. We choose a Kéhler

form wz on X x X. We assume that wg is normalized as follows. The current W*([ﬁ] A
w?l) has support in A and is a positive closed current of bidimension (k, k). Hence,
by the support theorem, 7, ([A] A wg_l) is a positive constant multiple of [A]. By

multiplying a proper positive constant to ws, we may assume that ., ([ﬁ]/\wg_l) = [A].

Let az be a real smooth closed (1,1) form in {|A]}. Let u be the g-psh function
on X such that [A] — ag = dd®u. Let x be a smooth convex increasing function on
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R U {—o0} such that x(¢t) =t for t > 0, x(t) = =1 for t < —2and 0 < x’ < 1. For
6 € C such that |0| < 1, we define

xo(t) == x(t —log|0]) +1og|0] and wp:= xe(u).

Then, ug = wupg and uy decreasingly converges to u as |#| — 0. Let mz > 0 be
sufficiently large so that mzws — a3 is positive. Then, we have

ddug = (xp o u)du A du + (xp o w)ddu = —(xp o u)ag > —mzws.

So, for § € C, the smooth closed (1, 1)-current oz +dd°uy can be written as a difference
of two smooth positive closed (1,1)-currents as az + ddug = (mzwz + ddug) —
(mzwsz — ag). For notational convenience, we write

c k—1 k—1 c k—1
cfg—‘,— — Z(m£w§+dd ug)/\w.% 7 Z— — g(mﬁw%—aﬁ)/\wg and c% — g(a&-ﬁ-dd ug)/\w% )

Then, we obviously have % = %" — %~ and .4, = id on smooth forms (see [2, p.486]).
The transforms .%," and £~ are positive closed and of bidegree (0,0).

3. Proof of Theorem 1.1

We start by proving Lemma 3.2, which is related to singularities of quasi-plurisubharmonic
functions.

The following so-called exponential estimate is classical. For instance, see [6] and
5]

LEMMA 3.1. Let u is a quasi-plurisubharmonic function on X, then there exist
constants a > 0 and C' > 0 such that

/ ek < .
X

Together with the Holder inequality, we prove the following lemma:

LEMMA 3.2. Let u be a quasi-plurisubharmonic function such that uw < —1. Then,
for every n € N, there exists a constant M > 0 such that for every P € X, we have

/ lu(z)|"dist(z, P)>"%*wF < M and / lu(z)["dist(z, P)' 2wk < M.
b b

Proof. 1t suffices to consider the second argument since X is compact. Note further
that once we prove the above estimate locally, we can use the standard compactness
argument to get a global estimate. If a local chart does not contain P, then the
estimate is trivial due to the local integrability of plurisubharmonic functions. So,
we replace X by a closed unit ball B in C*, assume P € B and prove that for each
n € N, there exists M > 0 such that

/B|u(z)\”]z — P|*"*avi(z) < M

where u is a plurisubharmonic function in a neighborhood of B and V denotes the
standard Lebesgue measure on CF.
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From direct computations using the polar coordinates, we see that there exists
C7 > 0 such that

/\z — Pl dV(z) < C.
B

Let p = #=1 and ¢ = 4k — 1. Then, we have p~' +¢~' = 1. According to Lemma

3.1, we can find N € N and C5 > 0 such that

/e“/NdV(z) < Cs.

B

By the Holder inequality, we obtain

/Be_u/(qN)|z—P|1_2de(z) < </B(|Z _ P|1_2k)pdv(z)>l/p </ (6_“/(‘1N)>qu(2))1/q

B

() o)

. ngN
Since (”—jv, < e® for x > 0, we have
ngN)!

(_“)n 1-2k / - - 1/p ~1/
—P dV(z) < u/@N)|, — PIt=2kqy(2) < CV/PCL9
/]3(nqN)"Z ’ (Z)— Ee ’Z ’ (Z)— 1 2

which implies our claim as desired. [
Proof of Theorem 1.1. By applying Z%(-) to S — ag = dd°u, we obtain
L2(9) — L% (ag) = L (ddu) = (I1y).(IT; (ddu) A ®) = dd®(T1y), (T} (u)®).

Since £?(S) is positive and Z®(ag) is of C'-coefficient, there exists a constant
Mg > 0 such that

dd®(I1y), (IT (u)®) = Z*(S) — L% (as) = L*(ddu) > —ZL%(ag) > —Msw.
So, quasi-plurisubharmonicity of £ (u) = (Il,). (I} (u) A ®) is proved.

Now, we prove that #%®(u) is Lipschitz. Since II; is holomoprhic map and u
is quasi-plurisubharmonic, IT}(u) is also quasi-plurisubharmonic and not identically
—o0. This implies that the current ITj(u) A ® has no mass on an analytic subset. In

particular, it has no mass on A. So, we can write
2 () = (). (w)@) = (m2). (mi(w) (7lz,5) @)

Here, we understand (W‘§\£> ® as the trivial extension across A of the current

<7r|§€\3>* ® on X\ A. In particular, we have

L7 (u)(y) = (M) (1T} (u) @) (y) = 1 () (2)[(7]3,) @] (=, ).

/wG(X\{y}) x{y}
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From the property of the regular transform, for each x € X \ {y}, we have
1) [(7l,5)+ @] (@, 9)| S dist(z, ) and
@) Vi(rlsa)-®)(2,p)| < dist(z,y)!

Together with (1), Lemma 3.2 implies that .#®(u) is everwhere finite. Let v € C* be
a direction vector such that |v| = 1. In a local coordinate chart near y = P, we have

L (u)(P + hv) — 2 (u)(P)|
/GX\{PM }u(.??) ([(W\i\z)*cb](:c, P+ hv) — [(Wyﬁ\ﬁ)@](x,p))‘

Here, we identified X x {P} and X x {P + hv} with X and used the fact that the
current 7 (u)(z)[(7|3 z)+®(z, P) has no mass on the fiber 7y H(y) for all y € X.

As a regular transform, the form [(7[z x).®](z, P + hv) is smooth in & outside
h = 0 and (2) implies that its C*-norm is bounded by dist(z, P + hv)'=2* up to a
constant multiple independent of h. Hence, by the mean value theorem, we have

‘f‘b(u)(P + hv) — .,iﬁq)(u)(P)‘

1 G ICR GRS B

S A

/ |u(z)|dist(x, P + hev)' =2
xeX\{P+hCU}

where - means the standard inner-product in C* and h, is a constant depending on
h. Here, the inequality < means that < up to a multiplicative constant independent
of P, v and h.. Then, due to Lemma 3.2, the last integral is uniformly bounded by a
constant independent of P, v and h,, which implies .Z®(u) is Lipschitz as desired.

O

Before the proof of Corollary 1.2, we prove a proposition.

PROPOSITION 3.3. Let S is a positive closed (1, 1)-current with Lipschitz quasi-
potential. Then, £*(S) is a positive closed (1, 1)-form with bounded coefficients.

Proof. Assume that ug is a Lipschitz function on X where ug is a function such
that S — ag = dd°us. Then, we have

L2(S) = L%(as) + L0 (dd°us).

Then, as Z®(ag) has at least C'-coefficients, we only consider the second term
L®(dd°ug). Since 7, ® is closed, the transform can be written as

L2 (dd°us) = (m2). [ﬁ(ddcug) A (w\m)* cp} = d(mo). 7wt (dus) A 7,®]
= /){dcuS(w) A dy(m®@(z,y)).

Here, 7, ® is the trivial extension of <7T’§\3> ® across A and we denote by d, the

exterior derivative with respect to the variable y. The last equality comes from the
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observation that the operator d in the second last expression is the exterior differ-
entiation with respect to y and not z. Notice that d“ug is a 1-form with bounded
measurable coefficients as each coefficient is almost everywhere differentiable. We
focus on coefficients. From the gradient condition of 7,® in (2), the singularities of
each component of d, (m.®(z,y)) are bounded by dist(z, y)'?* up to a multiplicative
constant independent of z,y. Hence, £®(dd°us)(x) is bounded at each x € X by a
uniform constant. ]

Proof of Corollary 1.2. We consider the first assertion. For the proof, it suffices to
observe that (mzwz 4+ ddug) and (mzwsz —ax) are smooth positive closed (k, k)-form
on X. So, our theorem implies the corollary. The second and last assertions are from
Proposition 3.3 and Proposition 2.3. For the last expression of S, we set

St = i: (gmwwa)%l)i (S) and
1=0
S = 23: (gwm-%)%l)i (S)

i=1
where the exponent ¢ in the expressions means the i-times iterated composition of

—~ ~— —~ k_l . . . .
the operator £ Ma“x 3% and by convention, i = 0 corresponds to the identity
operator. ]
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