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ON SOME TURAN-TYPE INEQUALITIES FOR DERIVATIVE OF
A POLYNOMIAL
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ABSTRACT. If P(z) =a
all its zeros in |z| < K,
proved that

1(z —2,) is a complex polynomial of degree n having

n -
K > 1 then Aziz (Proc Am Math Soc 89:259-266, 1983)

n

2 K
1 P'(2)] > P(z)].
(0.1) max |P'(2)| 2 155 D oy e 1P

|2l it

This paper presents a comprehensive analysis that encompasses the refinement of
inequality (0.1) while also extending the well-established Turan’s inequality. Fur-
thermore, we broaden the scope of our findings by applying them to the polar
derivative of a polynomial. Our investigation reveals that the bounds derived from
our results exhibit a significantly enhanced level of precision compared to inequality
(0.1). To illustrate this, we provide a numerical example to underscore the superior
performance of our findings.

1. Introduction and Main Results

According to well known inequality of Bernstein [2] on the derivative of a polyno-
mial P(z) of degree n, we have
max |P'(2)] < n1|n|aX|P(z)|.
z|=1 z|=1
The result is best possible and equality holds for a polynomial having all its zeros at
the origin.
P. Turan [14] showed that, if a polynomial P(z) of degree n has all its zeros in
|z| <1, then
(1.1) max | P'(2)] > = max |P(2)].

|z|=1 2 |z|=1
I|n|ax |P'(2)] < n1|r11|aX|P(z)|.
z|=1 z|=1

The result is best possible and equality holds for a polynomial having all its zeros at
the origin.

Received July 24, 2024. Revised December 25, 2024. Accepted December 25, 2024.

2010 Mathematics Subject Classification: 26D10, 41A17, 30C15.

Key words and phrases: Polynomials, Inequalities, Zeros, Polar derivative.

x Corresponding author.

(© The Kangwon-Kyungki Mathematical Society, 2026.

This is an Open Access article distributed under the terms of the Creative commons Attribu-
tion Non-Commercial License (http://creativecommons.org/licenses/by-nc/3.0/) which permits un-
restricted non-commercial use, distribution and reproduction in any medium, provided the original
work is properly cited.



14 Ishfaq Nagzir, Irfan Ahmad Wani, and Firdose Ahmad

P. Turan [14] showed that, if a polynomial P(z) of degree n has all its zeros in
|z] <1, then
(1.1) max |P'(2)] > = max|P(2)].

|z|=1 2 |z|=1

Aziz [1] considered the modulus of each zero of the underlying polynomial in the
bound and generalized the inequality (1.1) to the class of polynomials having all their
zeros in a closed disk of finite radius greater than or equal to unit length by proving
that, if P(z) = a, [[,_,(z — 2,) is a complex polynomial of degree n with |z,| < K,
K > 1, then

2 “ K
1.2 max |P'(2)| > max | P(z2)].
1D P S o

v=1
In this paper, we are interested in estimating the lower bound for the maximum
modulus of P'(z) on |z| = 1 for polynomials of degree n having all its zeros in |z| < K,
K > 1 and establish some refinements and generalisations of the inequalities (1.1) and
(1.2), by proving the following result.

THEOREM 1.1. If P(2) =ag+ a1z + ... + ay_12" " + ap2" = a, [[o_(z — 2,) is a
polynomial of degree n > 2 which has all its zeros in the disk |z| < K, K > 1, then

2 K |an-1|0(K)
1. P’ > P K
19 me PO 2 g 3 gy (Pl + ) e
where ¢(K) = (Kr;*l — K:;i”) or (K;1)2 and (K) = (1 — 75) or (1 — &) accord-

ing as n > 2 or n = 2. The result is best possible and equality holds in (1.3) for the
polynomial P(z) = 2" + K™.

REMARK 1.2. Since ¢(K) and ¢(K) are non-negative, it clearly follows that in-
equality (1.3) refines Aziz's inequality (1.2). Further for K = 1, inequality (1.3)
reduces to Turan’s inequality (1.1).

Theorem 1.1 in general provides much better information than Aziz’s inequality
(1.2) regarding maxj.|—1 |P'(2)|, in case when P(z) has all its zerosin |2| < K, K > 1.
We illustrate this with the help of following example.

ExXAMPLE 1.3. Consider

P)=2"-22+2-1

which is polynomial of degree 3. Clearly, P(z) has all its zeros in |z| < 1. We take

K =2 and find that

max |P(z)| = 4.

I2]=1
Also, for K = 2, we obtain
O(K)=4/3 and ¢(K)=3/4.
From inequality (1.2), we find that
max |P'(z)] > 1.33

|2[=1
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and by Theorem 1.1, for this polynomial, we obtain

Tn|ax |P'(z)| > 2.30
z|=1

which is much better than the bound given by Aziz’s inequality (1.2).
DEFINITION 1.4. Let p(z) be a polynomial of degree n with complex coefficients
and o € C be a complex number, then the polynomial
Dap(z) = np(2) + (a — 2)p'(2)

is called polar derivative of p(z) with pole . Note that D,p(z) is a polynomial of
degree n — 1 and it is a generalisation of the ordinary derivative in the sense that

D.p(z
lim Dap(2) =p'(2)
a—00 o
uniformly with respect to z for |z| < R, R > 0. For more information on polar
derivatives of polynomials one can refer to monographs by Rahman and Schmeisser

[13] or Milovanovi¢ et al. [14].

Bernstein-type inequalities on complex polynomials have been extended exten-
sively from ‘ordinary derivative’ to ‘polar derivative’ of complex polynomials. In this
context it is quite natural to seek an extension of Theorem 1.1 involving ordinary
derivative of a restricted polynomial to the one in more generalized form involving
polar derivative of a polynomial with the same restrictions which is stated below.

THEOREM 1.5. If P(z) = ag + a1z + ... + ap_12" '+ a,2" = a, [[(_(z — 2,) Is
a polynomial of degree n which has all its zeros in the disk |z| < K, K > 1, then for
any complex number « with |a| > K,

2 — K i K . K
mex D P(2) 2 280 2 (maxlp(o) + =)
(1.4) + |nap + aa; |Y(K)

where ¢(K') and 1(K) are same as defined in Theorem 1.1.

REMARK 1.6. If we divide (1.4) by || and take |o| — oo, we get inequality (1.3)
and thus Theorem 1.5 contains Theorem 1.1.

2. Lemmas

The following result is due to Frappier, Rahman and Ruscheweyh [3].
LEMMA 2.1. If P(z) is a polynomial of degree n > 1, then for R > 1,

(1.5) max | P(2)| < R" max|P(z)| - (R" ~ R")|PO)] if n>1
and
(1.6) max |P(2)| < Rmax|P(z)| - (R—DIPO)] if n=1

From above lemma, N. A. Rather [15] deduced that
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LEMMA 2.2. If P(z) = ap + a1z + ... + apn_12" '+ ap2" = a, [[[_,(z — 2,) is a
polynomial of degree n > 2, having no zero in |z| < 1, then for every a € C with
la| <1land R>1

R"+1 R"—1

lrzrllgglP(ZH < — IlglfglP(ZH = lal—; |glli:q|P(2)l
n n—2
(1.7) —<Rn 1—Rn_21)|P’(0)| if 02
and
2 2_1
Ig‘lg;;!P(Z)! < rlgglP(zﬂ = lal—; lrglli:q\P(Z)!
(1.8) - @IP’(OM if n=2

LEMMA 2.3. If P(2) =ap+ a1z + .. + @p12" P + 2" = an [[_(z — 2,) is a
polynomial of degree n > 2, having all zeros in |z| < K, K > 1, then

K QK" Vay 4| (K" =1 K"2—1
Pl2)] > P _ .
max |P(2)l 2 i max |PG) + —

n n—2

Proof. Since all the zeros of polynomial P(z) lie in |z| < K, K > 1, all the zeros
of g*(2) = 2"g(1/2) = 2"P(K/Zz) lie in |z| > 1, applying (1.7) with R > 1 and a = 0
to the polynomial g*(2), we get

K™ +1 lant| (K" =1 K"2-1Y |
“(2)] < ()] — - > 2.
max |g°(2)] < — —max|g"(2)| = = " — if n
That is,
K™ +1

K"max |P(z)] < max | P(2)| — |a,_1| K"

|z|=1 - 2 |z=K

Kr—1 Kr?2_-1
n n—2

) if n>2

or equivalently, we have for n > 2,

max
|z|=K 14 K™ |z=1

2K™ 2K a,_ Kr—1 Kr2-1
max [P(2)] > 91| - |
n n— 2

3. Proofs of Theorems

Proof of Theorem 1.1. Since P(z) has all its zeros in |z| < K, K > 1, the poly-
nomial G(z) = P(Kz) = a, K" []_; (z — %) has all its zeros in the closed unit disk
|z] < 1.

Since for all z on |z| = 1 for which G(z) # 0,

2G'(2) z
G(z) _Zz—zy/K’

v=1
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we have

2G'(2) = 1 = K
R > — = e
(G(z*))‘;lﬂzy/fﬂ ;Kﬂzul
But then
ZG’

for all z on |z| = 1 for which G(z) # 0. Therefore

n

(19) maylG > X g ey G

which is equivalent to

(1.10) K max |P'(2)| > i K max |P(z)].
[2l=K — K+ |z 1=K

Since P’(z) is a polynomial of degree n — 1, by (1.5) with R = K, K > 1,

(1.11) K" I|n|aX|P’( 2)| = (K" — K" )|ay| > ﬁlaxm( 2)| if n>2.
1 =

Combining this inequality with (1.10), we get for n > 2,

1.12 K"max |P'(2)| — — K" ?)|ay| > max |P(z2)].
(112) s (5] (" = K)o 2 3 g )

Using Lemma 3 in (1.12), we get

IK" & K
K"max |P' ()] — (K" — K" |a,| > max |P(z
nax |P/(2)] — lanl 2 77 2 e i PG

K" Vapil o~ K (K"-1 K"?-1
2
* Kn+1 ZK+|zl,] n n—2 )’
2 K
P'(2)] > P
r@\a}f! ()‘_1+K”;K+\zy\r£|a}1(| (2)]

1 an 1| ~—= K K'—1 Kv2-1
1— — —
+( K2)|a1|+K(K"+1);K+|zV|( n n—2

which proves inequality (1.3) for the case n > 1. For the case n = 2, the result follows
on similar lines in view of part second of Lemma 1 and Lemma 2 with o = 0. This
completes the proof. O

Proof of Theorem 1.2. Since P(z) has all its zeros in |z| < K, K > 1, the poly-
nomial G(z) = P(Kz) has all its zeros in the closed unit disk |z| < 1. Now therefore
for /K > 1, it is easy to obtain



18 Ishfaq Nagzir, Irfan Ahmad Wani, and Firdose Ahmad

(| ’ ) !
> 0 7
Tnlax\Da/KG( 2)| T II?‘EDHG( 2)|

which is nothing but

Tn&x\nP(Kz) (/K —2)KP'(Kz)| > WE?E\G’(Z)L

Using definition of polar derivative and the inequality (1.9), we have

max | Do P(2)] > (|O‘|[;K)Z K ax|G(2)]

l2l=K — 1+ |2,| 121=1
which is equivalent to
|a|
1.13 max |D, P > max | P
(113 max D, P() S e

Since D, P(z) is a polynomial of degree n — 1, by (1.5) of Lemma 1 with R = K,
K > 1, we have

K"~ 1‘rn|aX|D oP(2)] — (K" — K" ) |nag + aa| > ‘rr|1a[>§|DaP(z)| ifn> 2.
1 2=

Combining this inequality with (1.13), we get for n > 2

(1.14)
K" I|n\a)1(’D oP(2)| — (K™™' — K" 3)|nag + aa]| > ZK+|zyl |Izl|lal)§|P< 2)].
Using Lemma 3 in (1.14), we getn
K" max | DoP(2)] 2 (|a|};K) ;wa
[12+K12n max | P(z)] + 2[1(:’&1;” (K"n— - - 17(1"_—22)}

which implies

2ol K) ¢~ K o 119(K)
mas DO 2 2 S g (mastpee) + 20 )

+ |nag + aa |Y(K).

This completes the proof.
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