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ON THE N-SUPERCYCLICITY OF ISOMETRIES ON BANACH
SPACES

HaMIiD REZAET* AND MEYSAM ASADIPOUR

ABSTRACT. In this paper, we present a simple and self-contained proof that isome-
tries are not N-supercyclic and m-isometries are not supercyclic, providing an al-
ternative to the proof given by the authors in [4,5,11].

1. Introduction

The notion of m-isometry, as an extension of isometry, was introduced by Agler in
the eighties, and it was thoroughly studied by Agler and Stankus in a series of three
papers [1-3]. A bounded linear operator 7" on a complex Hilbert space H is called an
m-isometry if it satisfies
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It is easy to see that the condition is equivalent to
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The definition of m-isometric on Banach spaces was provided by Bayart, and some
preliminary properties related to them, similar to those existing in Hilbert space, were
developed. Bayart [5] used condition (2) as the basis for defining isometries on Banach
spaces. In fact if X is a Banach space and T': X — X is a bounded linear operator
the T is an m-isometry if and only if condition (2) holds. For any x € X and any
7,n,k >0, let us define the Beta function as follows:
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In terms of the Beta function the operator 7" is an m-isometry if and only if 3,,(z) = 0.
Additionally, T" is an m-isometry and not an (m — 1)-isometry if and only if 3, =0
and fB,,—1(z) # 0 for some z € X. The Beta function helps us to better identify the
properties of isometric operators. The following result briefly states the preliminary
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properties of m-isometries on Banach spaces. For the proof, one can refer to reference
[5]. Recall that the symbol n(j) used in the following proposition has the following

meaning:
n(j) = 1 ifn=0o0rj =0,
= nn—1)---(n—j+1) otherwise.

PROPOSITION 1.1. Let T' be any m-isometry. Then
() IT"2|* = 32725 n(5)B;(x) for every n > 1.

(ii) If m > 1 then || T"z|| — +o0o for every z € X.
(iv) If T is invertible then T~' is also an m-isometry.

(v) For every x € X. There exists n, € N such that |[T"z| > ||T"z| for any
n>ng.

(vi) The approximate point spectrum of T' lies in the unit circle and so o(T) C T
oro(T) =D.

In the context of isometric operators, Ansari and Bourdon [4] proved that isometries
are not supercyclic. However, the proof is based on a result by R. Godement [12] which
states that isometries always have non-trivial invariant subspaces. The study of the
dynamics of m-isometries began in [8] where it was proved that an m-isometry acting
on a Hilbert space H with an injective covariance operator cannot be N-supercyclic.
In [11], the authors showed that m-isometries on a Hilbert space are not supercyclic.
The result was extended in [5] by showing that, for any N,m > 1, an m-isometry
cannot be N-supercyclic, without any further assumptions on the m-isometry or on
the underlying Banach space X.

In this article, our aim is to provide an alternative, simple, and independent proof
of the non-supercyclic nature of isometries and m-isometries.

2. Main result

Recall that a bounded linear operator 7" on a Banach space X is called N-supercyclic,
N > 1, if there exists a subspace M of X with dim(M) = N such that

orb(T, M) = | J T"(M)

is dense in X. If N =1 then T is called briefly supercyclic.
Authors in [4] showed that if {||7"||} is bounded and T is supercyclic, then at least
one orbit of T" must tend to zero:

THEOREM 2.1. Suppose T is a bounded linear operator on a Banach space with
the following properties:

(a) There exists M > 0 such that ||T"|| < M for each positive integer n.
(b) For each nonzero x € X, T"x - 0 as n — oo.

Then T has no supercyclic vectors.
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THEOREM 2.2. Let T be an isometry on a separable Banach space X with dim(X) >
N then T' is not N-supercyclic.

Proof. By contradiction, suppose that T is an N-supercyclic isometry and there
exists an N-dimensional subspace M such that orb(7', M) is dense in X. Assume that

M is generated by the linearly independent vectors x1,zo, ..., xN.
Claim: For any z € X, there exists a sequence {n;} of positive integers and a
unique vector x € M such that ||z| = ||z|| and Tz — z.

To see this, let z € X. Then there exist scalar sequences {A1x}, { Aok}, .-, {Ank}

and some integer sequence {n;} such that
Tme (A1k$1 + AopZa + ...+ )\Nkl'N) — Z.
Consider the bounded linear functionals { fi, f2, ..., fx} such that f;(x;) = 6;;, where
d;; is the Kronecker delta function. Then
||>\1k1’1 + AopTo + ...+ )\kaNH = HTnk (AMkz1 + Aop2 + ...+ Avpan) H <M
for some scalar M. Hence
Akl = [fi(Azr + Adas2 + .+ Angn)|

< A gz + Aopzz + .+ Anwn || < ([ f]] M.

The above observations lead to the conclusion that the bounded sequence {\1;} has
a convergent subsequence. By passing to a subsequence, we can assume that A\ —
Ay for some scalar A;. By continuing this process for other sequences and passing
to successive subsequences, we can assume that \;; — A; for some scalar \;, 1 =
1,2,...,N. Thus

H)\lxl -+ )\21’2 + ...+ )\NiUNH = hlgn ||)\1]€33’1 -+ )\gkiL‘Q + ..+ )\kaNH

= lllin ||TmC ()\1k$1 + )\gkLL’Q + ...+ /\NkIN) ||

= |l=l-
Let x = Mz 4+ Aoxo + ... + Ayzy. Then z € M, ||z|| = |2/, and T™2x — z.
Considering the relation:
|21 = @l = [[T™ (21 — 22)|| (21,22 € X),

the uniqueness of = is deduced. Now the mapping A : X — M by A(z) = z defines a
function satisfying ||A(2)|| = ||z||. This forces that dim(X) < dim(M) = N, which is
a contradiction. O

THEOREM 2.3. Let X be a Banach space with dim(X) > 1 then for every positive
integer m, an m-isometry is never supercyclic.

Proof. If m = 1, then T is an isometry and by the Theorem 2.2, it is not supercyclic.
Assume that m > 1. Let T': X — X be an m-isometry, and by contradiction, suppose
that ¢ is a supercyclic vector for 7. Then for any = € X, there exist sequences {\;}
of scalars and {n;} of positive integers such that

NI xy — x.

Applying Proposition 1.1 (ii), |7 x| — +oo, hence Ay — 0. This implies that
the set {\T™z : |A\] < 1,n > 0} must be dense in X. However, the recent set
itself is a subset of the balanced convex hull of orb(7,x). Using Theorem 2.3 in [7],
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sup,, |f(T"z)| = +o0 which implies that o,(T*) N D = @ (see Proposition 2.5 in [7]).
Considering Proposition 1.1 (vi), T is invertible. Hence 7! is also supercyclic and
so is an m-isometry by Proposition 2.1. Let gy be a supercyclic vector for T-!. Then
using part (v) of Proposition 1.1 for both m-isometries 7' and T~!, there exists some
integer N such that

INT"@o|| < [|T(AT" o) and  [INT"yo|| < |77 (AT"zo) |

for every integer n > N and every scalar \. Since both Corb(T, zo) and Corb(T 1, y)
are dense in X, ||z|| < ||Tz|| and ||z|| < ||T~'z|| for every z € X. This implies that T

is an isometry and so by Theorem 2.2, it cannot be supercyclic. O
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