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ON VECTOR VALUED DIFFERENCE SEQUENCE SPACES

MANOJ KUMAR, RITU*, AND SANDEEP GUPTA

ABSTRACT. In the present paper, using the notion of difference sequence spaces, we
introduce new kind of Cesaro summable difference sequence spaces of vector valued
sequences with the aid of paranorm and modulus function. In addition, we extend
the notion of statistical convergence to introduce a new sequence space SC1(4A,q)
which coincides with C1(X, A, ¢, A, q) (one of the above defined Cesaro summable
difference sequence spaces) under the restriction of bounded modulus function.

1. Introduction and preliminaries

Generalizing the usual notion of convergence of scalar sequences, Zygmund [40]
in 1979 paid key attention to statistical convergence. However, Steinhaus [35] and
Fast [15] already have formally introduced this concept of statistical convergence in
1951. While dealing with ‘convergence in density’ it was Buck [9] who get encountered
with statistical convergence.

After the remarkable work in the field of statistical convergence by Saldt [32] and
Fridy [17], now statistical convergence has become one of the most vibrant field
for researcher in summability theory. Later on, statistical convergence was further
scrutinized by Mursaleen [26], Sengiil and Et [33], Tripathy [36] and many oth-
ers [7,10, 12, 14, 16, 20, 21, 23, 30, 38]. The statistical convergence relies upon the
definition of natural density of subset of N

DEFINITION 1.1. [28] For A C N, the natural density 6(A) is defined as
1
0(A) = lim —card({k <n:k € A})
n—oo N

provided the limit exists, where card(-) means numbers of elements in the enclosed

set. Obviously, 6(A) = 0, for finite subset A of N. Also 6(N—A) =1—§(A).

DEFINITION 1.2. A scalar sequence (&,,) is said to be statistically convergent to

1
[ € Cif for given e > 0, §({m < n: |, =1 > €}) =0, ie, lim Ecard({m <n:
n—oo
& — 1] > €}) = 0. And [ is referred as statistical limit of the (&,,). By S we notate

the class of all statistically convergent sequences.
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Motivating from the definition of absolute value function, i.e., |a]

laf = a if a>0,
|l —a  if a<0
Nakano [27] in 1953, structured the image of modulus function. By Ruckle [31] and
Maddox [24], a modulus function is a map ¢ : [0,00) — [0, 00) such that the following
holds:

(M) ¢(§) =0iff £ =0

(Ma) ¢(§+m) < (&) + ¢(n) for all £ > 0,7 >0
(M3) ¢ is monotonically increasing
(M)

Jim 1 9(§) = ¢(0).

4

§

1+¢
where ¢, is bounded and ¢, is unbounded. It is observed that sum of two modulus

functions is again a modulus function. Moreover, composition of a modulus function
over itself is also a modulus function.

Kizmaz [22] in 1981, introduced the idea of difference sequence space by introducing
the following difference sequence spaces :

co(A) = {(&m) € 5: (A&n) = (§m — Emr1) € o}
c(A) ={(&n) € 5: (A&n) = (§m — &mt1) € ¢}
loo(A) = {(&m) € 5: (An) = (§m — Emr1) € loo}

where s, {,, ¢ and ¢ respectively denote the linear spaces of all, bounded, conver-
gent and null sequences of scalars.

Adding the flavour of statistical convergence, modulus function and difference
sequence, many more mathematician, for instance, Connor [13], Ghosh and Sri-
vastva [18], Colak [11], Altin and Et [2], Bhardwaj and Singh [8] and some others
have enriched the theory of sequence space by introducing some new sequence spaces.
For many more refrences one may refer to [1,3-6,19,29,34,37,39].

Let us recall some definitions and notations, before proceeding further.

A paranorm space (X, q) is a topological linear space whose topology is induced by
a paranorm, a real valued sub-additive function on X such that ¢(8) = 0, ¢(—=¢) = q(§)
and the scalar multiplication is continuous (here # is the zero element of linear space
X).

A seminorm ¢ is real valued function defined on linear space X such that ¢(§) > 0
s q(E4+n) < q(€) +q(n) and g(a) = |alq(§). Every seminorm is a paranorm but not
conversely.

A seminorm ¢ is said to be rough than ¢; on X if there exists a constant u > 0
such that ¢2(&) < p.q1(§), € € X.

Throughout the paper, ¢ will denote a modulus function. By X we refer a linear
topological and locally convex T,—space whose topology is induced by continuous
seminorm ¢. The symbol s(X) will denote the space of X —valued sequences. Let
A = (M) be a bounded sequence of positive real numbers with A = inf,,>1 A,
H = sup,,»; A, and C' = max {1,271},

Also for ay,, by, € C , we have |a, + by < Cllan|*™ + by V m € N, and for
any p € C, |u* < max {1, |u|"} (see for instance Maddox [24]).

As an example, ¢1(§) = and ¢2(€) = &P, (0 < p < 1) are modulus functions




On Vector Valued Difference Sequence Spaces 441

In the present paper, we get an opportunity to work with vector valued sequences
and making use of modulus function, paranorm and Cesaro summability to introduced
some generalized Cesaro difference sequence spaces.

2. Main Results

Motivating from the spaces of strongly Cesaro summable sequences of Maddox
[25] and exploring the Cesaro means of difference sequences of X, we introduce the
following sequence spaces:

CYX, A, 6,7, q) = {5 (&m) € s(X) : nhféo% > [qﬁ (q (;ZA&))

m=1

CrP (X, A, 0,7, q) = {5 = (&m) € s(X) : Sgp; > [¢ (q (;ZA&))

CHX, A, 6,\,q)

n m Am
- {g (&m) € 5(X) :nli_{JgO% > [qb <q (;ZA&—O)] = 0 for someleX}.

If we take ¢(€) = £, then the above defined spaces reduce to C?(X, A, A, q), C°(X, A, A, q)
and C{ (X, A, )\, q) respectively.
Throughout the paper © will notate 0,1 or oo.

THEOREM 2.1. The sequence sets CP (X, A, ¢, \, q) are linear spaces.

Proof. 1t is sufficient to prove the result for © = 0, as other cases may be proved
on similar line. Let £,n € CY(X,A, ¢, ), q) and a, 8 € C. Then there exists positive
integers M, and N such that |a| < M, and |3] < Ng. Linear of A and sub-additivity
of ¢ yields

(o(aFaee )

A m

<o (1o (5526 ) -0 <'ﬂ'q<%§“@‘>>r k
clua(o(b5 )] W( F5)]
ot (o1 52))] e (2]

—0asn — oo.

Hence (aé + 1) € CY(X, A, ¢, A, q). Consequently CY(X, A, ¢, A, q) is a linear space
]

THEOREM 2.2. For a modulus function ¢,
C](_)(X7 A? (b? )\7 Q> C C% (X7 A? (b7 )\7 Q> C CfO<X7 A? ¢7 >\7 q)
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Proof. As first inclusion is trivial, so we proceed for second one.

Let £ € CH(X, A, ¢, )\, q). Then
] o
RUCHEE)

(5]

Am

< ¢<qQ%§jA@—O>+¢@m>
<cfo (o235 a0m))] s

Let p be positive integer such that ¢(I) < . Then

L)

>\m

n [ m T Am n
sc%§j¢(}<%§jma—o) 3
1| 1 & ™ o, , u
SC;Z gb(q (EZA&_Q) +p max [(o(1)", (6(1))"]n.

Hence C}H(X, A, ¢, )\, q) C CP(X, A, ¢, A\, q) and so the proof is complete.
The following examples state that the converse of Theorem 2.2 does not always
hold.

EXAMPLE 2.3. Let X = C and ¢(§) =[], ¢(§) =&, Ay =1V m € N. Then
lim Zn: L iAf l
im — — P —
noeon m=1 m i=1
But lim 257" |LS" A =14#0.
n—o0
Thus (§n) ¢ CP(X. A, ¢, A, q) but (&) € CH(X, A, 6, A, ).

ExXAMPLE 2.4. [7] Consider X = C, A\, =1, ¢(&) =&, q(&) = |£| and the sequence
(Nm) as 1 =1, 72 = 0 and

; i—1 1—2

=0 for &= (&) = (m) withl = —1.

0 otherwise

We can find a sequence (&) such that n, = =3 AE. Here (1,) ¢ C; and

() € loos L, (&30 AE) ¢ Crand (537, AG) € lue.

This implies lim L 3" (LS A&) does not exist but (£ 37 (L3 Ag)) €

n—oo

6007

Le, lim 3" |4 3" A&| does not exist but sup, £ >0 [ 3" AL] < oo
n—oo

This gives (&) € CR(X, A, 6. X, q) but (€,) & CH(X, A6\, q)
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THEOREM 2.5. CY(X, A, ¢, A, q) is a paranormed space, paranormed by

wo-om (150 (2 5 ¢))

o\ P
where P = max {1,sup A, }.
Proof. (1) ga(=£) = ga(§)
(ii) For £ =6, ga(§) = 0.

(iii) Since A\,, < P and P > 1, so for each n, we get as an application of Minkowski
inequality,

n r 1 m Am P
ga(+n) = <Z><q (mZA(&wLm))]
m=1 L =1

(5]
(EHCGE) - CERCEEI)

ga(€) +ga(n)

S|

S|~
3 3
/N

3

(iv) In order to have continuity of multiplication, let us take any o € C. Now
ga(a€) < p?ga(x), where p is a positive integer such that |a| < p. Hence
a — 0, & — 0 imply ga(a€) — 0 and also £ — 0, « fixed imply ga(ag) — 0.
We now show that a — 0, £ fixed imply ga(ag) — 0. Since £ = (&) is fixed in

CYUX, A, ¢, ), q), so lim 25" [p(q(E 3", aAgi))]’\m = 0. For £ > 0, there
n—oo
exist ng € N such that

1 n 1 m
" T2 (mEes))
Now for n < ng, and using continuity of ¢ in [0, 00), we have
1 o 1 & .
it il AL
@ 23 o (o o0

From (1) and (2), we have ga(af) — 0 as a — 0.
Consequently, the proof is complete. n

Am

< g, for all n > ny.

<eE.

THEOREM 2.6. Let ¢, ¢ and ¢o are modulus functions and 0 < h = inf,, \,, <
Am < sup,, A, = H < 0o. Then
(1) Cle(X7 Aa ¢17 /\7 Q) g Cle(X7 Av ¢ o ¢17 )\7 Q>7
(ii) CP(X, A, ¢1, X, 9) NCP(X, A g, A, q) € CP(X, A, ¢1 + ¢, A, q).

Proof. 1t is sufficient to prove the the theorem for © = 0 as other cases may be
prove on the similar ways.

1
P
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(i) Let (&) € CYU(X,A, ¢, A, q). As ¢ is continuous at ¢ = 0, so fore > 034 (0 <
6 < 1) such that ¢(t) < e, whenever 0 < ¢ < 8. Put n,, = ¢1(q(5 D71, AG)).
Then

N6 = 3 )+ 3 (B
m=1 Nm<d Nm >0
Using the continuity of ¢,

(3) Y [6(m) < n max (", ).

Asn, >dand 0 < 4§ < 1, sonm<%<1+[nm

7} Now

%)
<1+ [%])en
<2%g(1)
Hence
(4) % [Qb(nm)]km < max {17 2T(1)>H}% Zn:(nmy\m
Nm >0 m=1

,q) CCYX, A po0d1, ), q).

By (3),(4) we have CY(X, A, ¢,
N ?(Xa A7¢2a)\ Q) Now
A

(i) Let (&m) € CY(X, A, 1, A, q)

n ) m Am n m Am
1 1 1 1
i 2o ((Ee))] +erg o (2E)
—» 0asn — oo.
Hence (&,,) € CY(X, A, ¢1 + ¢a, A, q).
Thus CY(X, A QS A q) NCYUX, A, p2, N, q) € CUX, A, ¢y + b2, A, q).
]

COROLLARY 2.7. For modulus function ¢, CP (X, A, \,q) C CP (X, A, ¢, ), q).
Proof. Taking ¢1(£) = &, in the part(i) of above theorem, we get the result. ]

REMARK 2.8. For semi-norms ¢, ¢, on X, we have
CO(X, A, 0, N\, q1)NCP(X, A, ¢,v,q2) # 0, where A = ()\,,) and v = (v,,) are sequences
of positive real numbers, as {6} C CO(X, A, ¢, \, 1) NCO(X, A, ¢, v, ¢)

THEOREM 2.9. For qi, g2 are semi-norms on X,
C?(Xv Aa (ba )\7 q1> N Cl®<X7 Aa ¢7 >\7 CZ2) - Cle(Xa Aa ¢7 )‘7 q1 + QQ)
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Proof. 1t is sufficient to prove the result for © = 0, as other cases may be proved
on similar line.
Let (&) € CYUX, A0, )\, q1) NCYUX, A, ¢, \,q2). Then (&,,) € CY(X, A, ¢, A\, q1) and
(&n) € CYUX, A, ¢, \, q2). This implies

Jim 357 (8o 0 AG))] ™ = 0and lim 1577 [0 0L A&)] ™ =0,
Now
n 1 m Am
Jm 2 mzl [¢ <(C]1 + ) o ; A&))
n m m Am
1 1
< S oo (72 2) ) oo (5 5 0))
n Am

— 0 asn — 0.
Hence & = (&m) € CP(X, A, ¢, A, 1 + ¢2). Consequently, the proof is complete. ]

THEOREM 2.10. For ¢, rough than q,, C9(X, A, ¢, N\, q1) € CP(X, A, ¢, \, o).

Proof. As gy is rough than ¢y, so there exists a positive integer p such that go(z) <
uq1(x). We prove the result for © = 1, as other cases may be proved on similar ways.
Let 5 - (fm) S Cll(Xﬂ Aa ¢7 )\7 Ch) Now

Am Am
1 — 1 — 1 — 1
Elequ (E;Aa—z» Sﬁmzl ¢(uql (a;%“l))]

ThUS f € Cll<X7 A7 Cb, Aa QQ) ThU.S Cll(Xv A, (,b, )\7 Q1> g Cll(Xv AJ ¢7 )\7 q2) D
THEOREM 2.11. If ¢; and g are equivalent semi-norms then
Cll(X7 Aa ¢7 )‘7 ql) = Cll(X> Aa (ba )‘7 QZ)-

Proof. 1f g1 = g2, then for every u € X that satisfies ga(u) > 0, there exists positive

integers 177 and T5 such that 77 < ChEU; < Ty Let £ = (&) € CHX,A 0, M\, q1).
q2\U
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Consider

" 11\"\1 <& 1 & o
Smax(l, (1+|:T1:|) >Em:1 qb(ql (E;A&—l>>]
—0asn— o0

So Oll(Xv A) ¢7 )‘) QI) g Oll(Xa A? ¢7 )\7 q2)
Now let £ € C}(X, A, ¢, A, q2). Consider

ELCGE)]
fem(: )]

< max <1, (1+ [T2])H)% Xn: [(b (Q2 (% szA& N l))]

m=1

3

—0asn — oo.

Hence Cll(Xu A7¢7)‘7QZ) g Cll(Xu A7¢7)‘7CI1)'
Thus C{(X, A, ¢, A q1) = CL(X, A, 6, A, 2). O

DEFINITION 2.12. A sequence (&,,) is termed as C(A, q)—statistically convergent
to [ € X if for given € > 0,

1 1 &
lim —card ({m <n:q (—ZA& — l) > 5}) =0,
n—oo N, m i1

and we write &,, — [(C1(4, q)). By SCi(4, q), we refer the class of all C} (A, ¢) —statistically
convergent sequences.

THEOREM 2.13. For given modulus function ¢, C1(X, A, ¢, \,q) C SC1(A, q).

Proof. Let £ = (&) € CL(X,A,¢,),q). Then

Am
1l 1 «
nh—{goﬁ mZ:l [(b(q(g ;A@ — l))] =0, for somel € X.
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Let nm = q(5; LS A& —1). Now for € > 0.

[ ( ( > a6 ))]M%;lw%)w

— 0 3 o4 S

> mz oo

> Z o)™

> m(<¢<>>H (6(e))") rcaxd({m < s 2 )
Hence € € SC1(A, q). Thus CL(X, A, 6, \,q) € SCL(A, q). 0

THEOREM 2.14. For bounded modulus function ¢, SC1(A,q) C CHX, A, ¢, )\, q).

Proof. Let € > 0 be given. Since ¢ is bounded, so there exists an integer p such
that ¢(&) < u, for all £ > 0. Then (as in Theorem 2.13) we have,

(s )]

- DU SR TIO

1<m<n 1<m<n
Nm € Nm <&
1 N
= 3 P Y max (6 (6()")
1<m<n 1<m<n
m > € nm<e

< uH%card({m <n:n,>e})
+ max ((6(0))", (9())").
Hence £ € C{ (X, A, ¢, A\, q). Thus SCi(A,q) C CLHX, A, ¢, ), q). O
THEOREM 2.15. SCi(A, q) = C}(X, A, ¢, )\, q) iff ¢ is bounded.

Proof. Let ¢ be a bounded modulus function. Then by Theorem 2.13 and Theorem
2.14,

SCi1(A,q) = C1(X, A, ¢, M, q).

Conversely, suppose that SCi(A,q) = C{(X,A, ¢, A, q) and let if possible ¢ is
unbounded. Then there exists a sequence (z,), z, > 0 with ¢(z,) =n% n=1,2,3, ...
If we choose £ = (&;) such that

. ifm=n?
m Z Ag = { otherwise,
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lcard ({mgn:q(lZA§i> 25}) g\/—ﬁ—ﬂ)asn—)oo.
n m <= n

Thus &, — 0SC1(A, q), but & & C1(A, ¢, q) for X = C and ¢(£) = [¢]

Indeed
( ZA@) (21,0,0,2,0,0,0,0, 2, ...).

Let s, = 257" o (|2 31, A&]). Then (s,) has a subsequence (s,2) where

then

1
sp2 = (12 422+ 3%+ ... +n?)
n

n(n+1)(2n+1)
B 6n?
— 00 as n — 0.

Therefore (s,) is not convergent, i.e., %
n — oo.

Thus a contradiction to SC; (A, q) = C{(X, A, ¢, A, q). Hence ¢ is bounded. ]

m=1 @ }m ZZ 1 A@D is not convergent as

REMARK 2.16. If we take X = C, A, = 1 for m € N and ¢(&) = £ with ¢(§) = [¢],
then we shall write C1(X, A, ¢, \, q) as C1(A), i.e.,

1 m
EZA&—Z

=1

=0 for somelE(C}

ZA&,—Z >e}> :Oforsomele(C}

A) then (&,,) € SC1(A).
A) then (&,) € CL(A).

and for the space SCi(4,q), we write SC1(A

SCi1(A) = {(fm) €s(X): nlgrolo Ecard ({

THEOREM 2.17. (i) If (§,,) € C}
(ii) If (&) € lo(A) and (&) € SC’l
(iii) SC1(A) Nlo(A) = CH(A) Nlc(A).

Proof. (i) Let € > 0 and (£,,) € CL(A). Then 1@%2221}%2;’;%—1\:0

for some | € X. Now

1 m
— A& =1 >

A/\

2

m<n
1
| % =, ag-L

1 m
> e.card ({m <n:|—
m :

ZA@-—Z 25}).

Therefore lim Lcard ({m < n:|L 3" A& -1 >e}) = 0thatis (§,) € SC1(A).

’Vl—)OO

(i) Let (&) € loo(A) and (&) € SC1(A). Then (£ > A&) is statistically con-
vergent and so (= > AE;) is convergent (because (= 37" AE) € ).

1 m
E;Aé}—l

>e
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Say ’#221 A§; —l| < M VYV m. We have

1 1 — 1
= m;l m;A&—l-ﬁ-n n;n

|%zg1Agrz‘ze |%z;§1 A.g,-fz|<s

1 1 & 1
< —M.card ({m <n: |ZA§Z' -1 > 5}) + Zemn
" mia n

and hence lim 15" |LS™" Ag — 1| = 0. Thus (&) € CH(A).
(iii) By (i) and (ii), it is clear that SC1(A) Nl (A) = CHA) Nl (A).

L A& —1
i

1=

1 m
m;A&—l

1
n
m=1
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