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UNIVARIATE POLYNOMIALS OF CONSECUTIVE DEGREES
THAT FORM A SAGBI BASIS

BEREHANU BELAYNEH*, DAWIT SOLOMON, AND MOHAMMED TESEMMA

ABSTRACT. In this paper, we provide necessary and sufficient conditions for polyno-
mials of consecutive degrees that form a SAGBI basis in the univariate polynomial
ring. The special case of three polynomials with consecutive degrees is also consid-
ered.

1. Introduction

One of the algorithmic approaches to studying ideals in commutative algebra and
algebraic geometry is the introduction of Grobner basis by Bruno Buchberger in his
1965 PhD thesis. A similar set of special generators for subalgebras of multivariable
polynomial rings, known as SAGBI basis, was introduced in the late 1980’s by Rob-
biano & Sweedler [9], and independently by Kapur & Madlener [6]. The term SAGBI
is an acronym for Subalgebra Analogue to Grobner Bases for Ideals. However, unlike
ideals, not every subalgebra of a multivariable polynomial ring is finitely generated,
hence has no finite SAGBI basis. Furthermore, there are subalgebras that are finitely
generated but have no finite SAGBI basis, see [9, Example 1.20]. It is indeed an open
problem to determine which subalgebras have finite SAGBI basis; see [11, p. 100]. For
further reference on SAGBI theory, its connection and application to other fields we
refer to [2], [3], [4], [5], [7, Chapter 6.6], [9], [11, Chapter 11], and [12]. Let’s consider a
univariate polynomial ring, k[z], with indeterminate x over a base field k. Torstensson
et al. [13], set a sufficient condition when two polynomials in k[z| form a SAGBI basis
for the subalgebra they generate. There is no obvious generalization of their results to
three or more polynomials. Our interest in this paper is inspired by their work, where
we set necessary and sufficient conditions for three or more polynomials of consecutive
degrees to form a SAGBI basis. In Section 2 we state the definition of SAGBI basis
suitable for the univariate setting as well as some known results. Section 3 contains
our main results. Several examples and counter examples will also be given along the
way.
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2. Definition and Examples

Throughout this paper, k[z] denotes the polynomial ring in one variable x with
coefficients in a field k. Let f = a,a™ + ... + a1z + ao be a polynomial in k|x] where
a; € k,n e Ny:={0,1,2,...}, and a,, # 0.

DEFINITION 1. Given f as above;

(1) The initial of f is the lead monomial given by in(f) = 2™ where n = deg(f) is
the degree of f.
(i) The lead term of f is 1t(f) = a,z™.

A subalgebra R of k[z] is a subring that contains the base field k, hence is of the
form R = k[G] for some G C k[z]\k. By a G-monomial we mean a power product of
elements of G. The set of all such monomials is given by

G(mon = {H;?:lfi/\i : .fl € G7 )\zat € NO}

The set G is called a generator of the subalgebra, and is not unique. If G can be
chosen to be finite, say G = {fi,..., fs}, we say R is finitely generated and write

R=K[f1,.... fs)={p(f1,.- . fs) : 0 €K1, ..., ys]}

DEFINITION 2 (Initial algebra). Given a subalgebra R of k[x], the initial algebra
of R, denoted in(R), is the monomial algebra generated by the lead monomial of each
nonconstant polynomial in R. That is;

in(R) = kfin(f) : f € R\K]

DEFINITION 3 (SAGBI basis). Let R be a subalgebra of k[z] and S C R. We say
S is a SAGBI basis for R if

in(R) =klin(f): f € 5]

If S can be chosen to be finite, we say R has finite SAGBI basis. As noted in
the introduction, there are subalgebras of a multivariable polynomial ring that have
no finite SAGBI basis even if the subalgebra itself is finitely generated. However
this is not the case in the univariate polynomial ring, as all subalgebras are finitely
generated. We include an outline of the proof for completeness.

THEOREM 2.1. Every subalgebra of a polynomial ring in one variable has finite
SAGBI basis.

Proof. Let R be a subalgebra of k[z], the set A = {deg(f) : f € R\k} is a sub-
semigroup of the natural numbers (N, +). By [10, Corollary 1] such semigroups are
finitely generated, say A = (deg(f1),...,deg(f¢))mon for some ¢ € N and f; € R. It
follows that

in(R) =klin(f) : f € R\k] =kl[in(f1),. .., in(fe)]
Hence by definition the set S = {fi,..., f¢} is a finite SAGBI basis for R. m
There is an algorithm in SAGBI theory called subalgebra reduction (subduction) al-
gorithm. It is similar to division algorithm that is suitable for subalgebras. This

algorithm allows polynomial rewriting in terms of the basis and other computational
applications in SAGBI basis theory. For further reference we refer to [7, 6.6B] [9, 1.5].
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Algorithm. Subduction Algorithm

INPUT: A SAGBI basis S = {f1,... fe} for R <kl[z], and f € k[z].
OUTPUT: An expression of f as a polynomial in S, provided f € R.
WHILE: f is not a constant in k do

1. Find exponents iy, ...,7y € Ny and k € k*, such that 16(f) = k1t(f1)™ - - 16(fe)"
2. If no representation of step 1 exists, then output f not in R. STOP
3. Otherwise p = kf{* --- f," and replace f = f —p

Output the polynomial f = > p+ ki where k; € k.

An interesting problem raised in the work of Torstensson et al. [13] is when a priori
a given set of polynomials, say S = {fi, ..., fn} form a SAGBI basis of the subalgebra
k[S] they generate? In such case we simply say that S is a SAGBI basis. Among
other things they showed that:
A set of two polynomials S = {f, g} C k[z] form a SAGBI basis if deg(f)
and deg(g) are relatively prime.

However, a set of three or more polynomials, whose degrees are pairwise relatively
prime, may not necessarily form a SAGBI basis of the subalgebra they generate. Here
is an example.

EXAMPLE 1. Let S ={f =23+ 1,9 =2 —2x+1,h = 27 + 2° + 3}. The degrees
of the polynomials are pairwise relatively prime however S is not a SAGBI basis since
the polynomial T = h — fg € k[S] but in(T) = z° is not in k[in(f),in(g),in(h)] =
k[z3, 2, 27].

PROPOSITION 2.2. Let S = {fi,..., fs} C kl[z]. The following are equivalent:

(7). S is a SAGBI basis.
(ii). For each 0 # g € k[S] there exists \; € Ny such that in(g) = in([[}_, /)
(ii1). For each 0 # g € k[S] there exists \; € Ny such that deg(g) = >_;_, A\; deg(f:)

Proof. (i) < (ii). By definition, S is a SAGBI basis if and only if each nonzero
polynomial g € k[S] satisfies in(g) € k[in(f1),...,in(fs)]. But as in(g) is a mono-
mial it can only be expressed as power product of monomials in the generators of

k[in(f1),...,in(fs)]. Hence

S S

in(g) = Hin(fi)/\i - Hin(fi’\i) = in(H fiAi)’
i=1 i=1 i=1

for some \; € Nj.

(i) < (i17). First observe that

deg(JT ) =D deg(£) = N deg(f:).
i=1 i=1 i=1
Hence,

s ‘ . N s
in(g) = in(J [ £) = 228U/ & deg(g) = > A deg(f:).
i=1 =1
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EXAMPLE 2. Let Q denote the field of rationals. The set of two polynomials
S={f=22"+2>—2—-5,9g = 2>~ 1} is not a SAGBI basis, since h := f —
29?2 = 23 + 42? — 2z — 6 € Kk[S] but deg(h) = 3 is not an Ny-linear combination of
{deg(f) =4, deg(g) = 2}.

3. Main Results

Let S = {fi,..., fe} C k[z], by a T-polynomial in k[S] we mean a difference
T = P, — kP, for some k € k and P, Py € Syon satisfying It(P;) = klt(R). It
is the analogue of S-polynomials in Grobner basis theory. Observe that deg(P;) =
deg(P,) > deg(T"). Thus deg(7T) depends on the lower terms of the polynomials P,
and P, which is one of the challenges in determining SAGBI basis.

LEMMA 3.1. Let S be a SAGBI basis of a subalgebra R and m = min{deg(f) :
f € S}, then there is no nonconstant polynomial in R of degree less than m.

Proof. Let g be a non constant polynomial in R, then by Proposition 2.2(i1)

deg(g) = Z Aideg(g;), where \; € Ny

Since g # 0 there is some j where \; # 0. It follows that deg(g) > deg(g;) > m =
min{deg(f) : f € S}. O

THEOREM 3.2. Let { > m be positive integers, a set of { polynomials B =
{f1, f2, .-, fe} C k[z] with consecutive degrees m,m + 1,...,m +{ — 1 is a SAGBI
basis if and only if the subalgebra k[B] does not contain a nonconstant polynomial of
degree less than m.

Proof. Suppose {f1, fa, ..., fe} is a SAGBI basis. By Lemma 3.1, the degree of each
nonconstant polynomial in k[B] is at least m = min{deg(f;) : f; € B}. Conversely,
assume k[B] does not contain a nonconstant polynomials of degree less than m. Hence
for any h € k[B]\k we have deg(h) > m. Applying division algorithm on deg(h) and
m we have,

deg(h) = gm+r for some ¢ > 1 and,0 <r <m </
(¢—1)m+(m+r)
= (g —1)deg(f1) + deg(fri1)
Hence by Proposition 2.2(iii), the set B = {f1, fo, ..., fm} is a SAGBI basis. O

EXAMPLE 3. Let
B = {fl :x4+x27f2 :QJE),fg :xG —5.T4,f4 :137—3565}

be four polynomials of consecutive degrees 4,5,6,7 in R[x], thus £ = m = 4. Ob-
serve that there are no monomials of degree 1 or 3 in each of the four polynomials
f1, f2, f3, f1, hence R[S] does not contain any polynomial of degree 1 and 3. On the
other hand if there is a polynomial of degree 2 in R[B], it must be of the form f; + h
where h = —z* € R[S]. But this is also impossible by observing the terms of the
generators. Therefore R has no polynomial of degree 1,2 or 3. Hence by Theorem 3.2
the set B = {f1, fa, f3, fa} forms a SAGBI basis.
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The next two examples demonstrate we can’t drop any of the conditions in theorem
3.2.

EXAMPLE 4. Let
B:{f1:x3—|—1, f2:x4—x, f3:x5+:c2}

where ¢ = 3 > m = 3 are 3-polynomials of consecutive degrees 3,4,5. Here we
drop the condition k[B] does not contain nonconstant polynomial of degree less than
m = 3. Consider the polynomial

g=f3— fifs +4f; = 42® € R[B].

But deg(g) = 2 can’t be expressed as linear combination A;34+ A4+ A35 where A; € Ny.
Hence B is not a SAGBI basis.

ExXAMPLE 5. The theorem is also false if ¢ < m. For this consider the three
polynomials For this consider

B = {fl = I4 +2Z’3, f2 - IS; f3 - 2x6 - 31‘5}
where ¢ = 3 < 4 = m. First, a quick observation to the monomials in each polynomial
f1, f2, f3 we can conclude that k[f, f, f3] doesn’t contain any polynomials of degree
one and two. On the other hand if there is a polynomial h of degree three in k[ f1, fa, f3],
then h = k123 + ky for some ky, ks € k. Moreover h = ki f; + g for some k € k and

g € K[f1, f2, f3]. This is again impossible with a careful observation of the degrees of
each term in the polynomials fi, fs, f3. But the polynomial

9= fifs —2f5 — fifo + 87 = 322" + 322° € R[fy, fo, f3]

Note that deg(g) = 7 can not be expressed as Ny — linear combination of the set
{4,5,6}. Hence {fi, f2, f3} is not a SAGBI basis.

LEMMA 3.3. Let S = {f1, f2, ..., fe} C k[z] be a set of {-polynomials, (with £ < m)
of consecutive degrees m,m + 1,....m + ¢ — 1. If S is a SAGBI basis then the
subalgebra k[S] does not contain polynomials of degree d where m + ¢ < d < 2m.

Proof. Suppose h € k[fi, ..., fo] with m+¢ < deg(h) < 2m. Since { f1, fo, ..., fe} is a
SAGBI basis then deg(h) = A\ deg(f1) + A2 deg(f2) + ... + Ardeg(fy) for some \; € N.
Since deg(h) > deg(fs) = m+ £ — 1, at least two of \; should be nonzero (or at least
one )\; should be greater than or equal to 2). Hence,

deg(h) = Aideg(fi)+ Aadeg(fa) + ... + Ao deg(fo).

> Aideg(fi) + A; deg(f;).
= N(m+i—1)+N(m+j—1).
= Am+Am+NE—1)+XN({-—1).
> 2m.
This contradicts the assumption deg(h) < 2m — 1. Therefore, k[f1, ..., f¢] does not
contain polynomials of degree m + ¢, ...,2m — 1. n
REMARK 1. Given a set polynomials B = {fi,..., f¢} of consecutive degrees

deg(fi)=m+(i—1), i €{1,...,¢} for some m € N. In Theorem 3.2 we establish a
necessary and sufficient condition when B is a SAGBI basis provided that £ > m. In

the next result we cut the number of such polynomials by half and determine when
they form a SAGBI basis.
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THEOREM 3.4. Let m € N and | %] denote the greatest integer less than or equal
to 3. A set of ['}] + 1 polynomials S = {fi, fa, ..., fim |1} with consecutive degrees
m,m+ 1,...,m + || is a SAGBI basis if and only if k[S] does not contain any
nonconstant polynomial of degree d, where d < m or m + [ 3] < d < 2m.

Proof. (=) : Assume the set of polynomials S = {fi, fa, ..., fim 11} with consecu-
tive degrees m,m +1,...,m + [ % | form a SAGBI basis. Applying Lemma 3.1 and
Lemma 3.3, the subalgebra k[S] does not contain nonconstant polynomials of degree
d<morm+ [%] <d<2m.

(<) : Let k[S] doesn’t contain any non constant polynomial of degree d where d < m
or m+ |F] < d < 2m, we show S forms a SAGBI basis. This will be achieved by
considering two cases on the parity of m and additional subcases.

Case 1. m is even, (hence [ | = F.)

Let h be a nonconstant polynomial in k[S]. By hypothesis k[S] does not contain
polynomials of degree d where 0 < d < m or m + % < d < 2m. Hence either
m < deg(h) < m+ % or deg(h) > 2m.

If m < deg(h) < m+ 7, then deg(h) = deg(f;) for some i € {1,2,...,F +1}. On the
other hand if deg(h) > 2m, by division algorithm, deg(h) = gm + r where ¢ > 2 and
0 <r < m. We divide this into two subcases on the remainder r.

1.1. 0<r< %
deg(h) = gm—+r
= (¢g—1)m+m+r
= (¢—1)deg(f1) + deg(fr+1)

1.2, T <r<m-—1
In this case 7 can be expressed as r = 3 +i — 1 for some 2 <4 < 7. Hence,

deg(h) = gm—+r
= (q—2)m+2m+m+z’—1

2
= (q—2)m+(m+%—1)+(m+i)
= (q—2)deg(f1) + deg(fz) + deg(fi+1)
In both cases we express deg(h) as Ny-linear combination of deg(f;), i =1,..., 3 +1.

Hence, S = {fi, ..., fm 11} is a SAGBI basis.
Case 2. m is odd, (hence |2 | = 7))

Here again let h be a nonconstant polynomial in k[S]. By hypothesis, either
m < deg(h) < m+ ™ or deg(h) > 2m
If m < deg(h) < m + %5+, then deg(h) = deg(f;), for some i € {1,2,..., =+ + 1}.
Next assume deg(h) > 2m. By division algorithm, deg(h) = gm + r, where ¢ > 2,
and 0 < r < m. Here we take three subcases on r.
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deg(h) = gm—+r
= (g—1)m+m+r
= (¢ —1)deg(f1) + deg(fr+1)
2.2. " <r<m-2

In this case r can be expressed as r = mT_l + (i — 1) where 2 < i < mT_l
Hence,

deg(h) = gm+r

—1
= (q=2m+2m+ =+ (i)

= (q—2)m+(m+mT_1—1)+(m—|—i)

= (¢—2)deg(f1) + deg(fmT—l) + deg(fit1)-
23. r=m-—1
deg(h) = gm+r
= gn+m-—1
= (q—2)m+2m+2(mT_1)
- (C_I—Q)m+2(m—|-mT_1)

= (¢—2)deg(f1) + 2deg(fmT—1+1)

In all cases deg(h) is linear combination
Avdeg(fi) + .+ Amca g deg(fui )

where \; € Ny, thus proving S is a SAGBI basis. H

EXAMPLE 6. In this example we choose m = 5 and hence 2| = 251 = 2. Consider
the following |%'| + 1 = 3 polynomials with degrees m =5 m+1=6,m+ %] =7
given by

fh=2"+a, fo=a+2% fa=a"4+2+1.

Consider the polynomial
h:fg—flf:g :,IS—IG—.I5+I4—JI2—.T ER[fl,fQ,fg]

Observe that deg(h) = 8 satisfies m + [%§] = 7 < deg(h) < 10 = 2m. By Theorem
3.4 the above set is not a SAGBI basis. This can easily be confirmed by the fact that
deg(h) = 8 is not Ny-linear combination of deg(f;) = 5,deg(f2) = 6,deg(f3) = 7.

We next state and prove a lemma on a submonoid of natural numbers generated by
three consecutive integers. It will have a immediate application to our last result on

SAGBI basis.
LEMMA 3.5. Let m € Ng and H := (m,m + 1,m + 2)pon = {A\im + Xa(m + 1) +
As(m +2): N\ € Ng} be the additive monoid generated by {m,m + 1, m + 2}, then
1511

acHsag¢ | J{teNi(m+2)<t<(i+1)m}.
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Proof. Let’s start with m = 0 or 1. In this case H contains 1, hence H = Ny. On
the other hand [2] —1 = —1, and hence Uifojfl = ) proving the Lemma. Next let’s
show for m > 2 and m even.

(=) : Assume a € H and m is even. Hence |5 | = 7.
a€H = a = Mm+d(m+1)+ A3(m+2) for some \; € N
= (M + A+ A)m+ (A2 +2X3)

We want to show a ¢ Uﬁgl{t e N:i(m+2) <t < (i+1)m}. Assume to the
contrary i(m + 2) < a < (i + 1)m, for some i € N, where 0 <7 < %. It follows that;
im+2)<a= A+ +A)m+ (A +2X3) < (i+1)m (%)

Let’s take two subcases on A\; + Ag + A3

Case 1.1. \{ + X9+ X3 >4
= M+ +A3>0+1
= (M+X+X)m>(G+1)m
= a=M+Xt+A3m+N+2\3) >N+ X+A3)m> (i +1)m
= a>(i+1)m.

But this contradicts equation (%) above where a < (i 4+ 1)m.

Case 1.2. A\ + Ay + A3 < i. From equation (%) we have

im+2) <M+ X+ A)m+ (A +2X3) < (i +1)m

im 4+ 20 < (A + A2+ Ag)m + (Ag + 2)3)

im + 2@ <im+ (Ay + 2X3) by assumption Ay + Ao + A3 < ¢
21 < Mg+ 2)3

Ao+ 2X3 > 20 > 2(A1 + Ao+ A3) = 2A; + 2 + 2)3

0 > 2X\; + Ao. (this contradicts the fact that both Ay, Ay € N.)

In both subcases the contradictions prove our claim.
(«<): Now given a ¢ B := Uizgl{t eEN:i(m+2) <t<(i+1)m}.

S

4

=acB = U[(i+1)m,(i+1)(m+2)]u[m-%, 50)
_ cub

where C = 2o ?[(i + Dm, (i + 1) (m +2)] and D = [m - 2, oo).

Let a € C.

= a€l(t+1)m,(i+1)(m+2)], for some i€ {0,1,..., % -2}

= (i+1)m<a<(@+1)m+2(0+1)
= a=G+1)m+r, where 0<r<2(i+1).

We further take two subcases on the parity of r.
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C1l. riseven. From 0 <r < 2(i + 1) it follows that 0 < 52 <4, and i — 52 € N.
Hence from above;
a = (Z + 1)m +7r
.or—2
= (Z — 5

C2. risodd. In this case % is a nonnegative integer and % < 7. It follows that

)m+am+meﬂ

a = ({+1)m+r

or—1 r—
= (i— 5 ym + 5
Let a € D. By division algorithm a = gm +r, where ¢ > % and r € {0,1,...,m — 1}.
We again take two subcases on r

%m+m+m+me%

D1. riseven. Hence 5 is a nonnegative integer which is less than or equal to p, that
is, ¢ — 5 € N, and

a = gm-+r
r r
= @—?m+?m+@€%
D2. risodd. In this case %1 is a nonnegative integer which is between 1 and p, that

is, p— =, and %t — 1 € N, and

a = gm-+r

r+1 r—+1
5 ym + ( 5

In all cases we have shown a € H as desired.

Finally, the case m is odd can be verified with similar steps as in the even case. We
leave the details to avoid repetition. O

= (¢— —(m+2)+(m+1)eH

This lemma leads us to our last observation to determine when three polynomials
of consecutive degrees form a SAGBI basis.

THEOREM 3.6. Let fi, fa, f3 € k[z]| be a set of three polynomials with consecutive
degrees m, m+1 and m+2 respectively, for some m € N. Then { f1, fa, f3} is a SAGBI
basis if and only if K[f1, f2, f3] does not contain a polynomial h with

l5)-1
deg(h) € | J {t:i(m+2) <t<(i+1)m}.

=0

Proof. Let m € N and S = {fi, fo, f3} C klz| with degrees m,m + 1,m + 2
respectively be a SAGBI basis. Let h € k[S] then by Proposition 2.2 we have

deg(h) = Avdeg(f1) + A2 deg(f2) + Asdeg(fs)
Now applying Lemma 3.5 we have, deg(h) ¢ Ui[:%okl{t ci(m—+2) <t < (i+1)m}. O

COROLLARY 3.7. Let fi, fa, f3 be three polynomials in k[z] of consecutive degree
m,m + 1,m + 2 that form a SAGBI basis. The cardinality of the set A = {deg(g) :

g & Kf1, fo, fol} is 0% m — 1 - 20).
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Proof. In view of Theorem 3.6 if g ¢ Kk[f1, f2, f3] then deg(g) € UZ-L:%OJ_l{t si(m 4
2) <t < (i+1)m}. Hence
13]-1
Al = | {t:ilm+2) <t < (i+1)m}

= Z [(i 4+ D)m —i(m +2) — 1]

EXAMPLE 7. Consider three polynomials f; = 2® — 32241, fo = 2" +42% -2, f3 =
x® — 227 + 244 22% — 5 with respective degrees 6,7, and 8. In view of Theorem 3.6 such
a set of polynomials forms a SAGBI basis if and only if the subalgebra Q[f1, f2, f3]
avoids polynomials of degree 1,2,3,4,5, 9,10,11,and 17. Let’s construct successive

T—pOlyIlOHli&lS T1 = f1f3 — f227 T2 = T1 - ]_0f1f2, T3 = T2 - 24f12 in @[fyfg, fg] But
the last polynomial

Ty = =210 — 2429 + 2728 4+ 1227 — 202° — 2212 + 22122 — 53
is of degree 10 hence { f1, f2, f3} is not a SAGBI basis.

EXAMPLE 8. Consider the three polynomials g, = 2% — 1,g5 = 27 + 42°% — 2, g3 =
28 — 227 + 2% — 5 of consecutive degrees 6,7 and 8. The degree of each monomial in
the polynomials g; are 0, 6,7, 8. Hence the degree of polynomial in Q[g1, g2, g3] can not
be 1,2,3,4,5, 9,10,11,and 17. Therefore by Theorem 3.6 the set {g1, g2, g3} forms
a SAGBI basis.

Concluding remark. In section 3 the main results deals with the connection of
SAGBI basis with semigroups generated by degrees of the polynomials in the SAGBI
basis. In the theory of numerical semigroups, such problems are also known as gaps.
There is a general work in this direction by Alfonsin [1] that also addresses the Frobe-
nius number, and genius of such semigroups. Our proof however gave a simplified
description of the gaps as a union of intervals since we were only interested in spe-
cial cases of those semigroups. Thanks to Anna Torstensson who brought the work
of Alfonsin to our attention. We believe there is even great potential to learn from
the tools developed in the subject of numerical semigroups and to address additional
SAGBI basis problems.
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