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ON THE RELATIONS FOR LIMITING CASE OF SELECTION

WITH EQUILIBRIUM AND MUTATION OF DIPLOID MODEL

Won Choi

Abstract. Assume that at a certain locus there are three genotypes and that for
every one progeny produced by an IAIA homozygote, the heterozygote IAIB pro-
duces. Choi find the adapted partial equations for the model of selection against
heterozygotes and in case that the allele frequency changes after one generation of
selection when there is overdominance. Also he find the partial differential equa-
tion of general type of selection at diploid model and it also shall apply to actual
examples. This is a very meaningful result in that it can be applied in any model
( [1], [2]).

In this paper, we start with the limiting case of selection against recessive al-
leles. For the time being, assume that the trajectories of pt and qt at time t can
be approximated by paths which are continuous and therefore we have a diffusion
process. We shall find the relations for time t, pt and qt and apply to equilibrium
state and mutation.

1. Introduction

Assume that at a certain locus there are three genotypes and that for every one
progeny produced by an IAIA homozygote, the heterozygote IAIB produces. To
calculate a genotypic frequency, we add up the number of individuals possessing a
genotype and divide by the total number of individuals in the sampleN . The gene pool
of a population can be represented in terms of allelic frequencies. Allelic frequencies
can be calculated from the numbers or the frequencies of the genotypes. To calculate
the allelic frequency from the numbers of genotypes, we count the number of copies
of a particular allele present among the genotypes and divide by the total number of
all alleles in the sample. ( [5])

For a locus with only two alleles, the frequencies of the alleles are usually repre-
sented by p and q, respectively. The selection coefficien is the relative intensity of
selection against a genotype( [4]). We usually note of selection for a special genotype.
When selection is for one genotype, selection is automatically against at least one
other genotype.
The related variable is the fitness. The fitness is defined as the relative reproductive
success of a genotype in case of natural selection. The natural selection takes place
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when individuals with adaptive traits produce a greater numbers of offspring than
that produced by others in the population. If the adaptive traits have a genetic
basis, they are inherited by the offspring and appear with greater frequency in the
next generation ( [4], [5]). The fitness is the reproductive success of one genotype
compared with the reproductive success of other genotypes in the population.

Suppose that the allelic frequencies of a population do not change and the genotypic
frequencies will not change after one generation in the proportion p2 (the frequency
of IAIA), 2pq (the frequency of IAIB) and q2 (the frequency of IBIB). Here p is the
frequency of allele IA and q is the frequency of allele IB. When genotype are in the
expected proportions of p2, 2pq, q2, the population is said to be in Hardy-Weinburg
equilibrium( [4], [5]).

Choi defined the density and operator for the value of the frequency of one gene
and found adapted equations as a follow-up for the frequency of alleles and applied
this adapted equations to several diploid model and it also applied to actual examples
( [1], [2]). He found the partial differential equation of general type of selection at
diploid model and it also apply to actual examples. This is a very meaningful result
in that it can be applied in any model ( [1]).

In this paper, we start with the limiting case of selection against recessive alleles.
For the time being, assume that the trajectories of pt and qt at time t can be approx-
imated by paths which are continuous. We shall find the relation for time t, pt and qt
and apply to equilibrium state and mutation.

2. The Main Results

We begin with the probability about the frequency of allele;

Lemma 1. Assume that the selection coefficients for each genotype IAIA, IAIB and
IBIB are α1, α2, α3 respectively. The mean change for allele IA is

pq
p(α1 − α2) + q(α2 − α3)

α̂
,

and the mean change for allele IB is

pq
p(α2 − α1) + q(α3 − α2)

α̂
.

Here α̂ = p2(1− α1) + 2pq(1− α2) + q2(1− α3).

Proof. See Choi ( [1]).

Consider the limiting case of selection against recessive alleles. Recessive lethals
occur when the recessive homozygotes have selection coefficient α = 1. We represent
the frequency of IA and IB in the intial and following generation by p0, p2, · · · , pt and
q0, q1 · · · , qt, respectively. For the time being, assume that the trajectories of pt and
qt can be approximated by paths which are continuous. Therefore we have a diffusion
process.

Theorem 2. Assuming that recessive lethal occurs, we have following equation

t =
p0 − pt

(1− p0)(pt − 1)
=

1

qt
− 1

q0
.
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Proof. Since α = 1, the frequency of allele IA after one generation of selection is

p20 + p0q0
1− αq20

=
p0

1− αq20
=

p0
1− q20

=
1

2− p0

and the mean change in allele frequency for IA is

αp0q
2
0

1− αq20
=

p0q
2
0

1− q20
=

q20
1 + q0

Since

p1 =
1

2− p0
, p2 =

1

2− p1
.

We substitute p1 in the equation for p2. Then we have

p2 =
1

2− p1
=

1

2− 1
2−p0

=
2− p0
3− 2p0

.

After t generation, we have

pt =
t− (t− 1)p0
(t+ 1)− tp0

.

We can find the number of generation t using the following formular;

t(1− p0)(pt − 1) = p0 − pt, t =
p0 − pt

(1− p0)(pt − 1)
.

On the other hand, the frequency of allele IB after one generation of selection is

q20 − αq0
1− αq20

=
q0 − q20
1− q20

=
q0

1 + q0

and the mean change in allele frequency for IB is

−αp0q
2
0

1− αq20
=

−p0q
2
0

1− q20
=

−q20
1 + q0

.

Since

q1 =
q0

1 + q0
, q2 =

q1
1 + q1

=

q0
1+q0

1 + q0
1+q0

=
q0

1 + 2q0
,

we have

qt =
q0

1 + tq0
.

Therefore

qt(1 + tq0) = q0, t =
1

qt
− 1

q0
,

and we have equation
p0 − pt

(1− p0)(pt − 1)
=

1

qt
− 1

q0
.

Remark. Equations pt − p0 = q0 − qt that we commonly know can be derived using
the Theorem 1, and this fact tells us that the Theorem 1 is a reasonable result.

We define that equilibrium occurs when there is no net change in gene frequency.
Then we have ;
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Theorem 3. Assume that the allele frequency changes after one generation of selection
with the selection coefficient α = 1 of heterozygote when there is overdominance and
equilibrium occurs. The equilibrium frequency of the IA allele is

p0 =
t

1 + t

and the equilibrium frequency of the IB allele is

q0 =
1

1 + t
.

Proof. The frequency of the IA allele after one generation of selection is

p1 =
p0q0

1− p20 − tq20
=

p0q0
1− p20 − tq20

and the mean change is

p0q0
1− p20 − tq20

− p0 =
p0q0(tq0 − p0)

1− p20 − tq20
.

Therefore the equilibrium frequency for the IA allele is

p0 =
t

1 + t

Similarly, the mean change is

p0q0 + q20(1− t)

1− p20 − tq20
− q0 =

p0q0(p0 − tq0)

1− p20 − tq20

for frequence of alleles IB. Therefore the equilibrium frequency for the IB allele is

q0 =
1

1 + t
.

We can apply equilibrium to general cases.

Corollary 4. Assume that the selection coefficients for each genotype IAIA, IAIB and
IBIB are α1, α2, α3 respectively. The equilibrium occurs when α1 = α2 = α3.

Proof. From Lemma 1, the mean change for allele IA is

p20(1− α1) + p0q0(1− α2)

α̂
− p0 =

p0q0(1− α2)(q0 − p0) + p20q0(1− α1)− p0q
2
0(1− α3)

α̂

= p0q0
p0(α1 − α2) + q0(α2 − α3)

α̂

and the mean change for allele IB is

p0q0(1− α2) + q20(1− α3)

α̂
− q0 =

p0q0(1− α2)(p0 − q0) + p0q
2
0(1− α3)− p20q0(1− α1)

α̂

= p0q0
p0(α2 − α1) + q0(α3 − α2)

α̂
.

Here
α̂ = p20(1− α1) + 2p0q0(1− α2) + q20(1− α3).

In order for allele IA to remain in equilibrium, we have α1 = α2 and α2 = α3 and In
order for allele IB to remain in equilibrium, we have α2 = α1 and α3 = α2.
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Assume that mutation from IA to IB occurs at a rate a and mutation from IB to
IA occurs at a rate b at a given time t.

Theorem 5. Assume that the selection coefficients for each genotype IAIA, IAIB and
IBIB are α1, α2, α3 respectively and that the equilibrium state occurs. The mean
change for allele IA is

1

α̂

ab2(α1 − α2) + a2b(α2 − α3)

(a+ b)3

and the mean change for allele IB is

1

α̂

ab2(α2 − α1) + a2b(α3 − α2)

(a+ b)3
.

Here

α̂ =
1

(a+ b)2
{b2(1− α1) + 2ab(1− α2) + a2(1− α3)}.

Proof. The product apt−1 for allele IA changes to IB and the product bqt−1 for
allele IBchanges to IA. If at a given time t, the frequencies of IA and IB are pt and
qt, respectively. then after next generation the frequency of IA is

pt = pt−1 − apt−1 + bqt−1.

If we let

∆p = pt − p0,

we have

∆p = (pt−1 − apt−1 + bqt−1)− pt−1 = bqt−1 − apt−1.

Since the equilibrium occurs in the procedure of mutation and the equilibrium state
occurs when IA alleles changing to IB alleles is the equal to IB alleles changing to IA

alleles, we have

aP = bQ, aP + bP = b

where and P and Q are the equilibrium allele frequencies of pt and qt, respectively.
Therefore

P =
b

a+ b
, Q =

a

a+ b
.

Since the mean change for allele IA is

PQ
P (α1 − α2) +Q(α2 − α3)

α̂

from Lemma 1, we have

PQ
P (α2 − α1) +Q(α3 − α2)

α̂
=

1

α̂

ab2(α1 − α2) + a2b(α2 − α3)

(a+ b)3
.

Here

α̂ =
1

(a+ b)2
{b2(1− α1) + 2ab(1− α2) + a2(1− α3)}.

Similarly, since the mean change for allele IB is

PQ
P (α2 − α1) +Q(α3 − α2)

α̂
,
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from Lemma 1, we have

PQ
P (α2 − α1) +Q(α3 − α2)

α̂
=

1

α̂

ab2(α2 − α1) + a2b(α3 − α2)

(a+ b)3

Denote x(t, p) be the probability that IA become fixed in the population by time
t-th generation, given that its initial frequency is p.

Corollary 6. Assume that the selection coefficients for each genotype IAIA, IAIB and
IBIB are α1, α2, α3 respectively and that the equilibrium state occurs. The adapted
partial differential equations

∂x

∂t
=

ab

4N(a+ b)2
∂2x

∂p2
+

1

α̂

ab2(α2 − α1) + a2b(α3 − α2)

(a+ b)3
∂x

∂p

for frequence of alleles IA and

∂x

∂t
=

ab

4N(a+ b)2
∂2x

∂p2
+

1

α̂

ab2(α2 − α1) + a2b(α3 − α2)

(a+ b)3
∂x

∂p

for frequence of alleles IB. Here

α̂ =
1

(a+ b)2
{b2(1− α1) + 2ab(1− α2) + a2(1− α3)}.

Proof. This result follows easily from the result of Choi( [1]) and M. Kimura.(
[3]).

References

[1] W. Choi, On the adapted partial differential equation for general diploid model of selection at a
single locus, Korean J. Math. 32 (2) (2024), 213–218.
https://dx.doi.org/10.11568/kjm.2024.32.2.213

[2] W. Choi, On the adapted equations for several diploid models in population genetics, Korean J.
Math. 30 (1) (2022), 67–72.
http://dx.doi.org/10.11568/kjm.2022.30.1.67

[3] M. Kimura, A stochastic model of compensatory neutral evolution, Stochastic Methods in Biol-
ogy, Proc. Workshop, Nagoya, July 8–12 (1985).

[4] R. Lewis, Human genetics: concepts and applications, McGraw-Hill Education (2016).
[5] B. A. Pierce, Genetics essentials: concepts and connections, W. H. Freeman and Company

(2014), 216–240.

Won Choi
Department of Mathematics, Incheon National University,
Incheon 22012, Republic of Korea
E-mail : choiwon@inu.ac.kr

https://dx.doi.org/10.11568/kjm.2024.32.2.213
http://dx.doi.org/10.11568/kjm.2022.30.1.67

	1. Introduction
	2. The Main Results
	References

