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MULTIPLICITY RESULTS FOR THE WAVE SYSTEM
USING THE LINKING THEOREM

HyEwoN NAM

ABSTRACT. We investigate the existence of solutions of the one-
dimensional wave system

utt_uxm+ug(u+v):f(u+v) in (_%7%)XRa

Vit — Vzz +vg(u+v) = f(u+v) in (=5,%) xR,
with Dirichlet boundary condition. We find them by applying linking
inequlaities.

1. Introduction

In [1] and [2], the authors investigate multiplicity of solutions for
a piecewise linear perturbation of the one-dimensional wave operator
under Dirichlet boundary condition on the interval (=7, 7) and periodic
condition on the variable ¢. The wave system with Dirichlet boundary

condition,
Utp — Uz + p1g(u +v) = f(u+v) in (—72-3 ) X R,
Uy — Vge + vg(u+v) = f(u+v) in (-5
we have extended. We applied the linking inequalities to studying mul-

tiple nontrivial solutions for the system.
In section 2, we have a concern with the wave equation

Uty — Ugy + bu+ —au = f(U) in (_gv %) X Ru
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with Dirichlet boundary condition. We find a suitable functional I on
a Hilbert space H and prove the suitable version of the Palais-Smale
condition for the topological method. And we find the two linking type
inequalities, relative to two diferent decompositions of the space H. In
section 3, we applied the results in order to study the wave system.

2. The single wave equation

We consider the following one-dimensional nonlinear wave equation
U — Uz + buT —au™ = f(u) in (-%,%) xR,
(1) u(£3, ) =0,
u is m-periodic in t and even in x and t,
where f is defined by
2 =Ly 20
where p,q > 2 and p # q.
2.1. The Palais Smale condition. To begin with, we consider the
associated eigenvalue problem
U — Upy = AU in (-5,5) xR
(3) u(£%,2) =0
u(t,z) = u(—t,z) = u(t,—x) = u(t + 7, x).
A simple computation shows that equation (3) has infinitely many eigen-
values \,,, and the corresponding eigenfunctions ¢,,, given by
Amn = (20 + 1)? — 4m?,
Gmn(t, x) = cos 2mt cos(2n + 1)z (m,n=0,1,2,---).

Let @ be the square [—7, 7] x [=F, 5] and H the Hilbert space defined
by

H = {u € L*(Q)|u is even in z and t}.

Then the set {@pn|m,n =0,1,2,---} is an orthogonal base of H and H
consists of the functions

u(z,t) = Z Wrn P (, T)

m,n=0
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with the norm given by

oo
lal® =" ah

m,n=0
We denote by (A; );>1 the sequence of the negative eigenvalues of
equation (3), by (A]);>1 the sequence of the positive ones, so that

<A =3< A =1<Af =<

We consider an orthonormal system of eigenfunctions {e; ,e;,i > 1}

R A

associated with the eigenvalues {A;, A, i > 1}. We set
H™" = closure of span{eigenfunctions with eigenvalue > 0},

H™ = closure of span{eigenfunctions with eigenvalue < 0}.

We define the linear projections P~ : H — H~,PT: H — H™.
We also introduce two linear operators R: H — H",S : H — H™ by
x4
el

if

o0

o0
u:Za;e;—i- aief.
i=1 i=1
It is clear that S and R are compact and self adjoint on H.

DEFINITION 2.1. Let I, : H — R be defined by
1 1
hw) = 3IP*ul? = SIP-ul?
b

+ A = S | Pl

where A= R+ S and F(s) = [; f(7)dr.
It is straightforward that
VI(u) = Ptu— P u+ bA(Au)t — aA(Au)” — Af(Au).
Following the idea of Hofer (see [3]) one can show that
PROPOSITION 2.1. I, € CH(H, R). Moreover VI,(u) = 0 if and only
ifw= (R+ S5)(u) is a weak solution of (P), that is,

/Q((wtt — W)V + b[w]Tv — alw] v)dtdz = /Qf(w)vdtdx
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for all smooth v € H.

In this section, we suppose b > 0. Under this assumption, we have a
concern with multiplicity of solutions of equation (1). Here we suppose
that f is defined by equation (2).

In the following, we consider the following sequence of subspaces of
12(Q)

Hy, = (@?leA;) D (@?:1}[/\;)
where H), is the eigenspace associated to A.

LEMMA 2.1. The functional I satisfies (P.S.)’ condition, with respect
to (H,), for all ~.

Proof. Let (k,) be any sequence in N with k, — oco. And let (u,)
be any sequence in H such that u, € H, for all n, I;(u,) — v and
V(L) |, (un) = 0.

First, we prove that (u,) is bounded. By contradiction let ¢, =
|un|] = oo and set u, = w,/t,. Up to a subsequence u,, — @ in H
for some @ in H. Moreover

2
0 « < V(Ib)Hkn (Un),UAn > —t—Ib(un)

2 1
= —/F(Aun)dtdx——/f(Aun)Aundtdx
th Ja th Ja

—2 2
_ / SP R (A + T ()1 (A Jdtde.
Q p q
Since t, — oo, (Au,)"™ — 0 and (Au,)” — 0. This implies At = 0 and
u = 0, a contradiction.
So (u,) is bounded and we can suppose u,, — u for some u € H. We

know that
V(1) iy, (Un) = Py — PTuy, + bA(Au,)™ — aA(Au,)™ — Af(Auy).
Since A is the compact operator, P*u, — P~ u, converges strongly, hence

u, — u strongly and VIy(u) = 0. O

2.2. The first result applying the linking theorem. Fixed A;. We
prove the Theorem via a linking argument.

First of all, we introduce a suitable splitting of the space H. Let
Zy = @i Hy- Zo = Hy-, Z3 = @g;llHA; ® H*Y

LEMMA 2.2. There exists R such that sup,e 7,627, |o=r Ib(v) < 0.
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Proof. It v € Zy & Zy then

1 b a _
I(v) = =3 wl* + SIISuI*I = SH[Se] |12 = / F(Sv)dtda.

Since

b ) @
SIS IE =SS —/QF(Sv)dtd:E

b 2_1 v p_ 4 U—Q_l o1V dtdx
=SS = (el = §(1S01) = 2 ((Sol e,

there exists R such that 2[|[Sv]*||? — £[|[Sv]~||* — [, F(Sv)dtdz < 0 for
all ||[v|| = R. Hence

1
Ie) < —5llel* < 0.

LEMMA 2.3. There exists p such that inf,cz,q 7, |ju|=p Io(u) > 0.

Proof. Let o € [0,1]. We consider the functional [, : Zo & Z3 — R
defined by

1 1,
ho(w) = SIPal* = S Pul?
b
- §\|[Au]+|]2—gH[Au]_Hz—a/F(Au)dtdx.
Q

We claim that there exists a ball B, = {u € Z, & Zs|||u|| < p} such that

1. I, are continuous with respect to o,

2. I, satisfies (P.S) condition,

3. 0 is a minimum for I in B,,

4. 0 is the unique critical point of [, , in B,,.

Then by a continuation argument of Li-Szulkin’s (see[4]), it can be
shown that 0 is a local minimum for 7| Zo®Zs = I;; and Lemma is proved.

The continuity in ¢ and the fact that 0 is a local minimum for I,
are straightforward. To prove (P.S.) condition one can argue as in the
previous Lemma, when dealing with 1.

To prove that 0 is isolated we argue by contradiction and suppose
that there exists a sequence (0,) in [0, 1] and sequence (u,) in Zy & Z3
such that V1, ,, (u,) = 0 for all n,u, # 0,andu,, — 0. Set ¢, = ||u,||
and 4, = u,/t, then t, — 0. Let v;, = P, and w, = P%,. Since
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U, varies in a finite dimensional space, we can suppose that v,, — © for
some 0. We get

1
(4) t_v—[b,a(“n) = W, — Uy
b
+ AT — S A(Au)” = S AS (Au) = 0.

Multiplying by w,, yields
n . b .
a2 = T2 / F(Auy) Ay dtda — — / (Auy)* Ad,dtda.
tn Q tn Q
We know that

/(Aun)+Au7ndtdx = /P+(Aun)+A7jndtdx
Q Q
_ / P (Au)* (A dtda.
Q

Since b > 0, there exists a sequence (¢,) such that ¢, — 0and 0 <€, <b
for all n. That is

tﬁ / (Au,)* Auddtd > / PH(Aun)* (Avi,)* dtda.
n JQ n JQ

B
=
A

1
- / F(Aup) At dtdr — z—” / Pt (Aup)* (Ady)tdtda
n JQ n JQ

A
/|f(t_un>||Au§n|dtdx+€n/|P+(Adn)+||(f415n)+|dtdx‘
Q n Q

Since A is a compact operator
[f(Aun)] = {([tnAuin] )™ = ([tadin] )"}
M [Aud] TP+ £ [Andy] T

<
S tnm(Ml + tnM_mM2)

for some M; and My where m = min{p — 1,¢ — 1} and M = max{p —
1,q — 1}. We get that

Au, . - 5
/ —|f(tu ) | A, [ddt < 6, (My + t," mM2)/ | Aty |dtdz < o(1).
Q In @
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Hence
(5) |0, ]]* < o(1) + en/ | PT (A t|| (A )t |dtda.
Q

Since [, |P*(Au,)"||(Ad,)"|dzdt is bounded and equation (5) holds
for every €,, W, — 0 and so (u,) converges. Since |f(Au,)| < t,™(M; +
t, MMM, we get

On 1 m— -m

%0 F(Au)| < (A < 1M 4 127 < of1).
Then $=Af(Au,) — 0. From equation (4), (v,) converges to zero, but
this is impossible if [|u,| = 1. O

DEFINITION 2.2. Let H be an Hilbert space, Y C H, p > 0 and
e€c H\Y,e#0. Set:

B,(Y) = {zeY[|z] <p},

S,(¥) = {ze¥||la] = p},
DY) = {oetv]o>0,0€Y, |oe+u] < p},
Y,(e,Y) = {oe+v|o>0,veY,|oe+v|]|=ptu{v|veY,|v| <p}

THEOREM 2.1. If b > 0, then the problem (1) has at least one non-
trivial solution.

Proof. Let e € Z;. By Lemma 3.1 and Lemma 3.2, for a suitable large
R and a suitable small p, we have the linking inequality

sup Ib(ZR(G, Zl)) < inf ]b(Sp(Zg D Zg))

Moreover (P.S.)5 holds. By standard linking arguments, it follows that
there exists a critical point u for I, with a@ < Iy(u) < [, where @ =
inf 1,(S,(Z, ® Z3)) and = sup I,(Ag(e, Z1)). Since a > 0, then u #
0. O

2.3. The second result applying the linking theorem. We assume
in this section that ¢ > 2 and we set

Notice that W, = Z; & Z; and Wy @ W3 = Zs.

LEMMA 2.4. lim ianuH—>+oo,uEW1@W2 Iy(u) <0.
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Proof. Let (uy), be a sequence in Wy @ Wy such that ||u,| — co. We
set t, = ||un|| and u,, = u,/t,. Since S is a compact operator,

bI[Sua]tI* all[Sun)|? F(Su,)
5 2 2 @ ‘/QTW
R Ty @rgqove ' o
= [ S([Sun]")” - ([Stun] )P = S ([Sun] ™) — ([Sun] ™) dtdx
Q2 2 q

— —0Q.
Then
]b(un) . 1 b||[8un]+”2 a”[Sun]iHQ /F(Sun)
]2 = 2—|—2 P2 5 2 S dtdx — —o0.
Hence

lim inf Iy(u) <0.
[lu||—+oco,ueW1GWs

LEMMA 2.5. There exists p such that inf I,(S,(W2 @ Ws)) > 0.

Proof. Repeating the same arguments used in 2.3, we get the conclu-
sion. ]

THEOREM 2.2. Let ¢ > 2. If b > 0, then the problem (1) has at least
two nontrivial solution.

Proof. Using the conclusion of 2.1, we have that there exist a nontriv-
ial critical point u with

Iy(u) < sup I,(Ag(e, Zy))

where e, R were given in Lemma 3.1 and 3.2. We can choose that R> R.
Take any ¢é in W5, then we have a second linking inequality,

sup Ip(X (6, Wh)) <inf I,(S;(Wa @ Ws)).
Since (P.S.) holds, there exists a critical point @ such that
inf I,(Sp(W2 & W3)) < I(a) < sup [(Ag(é, Wh)).
Since R > Rand Z; & Zy = Wh,
Ag(e, Z1) C Bp(Wh) C Ep(é, Wh).
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Ib(u) < sup ]b(AR(67 Zl))
<

sup Ib(Zé(é, Wl)) < inf Ib(Sﬁ(WQ D W3)) < Ib(fb)

Hence u # .

3. Solutons of the wave system

211

In this section we investigate the existence of solutions (u(t, x), v(t, z))

of wave system with Dirichlet boundary condition
U — Uy + pg(u+v) = f(u+v) in (—
Vgt — Vg + vg(u +v) = f(u+v) in (—

(6) u(£5,2) =0,v(£5,2) =0,
u and v is m-periodic in t and even in x and t,

where g(u) = bu™ — au™ and f is defined by (2).

NN o)y

s
2

us
2

) X R
)XR7

THEOREM 3.1. Let u, v be positive constants and let i > 2. If b > 0,

then the problem (6) has at least two nontrivial solutions.
Proof. We get that
H H H
- - - —U)gax — 1—=
(u I/U)tt (u UU) ( l/)f(“+“)
By contraction mapping principle, the problem

Uy — Ugy = I in (—-%,%) xR,
u(£5,2) =0

has a unique solution. If u; is a solution of uy — uze = (1 — £)f, then

the solution (u,v) of problem (6) satisfies

Ko
U— —v=1u.
v

On the other hand, from problem (6) we get the equation

(ut0)y = (Ut ), + (utv)glutv) =2f(ut+v)  in(=F

u(:l:g,x) = O,U(:tg,x) =0,

u and v is m-periodic in t and even in x and t.

) X R,
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Put w = uw+ v. Then the above equation is equivalent to
wtt_wxx+<u+y>g(w) :2f<w) in (_%73) XR7
(7) w( %7 l’) =0,
w is m-periodic in t and even in x and t.

By Theorem 2.2, equation (7) has at least two nontrivial solution. If
wy is a solution of problem (7), then the solution (u,v) of problem (6)
satisfies

U+ v = wi.

Hence we get the solution (u,v) of problem (6) from the following

systems:

1
8 —_ =) =
(8) U Vv Uy,

U+v=1w.
Since 1 + £ > 0, system (8) has a unique solution (u,v). Therefore
system (6) has at least two nontrivial solutions. O

References

[1] Q-heung Choi and Tacksun Jung, Infinitely many solutions of a wave equation
with jumping nonlinearity, J. Korean Math. Soc. 37 (2000), 943-956.

[2] Q.H. Choi and T. Jung, An application of a variational reduction method to a
nonlinear wave equation, J. Differential Equations 117 (1995), 390-410.

[3] H. Hofer, On strongly indefinite functionals with applications, Trans. Amer. Math.
Soc. 275 (1983), 185-214.

[4] S. Li, A. Squlkin, Periodic solutions of an asymptotically linear wave equation,
Nonlinear Anal. 1 (1993), 211-230.

Department of General Education
Namseoul University

Chonan, 330-707 Korea

E-mail: hwnam@nsu.ac.kr



