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ANALYSIS OF ULAM-HYERS STABILITY AND THE EXISTENCE

OF SOLUTIONS IN NONLINEAR CAPUTO FRACTIONAL

DIFFERENTIAL EQUATIONS INVOLVING INTEGRAL

BOUNDARY CONDITIONS

Muntazeer Ansari and Lakshmi Narayan Mishra∗

Abstract. The current study addresses a boundary value problem involving inte-
gral boundary conditions with Caputo fractional differential equations and employs
the boundary value problem (BVP) framework to establish the existence of solutions
via Schaefer’s fixed point theorem. Additionally, it leverages contraction mapping
principles to prove uniqueness and investigates Ulam-Hyers stability of fractional-
order BVPs using Grönwall’s inequality. As an illustration, three examples are
provided to demonstrate the applicability of our main results.

1. Introduction

FDEs have become increasingly widespread and important due to their wide appli-
cations across numerous scientific domains, including biology, biological technology,
biophysics, biological processes, population dynamics [22], electrochemistry, chemical
technology, physics, mechanics, electrodynamics, aerodynamics, viscoelasticity [9],
electrical systems, control systems, porous media [33], and the fitting of experi-
ment data are a few illustrations [28]. Fractional-order models have been preferred
to integer-order ones because of their capacity for memory retention. To structure
and process the problems with mathematical simulation, nonlinear FDEs with IBCs
emerge in various fields, including electrodynamics, chemistry, physics, aerodynam-
ics, polymers, and others [3, 21]. Integrals and derivatives with fractional order are
defined in several ways, encompassing the CFD and the Riemann-Liouville (R-L),
Hadamard, and Weyl versions, etc. Except in a few special cases, these definitions
are usually distinct, since authors wish to preserve particular qualities of such opera-
tors. In the recent past, numerous new derivatives, like the Hadamard derivative [12],
and additionally, the ψ-Riemann-Liouville fractional integral [26], allow for a more
flexible treatment of fractional calculus, accommodating different types of memory
effects and nonlocal behaviors, but the Riemann and Caputo derivatives [1], predomi-
nate in being extensively utilized. After investigation, delve into the Caputo-Fabrizio
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fractional derivative, which offers a non-singular kernel and interesting properties.
Afterwards, Baleanu and Atangana fractional derivative [10], which offers a non-
singular kernel and interesting properties. In the scientific literature, researchers
have proposed various analytical and numerical methods for solving FDEs. Over
the past few decades, various numerical techniques have emerged for solving linear
fractional integro-DEs, including the application of shifted Chebyshev polynomials
combined with least squares approximation [24]. Likewise, it has been suggested to
solve fractional-order diffusion equations using the Chebyshev polynomials. In [23],
fractional-order integro-DEs were solved utilizing cubic B-splines. Likewise, systems
of nonlinear FDEs have been suggested in [32], examining DEs of fractional order.
For that, several effective discretization methods have been developed, as referenced
in [13, 14]. However, these discretization techniques often result in dense linear sys-
tems, which can become computationally prohibitive. For instance, recent works have
explored innovative formulations and solution methods in various fields that employ
meshless methods based on radial basis functions for solving three-dimensional multi-
term time fractional partial differential equations (PDEs) [36], arising in engineering
phenomena, as well as studies presenting exact analytical solutions for nonlinear PDEs
using Hermite polynomials [15]. Analogously, the use of residual neural networks has
been explored for the advancement of fractional differential equations [8]. Let’s delve
into the fascinating world of FDEs and explore their existence, uniqueness, and stabil-
ity properties. These factors are essential for comprehending and examining dynamic
systems modeled by FDEs. In this context, we provide a concise summary of some
recent research findings related to the existence, uniqueness, and stability of solu-
tions for FDEs involving the CFD. These results are based on the application of the
Monch’s FPT serves as the foundation for the outcomes related to the process of
measure of non-compactness in [27,29]. Along with the cited works, a few more con-
tributions [35], FDEs solutions have been studied analytically and numerically using
FPT. Researchers have diligently explored the existence, uniqueness, and stability
of solutions with various fractional derivatives and integrals; see [25]. The work of
Ulam [34], on stability of FDEs in the Ulam sense, is considered the starting point for
Ulam stability research. Many intriguing types of Ulam stabilities have emerged in
response to the work of Ulam-stability. Researchers have introduced various stability
notions, including the following, which are called the UHS and HURS, the generalized,
etc. Thus, for ordinary DEs, functional DEs, IEs, integro-DEs, partial DEs, and so
on, the Ulam stability, the UHS, the HURS, the EU of the solutions, and so on were
thoroughly examined for integro-DEs and partial DEs. Researchers in this special-
ized sector are becoming increasingly interested in FDEs. An essential component of
FDEs, stability analysis has been discussed here [16], and the UHS and the existence
of a solution of FDEs of a nonlinear singular type by the use of p-Laplacian have
been discussed; see [4, 19]. In recent years, there has also been an increasing number
of publications exploring the UHS as it relates to FDEs. In many different types of
FDEs, the theories of EU and UHS, once established, have served as a motivating
force for numerous researchers to contribute to this field; see [6, 30].
In their research, Alam et al. [5], explored for significant types of Ulam-stability and
also examined the EU of solutions, including the fractional derivative of R-L:

RDℓ1
0,℘ 𭟋(℘) = S(℘,𭟋(℘)),RDℓ1

0,℘ 𭟋(℘)), ℘ ∈ I = [0, T ], where T > 0,
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employing the BCs of fractional order

RDℓ2
0,℘ 𭟋(0+) = βRDℓ2

0,℘ 𭟋(T−),

RDℓ3
0,℘ 𭟋(0+) = αRDℓ3

0,℘ 𭟋(T−),

where β, α ̸= 1, ℓ1 ∈ (1, 2), ℓ2, ℓ3 < ℓ1, S : I × R × R → R and the RDℓ operator
represents the ℓ order R-L fractional derivative.
The mathematical contributions of Bezgir and Ghazanfari [11] include an in-depth
analysis of EU properties for nonlinear fractional integro-DEs.

cDℓ1
0+ 𭟋(℘) = S(℘,𭟋(℘)),cDℓ2

0+ 𭟋(℘),RIℓ30+𭟋(℘)), ℘ ∈ I = [0, T ], T > 0,

with the non-local BCs

cDℓ2
0+ 𭟋(℘1) +

cDℓ2
0+ 𭟋(℘2) = K1𭟋′(1),

𭟋(0) +𭟋(1) = KR
2 I

ℓ3
0+𭟋(℘3).

The parameters ℓ1, ℓ2, and ℓ3 are subject to the condition ℓ1 ∈ (1, 2), ℓ2, ℘1, ℘2, ℘3 ∈
(0, 1), K1,K2 ∈ R, ℓ1 > ℓ2 + 1, while ℓ3 is non-negative. The symbols cDℓ

0+ and RIℓ30+
possess as the CFD and R-L fractional integral of various orders, respectively.
Building upon the research mentioned earlier and the ongoing investigations in this
domain, researchers are inspired to explore further and contribute to the field. The
mathematical framework of this study concerns the investigation of EU results for
nonlinear fractional-order BVP with IBCs as

(1)

{
cDℓ 𭟋(℘) = S(℘,𭟋(℘)),

𭟋(0)− ζ𭟋′(0) =
∫ 1

0
T(ξ̄)dξ̄, κ𭟋(1) + ϱ𭟋′(1) =

∫ 1

0
X(ξ̄)dξ̄,

where ν ≥ 0, ϱ ≥ 0, ζ ≥ 0, and κ ≥ 0, and cDℓ denotes the nonlinear CFD of
order ℓ such that 1 < ℓ ≤ 2 and S : [0, 1] × R → R is continuous function. The
primary objective is to apply IBCs, as stated in Eq. (1), to demonstrate the existence
of solutions for nonlinear CFD on a continuous and bounded domain.
Furthermore, we find the existence and uniqueness of the solution. The technique
used here is the Schaefer’s FPT and BCP.
After the introduction, the remaining part of the paper is structured in the following
manner:
Section 2 presents the fundamental definitions, auxiliary lemmas, and preliminary re-
sults that establish the theoretical framework for the subsequent analysis. Section 3
presents the main results and is devoted to the rigorous development of the principal
analytical framework and the derivation of the core theoretical results. In Subsec-
tion 3.1, the fractional differential equation with IBCs corresponding to the proposed
problem (1) is formulated and investigated. The existence and uniqueness of solution
are rigorously demonstrated through the application of Banach’s and Schaefer’s FPTs.
Moreover, Subsection 3.2 is devoted to a comprehensive stability analysis, wherein
the UHS of the proposed problem (1) is established. Section 4 is concerned with three
illustrative applications, which serve to validate and exemplify the theoretical find-
ings. Finally, Section 5 provides the concluding remarks, summarizing the principal
contributions of the work and outlining potential directions for future research.
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2. Notations, definitions and auxiliary facts

Essential notations and background informations are provided to facilitate under-
standing of our primary findings, as outlined in this section. Consider the inter-
val J = [0, 1]. Consider set of real numbers denoted by R. We also have a space
M = C(J ,R), which represents the collection of continuous functions from an in-
terval J to real numbers R. It can be demonstrated that M forms a Banach space,
equipped with the supremum norm defined as: ∥M ∥ = {sup|𭟋(℘)| : ℘ ∈ [0, 1]}.
Notation used:
• FDEs: Fractional differential equations;
• DEs: Differential equations;
• CFD: Caputo fractional derivative;
• R-L: Riemann Liouville;
• BVP: Boundary value problem;
• IBCs: Integral boundary conditions;
• UHS: Ulam-Hyers stability;
• HURS: Hyers-Ulam-Rassias stability;
• FPT: Fixed point theory;
• EU: Existence and uniqueness;
• BCP: Banach contraction principle.
To make it easier for the reader to analyze the problem, fundamental principles and
outcomes from the theory of fractional calculus are discussed. The most recent liter-
ature provides these materials, see [2, 7, 20].

Definition 2.1. ( [31]) A generalization of Liouville’s fractional integral operator
is the modified form proposed by Riemann. The iterated integral formula of Cauchy’s∫ α0

k

dα1

∫ α1

k

dα2· · ·
∫ αn−1

k

f(αn)dαn =
1

Γ(n)

∫ α

k

f(Ῡ)

(α− Ῡ)1−n
dῩ,

where Γ denotes Euler’s gamma function. For every positive real value of n, the
right-hand side of this equation clearly has results. Consequently, the following is an
intuitive definition of the fractional derivative:

Definition 2.2. ( [31]) The CFD of order ℓ for a continuous function f : [0,∞) →
R, is defined as

cDℓf(℘) =
1

Γ(n− ℓ)

∫ α

0

(℘− Ῡ)n−ℓ−1fn(Ῡ)dῩ, n = [ℓ] + 1,

and fn(Ῡ) exists, where n = [ℓ]+ 1 shows the integer part of the real number order ℓ.

Remark 2.3. When conditions are natural n on f(℘), the CFD is transform in to
the fixed integer under the f(℘) function’s derivative as ℓ → n.

Remark 2.4. Let ℓ, ζ > 0, n = [ℓ] + 1 and ζ > n, then the following relation hold

cDℓ ℘ζ−1 =
Γ(ζ)

Γ(ζ − ℓ)
℘ζ−1.

Definition 2.5. ( [31]) For a continuous function f(℘), the R-L fractional integral
of order ℓ > 0 is described as
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Iℓf(℘) =
1

Γ(ℓ)

∫ ℘

0

(℘− Ῡ)ℓ−1f(Ῡ)dῩ.

Definition 2.6. ( [33]) The fractional derivative of order ℓ > 0 in the sense of R-L
for a continuous function f(℘) is defined as follows:

RLDℓf(℘) :=DnIn−ℓf(℘)

=
1

Γ(n− ℓ)

(
d

dt

)n ∫ ℘

a

(℘− Ῡ)n−ℓ−1f(Ῡ)dῩ, n− 1 < ℓ < n,

where, n = [ℓ] + 1 represents the smallest integer greater than the real number ℓ
provided that the right-hand side is defined pointwise on (a,∞).

Definition 2.7. ( [33]) A generalized form of the R-L fractional derivative of order
ℓ and parameter φ is defined as follows:

HDℓ,φf(℘) = Iφ(n−ℓ)DnI(n−ℓ)(1−φ)f(℘),

where n− 1 < ℓ < n, 0 ≤ φ ≤ 1, ℘ > a.

Remark 2.8. It is evident that when φ = 0 takes the form of the Riemann-Liouville
fractional differential equation expressed as follows:

RLDℓu(℘) = f(℘, u(℘)), ℘ ∈ [a, b],

and if φ = 1 takes the form of the Caputo fractional differential equation expressed
as follows:

cDℓu(℘) = f(℘, u(℘)), ℘ ∈ [a, b].

Lemma 2.9. ( [31])
Let ℓ > 0, be order of FDE for the homogeneous type

cDℓ𭟋(℘) = 0,

has a solution and given that, ci ∈ R, i = 0, 1, ..., n and n = [ℓ] + 1,

𭟋(℘) = c1 + c2℘+ c3℘
2 + ...+ cn℘

n−1.

Lemma 2.10. ( [31]) Suppose that n is the least integer such that n ≥ ℓ > 0, and
ci ∈ R,where i = 0, 1, 2, ..., n− 1, then

Iℓ cDℓ𭟋(℘) = 𭟋(℘) + c0 + c1℘+ c2℘
2 + ...+ cn−1℘

n−1.

The further discussion using the common attributes of fractional integral and FDEs
are as follows:

Lemma 2.11. ( [31]) Consider X be a Banach space, J ⊂ X be closed, and
F : J → J is a strict contraction,

|Fx−Fy| ≤ K|x− y|,
for some K ∈ (0, 1) and all x, y ∈ J . Then F has a unique fixed point in J .

Lemma 2.12. ( [17]) (Arzela-Ascoli’s theorem). In the space C([a, b]), compact-
ness of a family of continuous functions is equivalent to uniform boundedness and
equicontinuity.
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Lemma 2.13. ( [17]) At this point, we are establishing the following concept:
(i) The expression states that ∃ a scalar ϖ such that the equation 𭟋 = ϖT𭟋 admits
a solution, specifically, when for ϖ = 1.
(ii) The set φ = 𭟋 ∈ M ; 𭟋 = T𭟋, ϖ ∈ [0, 1] is unbounded.

Lemma 2.14. ( [31])(Schaefer’s Fixed Point Theorem). Assume that F : J → J
be a completely continuous operator in the Banach space J , and let the set φ =
u ∈ J |u = µFu, 0 < µ < 1, be bounded. Then F has a fixed point in J .

Lemma 2.15. ( [18]) (Grönwall’s inequality). Assume that u(℘) ≥ 0 and f(℘ ≥ 0)
exist and be a continuous function on I = [0,∞). For all inequality

(2) u(℘) ≤ u0 +

∫ ℘

0

u(Ῡ)f(Ῡ)dῩ, ℘ ∈ I,

holds, where u0 ≥ 0, and constant. Then

(3) u(℘) ≤ u0e
∫ ℘
0 f(Ῡ)dῩ, ℘ ∈ I.

Definition 2.16. ( [34]) The Eq.(1) is Ulam-Hyers stable if there exist a real
numbers Cw > 0,
such that ∀ ϵ > 0, and for all solutions G ∈ C([0, 1],R) of the inequality

(4) | cDℓG (℘)−S(℘,G (℘))| ≤ ϵ, ℘ ∈ [0, 1],

∃ a solution 𭟋 ∈ C([0, 1],R) of Eq.(1) with

|G (℘)−𭟋(℘)| ≤ Cwϵ, ℘ ∈ [0, 1].

3. Main results

In this present section, we establish the existence and uniqueness of solutions to
the boundary value problem Eq. (1) within a Banach space. The proposed prob-
lem Eq. (1) is first transformed into an equivalent integral equation using piecewise
continuous function, whose essential properties are subsequently derived and employed
to formulate the conditions ensuring uniqueness. The existence and uniqueness of solu-
tions are rigorously demonstrated through the applications of Banach’s and Schaefer’s
fixed point theorems. Furthermore, this subsection encompasses a comprehensive sta-
bility analysis, wherein the Ulam-Hyers stability of the proposed problem Eq. (1) is
rigorously established.

3.1. Existence and uniqueness results. For the existence of solutions for the
problem (1), we need the following auxiliary lemma.

Lemma 3.1. If any 𭟋(℘), T, X ∈ (C[0, 1],R), 1 < ℓ ≤ 2, with that the BVP is
there Eq.(1) has a solution,

(5) 𭟋(℘) =

∫ 1

0

G(℘, Ῡ)F(Ῡ)dῩ + T(℘),

where

G(℘, Ῡ) =
℘2(3− ℘)(1− Ῡ)ℓ−4

6Γ(ℓ− 2)
− ℘2(1− Ῡ)ℓ−3

2Γ(ℓ− 1)
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+


(℘− Ῡ)ℓ−1

Γ(ℓ)
, if 0 ≤ Ῡ ≤ ℘ ≤ 1

0, if 0 ≤ ℘ ≤ Ῡ ≤ 1,

T(℘) =
ϱ+ κ(1− ℘)

ν(ϱ+ κ) + ζκ

∫ 1

0

T(℘, Ῡ)dῩ +
ζ(1 + ℘)

ν(ϱ+ κ) + ζκ

∫ 1

0

X(℘, Ῡ)dῩ.

Proof. Let for BVP Eq. (1), 𭟋 is a solution, then using Lemma (2.10), we can
reduce problem

(6) 𭟋(℘) = Iℓ + c1 + c2℘, where c1, c2 ∈ R,

by combining Eq. (5) with Eq.(6), we get

νc1 − ζc2 =

∫ 1

0

T(Ῡ)dῩ

κc1 + (ϱ+ κ)c2 = −κIℓF(1)− ϱIℓ−1F(1) +

∫ 1

0

X(Ῡ)dῩ,

which implies that

c1 = − ζ

£
(κℓF(1 + ϱIℓ−1F(1))) +

1

£

∫ 1

0

((ϱ+ κ)T(Ῡ) + ζX(Ῡ))dῩ,

c2 = c1 = − ζ

£
(κℓF(1 + ϱIℓ−1F(1))) +

1

£

∫ 1

0

((ϱ+ κ)T(Ῡ) + ζX(Ῡ))dῩ.

Now, on putting the values of c1 and c2 into Eq.(6) yields the result,

U(℘) = Iℓ +− ζ

£
(κℓF(1 + ϱIℓ−1F(1))) +

1

£

∫ 1

0

((ϱ+ κ)T(℘) + ζX(Ῡ))dῩ

− ζ

£
(κℓF(1 + ϱIℓ−1F(1))) +

1

£

∫ 1

0

((ϱ+ κ)T(Ῡ) + ζX(Ῡ))dῩ,

where

£ = ν(ϱ+ κ) + ζκ,
that can be written as

𭟋(℘) =

∫ 1

0

G(℘, Ῡ)×F(Ῡ)dῩ + T(℘),

where

G(℘, Ῡ) =
℘2(3− ℘)(1− Ῡ)ℓ−4

6Γ(ℓ− 2)
− ℘2(1− Ῡ)ℓ−3

2Γ(ℓ− 1)
+


(℘− Ῡ)ℓ−1

Γ(ℓ)
, if 0 ≤ Ῡ ≤ ℘ ≤ 1

0, if 0 ≤ ℘ ≤ Ῡ ≤ 1

and

T(℘) =
ϱ+ κ(1− ℘)

£

∫ 1

0
T(℘, Ῡ)dῩ +

ζ(1 + ℘)

£

∫ 1

0
X(℘, Ῡ)dῩ, and £ = ν(ϱ+ κ) + ζκ.
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Let us now define the space M = C(J ,R), be a continuous operator from J to R,
equipped, with the supremum norm ∥M ∥ = {sup|𭟋(℘)| : ℘ ∈ [0, 1]}.
It is clear that (M , ∥.∥𭟋) is a Banach space.
Now, defining the operator W : M → M as,

(7)

W(𭟋)(℘) =

∫ 1

0

G(℘, Ῡ)S(Ῡ,𭟋(Ῡ))dῩ +
ϱ+ κ(1− ℘)

ν(ϱ+ κ) + ζκ

∫ 1

0

T(Ῡ,𭟋(Ῡ))dῩ

+
(ζ + ν℘)

ν(ϱ+ κ) + ζκ

∫ 1

0

X(Ῡ,𭟋(Ῡ))dῩ.

Observe that the operator W is the solution of Eq. (1).
Using the theorem of the BCP and Schaefer’s FPT, considering the EU of the proposed
nonlinear Caputo FDEs, we determine two different types of results.

Theorem 3.2. Suppose that the positive constants k, k1, k2 > 0 exist such that,
for all 𭟋1,𭟋2 ∈ R and ℘ ∈ [0, 1],

(A1) |S(℘,𭟋1)−S(℘,𭟋2)| ≤ k|𭟋1 −𭟋2|,
(A2) |T(℘,𭟋1)− T(℘,𭟋2)| ≤ k1|𭟋1 −𭟋2|,
(A3) |X(℘,𭟋1)− X(℘,𭟋2)| ≤ k2|𭟋1 −𭟋2|,

with

µ = k

{
1

2Γ(ℓ− 1)
+

1

Γ(ℓ)
+

1

Γ(ℓ+ 1)

}
+

k1(ϱ+ κ)
ν(ϱ+ κ) + ζκ

+
k2(ζ + κ)

ν(ϱ+ κ) + ζκ
< 1,

then Eq. (1), defined on [0, 1], has a unique solution.

Proof. The operator W, will be demonstrated to be a contraction.

Let 𭟋1,𭟋2 ∈ M , then ∀℘ ∈ [0, 1], we have

|W(℘,𭟋1)−W(℘,𭟋2)|

≤
∫ 1

0

|G(℘, Ῡ)| × |S(Ῡ,𭟋1(Ῡ))−S(Ῡ,𭟋2(Ῡ))|dῩ

+
ϱ+ κ(1− ℘)

ν(ϱ+ κ) + ζκ

∫ 1

0

|T(Ῡ,𭟋1(Ῡ))− T(Ῡ,𭟋2(Ῡ))|dῩ

+
ζ + ν℘

ν(ϱ+ κ) + ζκ

∫ 1

0

|X(℘,𭟋1(Ῡ))− X(Ῡ,𭟋2(Ῡ))|dῩ

≤ k∥𭟋1 −𭟋2∥
∫ 1

0

|G(℘, Ῡ)|dῩ +
ϱ+ κ(1− ℘)

ν(ϱ+ κ) + ζκ
k1∥𭟋1 −𭟋2∥

+
ζ + ν℘

ν(ϱ+ κ) + ζκ
k2∥𭟋1 −𭟋2∥
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≤ k∥𭟋1 −𭟋2∥
[∣∣∣℘2(3− ℘)

6Γ(ℓ− 2)

∣∣∣ ∫ 1

0

(1− ℘)ℓ−3dῩ +
∣∣∣ ℘2

2Γ(ℓ− 1)

∣∣∣ ∫ 1

0

(1− Ῡ)ℓ−2dῩ
]

+
k∥𭟋1 −𭟋2∥

Γ(ℓ)

∫ ℘

0

(℘− Ῡ)ℓ−1dῩ +
ϱ+ κ(1− ℘)

ν(ϱ+ κ) + ζκ
k1∥𭟋1 −𭟋2∥

+
ζ + ν℘

ν(ϱ+ κ) + ζκ
k2∥𭟋1 −𭟋2∥

= k∥𭟋1 −𭟋2∥
[∣∣∣℘2(3− ℘)

6Γ(ℓ− 1)

∣∣∣+ ∣∣∣ ℘2

2Γ(ℓ)

∣∣∣]+ k∥𭟋1 −𭟋2∥
Γ(ℓ+ 1)

℘ℓ

+
ϱ+ κ(1− ℘)

α(ϱ+ κ) + ζκ
k1∥𭟋1 −𭟋2∥+

ζ + ν℘

ν(ϱ+ κ) + ζκ
k2∥𭟋1 −𭟋2∥

≤ ∥𭟋1 −𭟋2∥

[
k

{
1

2Γ(ℓ− 1)
+

1

Γ(ℓ)
+

1

Γ(ℓ+ 1)

}
+ k1

{
(ϱ+ κ)

ν(ϱ+ κ) + ζκ

}

+ k2

{
(ζ + κ)

α(ϱ+ κ) + ζκ

}]
,

therefore

µ = k

{
1

2Γ(ℓ− 1)
+

1

Γ(ℓ)
+

1

Γ(ℓ+ 1)

}
+ k1

{
(ϱ+ κ)

ν(ϱ+ κ) + ζκ

}
+ k2

{
(ζ + κ)

ν(ϱ+ κ) + ζκ

}
,

as µ < 1, therefore, operator W is a contraction. As a result, operator W must have a
unique fixed point based on the Banach fixed point theorem, i.e., Eq. (1) has a unique
solution.

The fixed point theorem of Schaefer’s is used to demonstrate the result that follows:

Theorem 3.3. Assume that

(A4) ∃ a constant χ > 0 such that |S(℘,𭟋)| ≤ χ ∀℘ ∈[0, 1], and 𭟋 ∈ R,

(A5) ∃ a constant Λ > 0 such that |T(℘,𭟋)| ≤ Λ ∀𭟋 ∈ M ,

(A6) ∃ a constant η > 0 such that |X(℘,𭟋)| ≤ η ∀𭟋 ∈ M ,

then Eq. (1) defined on [0, 1], has at least one solution.

Proof. We show this result through the use fixed point theorem of Schaefer’s.

Step 1: W is a continuous operator.
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Consider the sequence {𭟋n} in M tending to 𭟋, i.e., 𭟋n → 𭟋, then, ∀℘ ∈ [0, 1].

|W(℘,𭟋n)−W(℘,𭟋)| ≤
∫ 1

0
|G(℘, Ῡ)| × |S(℘,𭟋n(Ῡ))−S(Ῡ,𭟋(Ῡ))|dῩ

+
ϱ+ κ(1− ℘)

ν(ϱ+ κ) + ζκ

∫ 1

0
|T(Ῡ,𭟋n(Ῡ))− T(Ῡ,𭟋(Ῡ))|dῩ

+
ζ + ν℘

ν(ϱ+ κ) + ζκ

∫ 1

0
|X(Ῡ,𭟋n(Ῡ))− X(Ῡ,𭟋(Ῡ))|dῩ

≤
∫ 1

0
|G(℘, Ῡ)| × supῩ∈[0,1]|S(Ῡ,𭟋n(Ῡ))−S(Ῡ,𭟋(Ῡ))|dῩ

+
ϱ+ κ(1− ℘)

ν(ϱ+ κ) + ζκ

∫ 1

0
supῩ∈[0,1]|T(Ῡ,𭟋n(Ῡ))− T(Ῡ,𭟋(Ῡ))|dῩ

+
ζ + ν℘

ν(ϱ+ κ) + ζκ

∫ 1

0
supῩ∈[0,1]|X(Ῡ,𭟋n(Ῡ))− X(Ῡ,𭟋(Ῡ))|dῩ.

Since S, T and X are continuous functions, W is also continuous.
Step 2: Under continuous map W, the using of bounded set M is mapped into
bounded sets of M .
Now, for 𭟋 ∈ Bϵ and for each 𭟋 ∈ [0, 1],

|W(𭟋)(℘)| ≤
∫ 1

0

|G(℘, Ῡ)| × |S(Ῡ,𭟋(Ῡ))|dῩ +
∣∣∣ ϱ+ κ(1− ℘)

ν(ϱ+ κ) + ζκ

∣∣∣ ∫ 1

0

|T(Ῡ,𭟋(Ῡ))|dῩ

+
∣∣∣ ζ + ν℘

ν(ϱ+ κ) + ζκ

∣∣∣ ∫ 1

0

|X(Ῡ,𭟋(Ῡ))|dῩ

≤ Λ

∫ 1

0

|G(℘, Ῡ)|dῩ +ϖ
∣∣∣ ϱ+ κ(1− ℘)

ν(ϱ+ κ) + ζκ

∣∣∣
+ η

∣∣∣ ζ + ν℘

α(ϱ+ κ) + ζκ

∣∣∣.
Thus

∥W(𭟋)∥ ≤ Λ
[ 1

2Γ(ℓ− 1)
+

1

Γ(ℓ)
+

1

Γ(ℓ+ 1)

]
+

ϖ(ϱ+ κ)
ν(ϱ+ κ) + ζκ

+
η(ζ + ν)

ν(ϱ+ κ) + ζκ
< 1,

i.e.,

∥W(𭟋)∥ <∞.
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Step 3: W(Bϵ) is equi-continuous.
Let 𭟋 ∈ W(Bϵ) and ℘1, ℘2 with ℘1 < ℘2, then

|W(𭟋)℘1 −W(𭟋)℘2|

≤ Λ

∫ 1

0

|G(℘1, Ῡ)−G(℘2, Ῡ)| dῩ +ϖ

∣∣∣∣ϱ+ κ(1− ℘1)

£
− ϱ+ κ(1− ℘2)

£

∣∣∣∣
+ η

∣∣∣∣ζ + ν℘1

£
− ζ + ν℘2

£

∣∣∣∣
≤ Λ

|3(℘2
1 − ℘2

2)− (℘3
1 − ℘3

2)|
Γ(ℓ− 2)

∫ 1

0

(1− Ῡ)ℓ−3 dῩ

+ Λ
|℘2

1 − ℘2
2|

2Γ(ℓ− 1)

∫ 1

0

(1− Ῡ)ℓ−2dῩ

+
Λ

Γ(ℓ)

[∫ ℘1

0

(
(℘2 − Ῡ)ℓ−1 − (℘1 − Ῡ)ℓ−1

)
dῩ +

∫ ℘2

℘1

(℘2 − Ῡ)ℓ−1dῩ

]
+ϖ

κ|℘1 − ℘2|
£

+ η
ν|℘1 − ℘2|

£

≤ Λ
|3(℘2

1 − ℘2
2)− (℘3

1 − ℘3
2)|

Γ(ℓ− 1)
+ Λ

|℘2
1 − ℘2

2|
2Γ(ℓ)

+
Λ

Γ(ℓ+ 1)

[
(℘1 − ℘2)

ℓ + (℘ℓ
1 − ℘ℓ

2)
]

+ Λ
(℘1 − ℘2)

ℓ

Γ(ℓ+ 1)
+ϖ

κ|℘1 − ℘2|
£

+ η
ν|℘1 − ℘2|

£
,

when ℘1 → ℘2, then the RHS of the above inequality tending to zero.
W is completely continuous operator resulting by combining Steps 1 to 3, and the
consequence of Arzela-Ascoli theorem.
Step 4: Consider N = {𭟋 ∈ M : 𭟋 = ϑW(𭟋) for some, 0 < ϑ < 1}.
At present, we have to show that N is bounded, for this we proceed as:
For some 0 < ϑ < 1, let 𭟋 ∈ ϑ =⇒ 𭟋(℘) = ϑW(𭟋)(℘).
Now

|𭟋(℘)| = |ϑW(𭟋)(℘)|

≤
∫ 1

0

|G(℘, Ῡ)| × |S(Ῡ,𭟋(Ῡ))|dῩ

+
∣∣∣ ϱ+ κ(1− ℘)

ν(ϱ+ κ) + ζκ

∣∣∣ ∫ 1

0

|T(Ῡ,𭟋(Ῡ))|dῩ

+
∣∣∣ ζ + ν℘

ν(ϱ+ κ) + ζκ

∣∣∣ ∫ 1

0

|X(Ῡ,𭟋(Ῡ))|ds,

≤ Λ

∫ 1

0

|G(℘, Ῡ)|dῩ +ϖ
∣∣∣ ϱ+ κ(1− ℘)

ν(ϱ+ κ) + ζκ

∣∣∣
+ η

∣∣∣ ζ + ν℘

ν(ϱ+ κ) + ζκ

∣∣∣,
≤ Λ

∫ 1

0

|S(℘, Ῡ)|dῩ +ϖ
|ϱ+ κ(1− ℘)|

£
+ η

|ζ + ν℘|
£
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≤ Λ
∣∣∣℘2(3− ℘)

6Γ(ℓ− 2)

∣∣∣ ∫ 1

0

(1− Ῡ)ℓ−3dῩ+

+ Λ
∣∣∣ ℘2

6Γ(ℓ− 1)

∣∣∣ ∫ 1

0

(1− Ῡ)ℓ−2dῩ

+ Λ

∫ ℘

0

(℘− Ῡ)ℓ−1

Γ(ℓ)
ds+ϖ

(ϱ+ κ)
£

+ η
(ζ + α)

£
.

Thus,

∥𭟋∥ ≤ Λ
[ 1

2Γ(ℓ− 1)
+

1

Γ(ℓ)
+

1

Γ(ℓ+ 1)

]
+ϖ

(ϱ+ κ)
ν(ϱ+ κ) + ζκ

+ η
(ζ + ν)

ν(ϱ+ κ) + ζκ
<∞,

and N is a bounded set which proved the result.
Implies that operator W must contain at least one fixed point, which is the solution
of the Eq. (1), by Schaefer’s fixed point theorem.

3.2. Stability analysis. In the subsection that follows, we demonstrate UHS of Eq.
(1) on the interval [0, 1].

Remark 3.4. The function H is a solution to Eq.(4) if and only if there exists a
continuous function H ∈ C([0, 1],R) that satisfies the following relation

|H(℘,G (℘))| ≤ ϵ, ℘ ∈ [0, 1],

and
cDℓG (℘) = S(℘,G (℘)) + H(℘,G (℘)), ℘ ∈ [0, 1].

Theorem 3.5. Assume that (A1)−(A3) hold, then the BVP Eq.(1) be the stability
of Ulam-Hyers with respect to ϵ.

Proof. For ϵ > 0, and every solution in C([0, 1],R) of the inequality,

| cDℓG (℘)−S(℘,G (℘))| ≤ ϵ, ℘ ∈ [0, 1],

Let 𭟋 ∈ C([0, 1],R) be unique solution of BVP Eq.(1), then 𭟋(℘) is given by

𭟋(℘) =

∫ 1

0

G(℘, Ῡ)F(Ῡ)dῩ + T(℘),

where

G(℘, Ῡ) =
℘2(3− ℘)(1− Ῡ)ℓ−4

6Γ(ℓ− 2)
− ℘2(1− Ῡ)ℓ−3

2Γ(ℓ− 1)

+


(℘− Ῡ)ℓ−1

Γ(ℓ)
, if 0 ≤ Ῡ ≤ ℘ ≤ 1

0, if 0 ≤ ℘ ≤ Ῡ ≤ 1,

T(℘) =
ϱ+ κ(1− ℘)

£

∫ 1

0

T(Ῡ)dῩ +
ζ(1 + ℘)

£

∫ 1

0

X(Ῡ)dῩ,
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𭟋(℘)

=
℘2(3− ℘)

6Γ(ℓ− 2)

∫ 1

0

(1− Ῡ)ℓ−3 ×S(Ῡ,𭟋(Ῡ))dῩ +
℘2

2Γ(ℓ− 1)

∫ 1

0

(1− Ῡ)ℓ−2 ×S(Ῡ,𭟋(Ῡ))dῩ

+
1

Γ(ℓ)

∫ ℘

0

(℘− Ῡ)ℓ−1 ×S(Ῡ,𭟋(Ῡ))dῩ +
ϱ+ κ(1− ℘)

ν(ϱ+ κ) + ζκ

∫ 1

0

T(Ῡ,𭟋(Ῡ))dῩ

+
ζ + ν℘

ν(ϱ+ κ) + ζκ

∫ 1

0

X(Ῡ,𭟋(Ῡ))dῩ,

then, we have

∣∣G (℘)−𭟋(℘)
∣∣

≤
∣∣∣G (℘)− ℘2(3− ℘)

6Γ(ℓ− 2)

∫ 1

0

(1− Ῡ)ℓ−3 ×S(Ῡ,G (Ῡ))dῩ

+
℘2

2Γ(ℓ− 1)

∫ 1

0

(1− Ῡ)ℓ−2 ×S(Ῡ,G (Ῡ))dῩ

+
1

Γ(ℓ)

∫ ℘

0

(℘− Ῡ)ℓ−1 ×S(Ῡ,G (Ῡ))dῩ +
ϱ+ κ(1− ℘)

ν(ϱ+ κ) + ζκ

∫ 1

0

T(Ῡ,G (Ῡ))dῩ

+
ζ + ν℘

ν(ϱ+ κ) + ζκ

∫ 1

0

X(Ῡ,G (Ῡ))dῩ
∣∣∣

+
∣∣∣℘2(3− ℘)

6Γ(ℓ− 2)

∫ 1

0

(1− Ῡ)ℓ−3 × (S(Ῡ,G (Ῡ))−S(Ῡ,𭟋(Ῡ)))dῩ

+
℘2

2Γ(ℓ− 1)

∫ 1

0

(1− Ῡ)ℓ−2 × (S(Ῡ,G (Ῡ))−S(Ῡ,𭟋(Ῡ)))dῩ

+
1

Γ(ℓ)

∫ ℘

0

(℘− Ῡ)ℓ−1 × (S(Ῡ,G (Ῡ))−S(Ῡ,𭟋(Ῡ)))dῩ

+
ϱ+ κ(1− ℘)

ν(ϱ+ κ) + ζκ

∫ 1

0

(T(Ῡ,G (Ῡ))− T(Ῡ,𭟋(Ῡ))dῩ

+
ζ + ν℘

ν(ϱ+ κ) + ζκ

∫ 1

0

(X(Ῡ,G (Ῡ))− X(Ῡ,𭟋(Ῡ))dῩ
∣∣∣

≤
∣∣∣℘2(3− ℘)

6Γ(ℓ− 2)

∣∣∣ ∫ 1

0

(1− Ῡ)ℓ−3 ×
∣∣G (Ῡ)−𭟋(Ῡ)

∣∣dῩ + ϵ

+
∣∣∣ ℘2

2Γ(ℓ− 1)

∣∣∣ ∫ 1

0

(1− Ῡ)ℓ−2 ×
∣∣G (Ῡ)−𭟋(Ῡ)

∣∣dῩ
+
∣∣∣ 1

Γ(ℓ)

∣∣∣ ∫ ℘

0

(℘− Ῡ)ℓ−1 ×
∣∣G (Ῡ)−𭟋(Ῡ)

∣∣dῩ
+
∣∣∣ ϱ+ κ(1− ℘)

ν(ϱ+ κ) + ζκ

∣∣∣ ∫ 1

0

∣∣G (Ῡ))−𭟋(Ῡ)
∣∣dῩ

+
∣∣∣ ζ + ν℘

ν(ϱ+ κ) + ζκ

∣∣∣ ∫ 1

0

∣∣G (Ῡ))−𭟋(Ῡ)
∣∣dῩ,
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where∣∣∣G (℘)− ℘2(3− ℘)

6Γ(ℓ− 2)

∫ 1

0
(1− Ῡ)ℓ−3 ×S(Ῡ,G (Ῡ))dῩ +

℘2

2Γ(ℓ− 1)

∫ 1

0
(1− Ῡ)ℓ−2 ×S(Ῡ,G (Ῡ))dῩ

+
1

Γ(ℓ)

∫ ℘

0
(℘− Ῡ)ℓ−1 ×S(Ῡ,G (Ῡ))dῩ +

ϱ+ κ(1− ℘)

ν(ϱ+ κ) + ζκ

∫ 1

0
T(Ῡ,G (Ῡ))dῩ

+
ζ + ν℘

ν(ϱ+ κ) + ζκ

∫ 1

0
X(Ῡ,G (Ῡ))dῩ

∣∣∣ ≤ ϵ,

and by the using (A1)− (A3), we obtain∣∣G (℘)−𭟋(℘)
∣∣ ≤ ϵ+

{
1

2Γ(ℓ− 1)
+

1

Γ(ℓ)
+

(ϱ+ κ)
ν(ϱ+ κ) + ζκ

+
(ζ + κ)

ν(ϱ+ κ) + ζκ

} ∣∣G (℘)−𭟋(℘)
∣∣

+
1

Γ(ℓ)

∫ ℘

0
(℘− Ῡ)ℓ−1 ×

∣∣G (Ῡ)−𭟋(Ῡ)
∣∣dῩ.

Let u(℘) =
∣∣G (℘)−𭟋(℘)

∣∣, then one has∣∣G (℘)−𭟋(℘)
∣∣ ≤ ϵ+

{
1

2Γ(ℓ− 1)
+

1

Γ(ℓ)
+

(ϱ+ κ)
ν(ϱ+ κ) + ζκ

+
(ζ + κ)

ν(ϱ+ κ) + ζκ

} ∣∣G (℘)−𭟋(℘)
∣∣

+
1

Γ(ℓ)

∫ ℘

0
(℘− Ῡ)ℓ−1𭟋(Ῡ)dῩ.

By using Lemma 2.16, it becomes

∣∣G (℘)−𭟋(℘)
∣∣ ≤ ϵ

{
1

2Γ(ℓ− 1)
+

1

Γ(ℓ)
+

(ϱ+ κ)
ν(ϱ+ κ) + ζκ

+
(ζ + κ)

ν(ϱ+ κ) + ζκ

}
e

1

Γ(ℓ+ 1) ,

if we put

Cw :=

{
1

2Γ(ℓ− 1)
+

1

Γ(ℓ)
+

(ϱ+ κ)
ν(ϱ+ κ) + ζκ

+
(ζ + κ)

ν(ϱ+ κ) + ζκ

}
e

1

Γ(ℓ+ 1) .

This implies that ∣∣G (℘)−𭟋(℘)
∣∣ ≤ Cwϵ,

where

Cw =

{
1

2Γ(ℓ− 1)
+

1

Γ(ℓ)
+

(ϱ+ κ)
ν(ϱ+ κ) + ζκ

+
(ζ + κ)

ν(ϱ+ κ) + ζκ

}
e

1

Γ(ℓ+ 1) > 0,

then
∣∣G (℘)−𭟋(℘)

∣∣ ≤ Cwϵ. Thus, the problem Eq. (1) is Ulam-Hyers stability.

4. Applications

This section addresses the explanation and usefulness of the main results by pre-
senting the three main examples.

Example 4.1. Let
cD7/4 𭟋(℘) =

e−5℘𭟋(℘)

(39
√
π + e−5℘)(1 + z(℘))

, ℘ ∈ [0, 1],

𭟋(0)− 2𭟋′(0) =
∫ 1

0

1

23
𭟋(Ῡ)dῩ, 2𭟋(1) + 2𭟋′(1) =

∫ 1

0

1

34
𭟋(Ῡ)dῩ,

(8)
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where,

ℓ =
7

4
, S(℘,𭟋) =

e−5℘𭟋(℘)

(39
√
π + e−5℘)(1 +𭟋(℘))

, T(℘,𭟋) =
1

23
𭟋(Ῡ),

X(℘,𭟋) =
1

34
𭟋(Ῡ), for ℘ ∈ [0, 1],

and ν = 1, ζ = 2, κ = ϱ = 2.

Now, for 𭟋1, 𭟋2 ∈ R and ℘ ∈ [0, 1],

|S(℘,𭟋1)−S(℘,𭟋2)| =
∣∣∣ e−5℘𭟋1(℘)

(39
√
π + e−5℘)(1 +𭟋1(℘))

− e−5℘𭟋2(℘)

(39
√
π + e−5℘)(1 +𭟋2(℘))

∣∣∣
≤ e−5℘

(39
√
π + e−5℘)

∣∣∣ 𭟋1 −𭟋2

(1 +𭟋1)(1 +𭟋2)

∣∣∣
≤ 1

(39
√
π + 1)

∣∣𭟋1 −𭟋2

∣∣
|T(℘,𭟋1)− T(℘,𭟋2)| ≤

1

23
|𭟋1 −𭟋2|,

|X(℘,𭟋1)− X(℘,𭟋2)| ≤
1

34
|𭟋1 −𭟋2|,

therefore, (A1), (A2) and (A3) satisfied with k =
1

39
√
π
, k1 =

1

23
, and k2 =

1

34
,

further

µ =
1

39
√
π

{
1

2Γ(ℓ− 1)
+

1

Γ(ℓ)
+

1

Γ(ℓ+ 1)

}
+

1

23

{
(ϱ+ κ)

ν(ϱ+ κ) + ζκ

}
+

1

34

{
(ζ + κ)

ν(ϱ+ κ) + ζκ

}

µ =
1

39
√
π

 1

2Γ
(3
4

) +
1

Γ
(7
4

) +
1

Γ
(11
4

)
+

1

23

{
(ϱ+ κ)

ν(ϱ+ κ) + ζκ

}
+

1

34

{
(ζ + κ)

ν(ϱ+ κ) + ζκ

}
µ = 0.03359 + 0.02173 + 0.01470

µ = 0.07002 < 1.

It follows that BVP (4.1) must have a unique solution, as shown by Theorem 3.2.
Furthermore, we can observe that Cw ≈ 2.6481287032 > 0. So by Theorem 3.5, the
considered BVP (4.1) is UHS.

Example 4.2. Let


cD3/2 𭟋(℘) =

e−2℘ cos2 𭟋(℘)℘𭟋(℘)

31(1 + ℘)(1 + z(℘))
, ℘ ∈ [0, 1],

𭟋(0)−𭟋′(0) =
∫ 1

0

|𭟋(Ῡ)|e−Ῡ

13(1 + |𭟋(Ῡ)|)
dῩ, 𭟋(1) +𭟋′(1) =

∫ 1

0

|𭟋(Ῡ)| cos(Ῡ)

29
dῩ,

(9)
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where,

ℓ =
3

2
, S(℘,𭟋) =

e−2℘ cos2 𭟋(℘)℘𭟋(℘)

31(1 + ℘)(1 +𭟋(℘))
, T(𭟋) =

|𭟋(Ῡ)|e−Ῡ

13(1 + |𭟋(Ῡ)|)

X(𭟋) =
|𭟋(Ῡ)| cos(Ῡ)

29
for ℘ ∈[0, 1],

and ν = ζ = κ = ϱ = 1.

Now, for 𭟋1, 𭟋2 ∈ R and ℘ ∈ [0, 1],

|S(℘,𭟋1)−S(℘,𭟋2)| =
∣∣∣ e−2℘ cos2 𭟋1(℘)℘𭟋1(℘)

31(1 + ℘)(1 +𭟋1(℘))
− e−2℘ cos2 𭟋2(℘)℘𭟋2(℘)

31(1 + ℘)(1 +𭟋2(℘))

∣∣∣
≤ e−2℘℘

31(1 + ℘)

∣∣∣ 𭟋1(℘)

1 +𭟋1(℘)
− 𭟋2(℘)

1 +𭟋2(℘)

∣∣∣
≤ 1

31

∣∣∣ 𭟋1(℘)

1 +𭟋1(℘)
− 𭟋2(℘)

1 +𭟋2(℘)

∣∣∣
≤ 1

31

∣∣𭟋1(℘)−𭟋2(℘)
∣∣.

|T(℘,𭟋1)− T(℘,𭟋2)| =
e−℘

13

∣∣∣ |𭟋1(℘)|
(1 + |𭟋1(℘)|)

− |𭟋2(℘)|
(1 + |𭟋2(℘)|)

∣∣∣
≤ e−℘

13

∣∣∣ 𭟋1(℘)

1 +𭟋1(℘)
− 𭟋2(℘)

1 +𭟋2(℘)

∣∣∣
≤ e−℘

13

∣∣∣ 𭟋1(℘)−𭟋2(℘)

(1 +𭟋1(℘))(1 +𭟋2(℘))

∣∣∣
≤ 1

13

∣∣𭟋1(℘)−𭟋2(℘)
∣∣,

and

|X(℘,𭟋1)− X(℘,𭟋2)| =
cos℘

29

∣∣|𭟋1(℘)| − |𭟋2(℘)|
∣∣

≤ 1

29
|𭟋1 −𭟋2|.

Therefore, (A1), (A2) and (A3) satisfied with k =
1

31
, k1 =

1

13
, and k2 =

1

29
,

further,

µ =
1

31

{
1

2Γ(ℓ− 1)
+

1

Γ(ℓ)
+

1

Γ(ℓ+ 1)

}
+

1

13

{
(ϱ+ κ)

ν(ϱ+ κ) + ζκ

}
+

1

29

{
(ζ + κ)

ν(ϱ+ κ) + ζκ

}
,

µ =
1

31

 1

2Γ
(1
2

) +
1

Γ
(3
2

) +
1

Γ
(5
2

)
+

1

13

{
(ϱ+ κ)

α(ϱ+ κ) + ζκ

}
+

1

29

{
(ζ + κ)

ν(ϱ+ κ) + ζκ

}
,

µ < 1.

It follows that BVP (4.2) must have a unique solution, as shown by Theorem 3.2.
Furthermore, we can observe that Cw ≈ 2.64275456 > 0. So by Theorem 3.5, the
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considered BVP (4.2) is UHS.

Example 4.3. Let
cD7/4 𭟋(℘) =

e−9℘

37 + cos𭟋(℘)
, ℘ ∈ [0, 1],∫ 1

0

𭟋(Ῡ)

31(1 +𭟋(Ῡ))
dῩ, 𭟋(1) +𭟋′(1) =

∫ 1

0

sin Ῡ

39
dῩ,

(10)

where

ℓ =
7

4
, S(℘,𭟋) =

e−9℘

37 + cos𭟋(℘)
, T(𭟋) =

𭟋
31(1 +𭟋)

,

X(𭟋) =
sin𭟋
39

, for ℘ ∈[0, 1],

and ν = ζ = κ = ϱ = 1,

clearly ∣∣S(℘,𭟋)
∣∣ = ∣∣∣ e−9℘

37 + cos𭟋(℘)

∣∣∣
≤ 1

36
,∣∣T(𭟋)

∣∣ = 𭟋
31(1 +𭟋)

≤ 1

31
,

and
∣∣X(𭟋)

∣∣ = ∣∣∣sin𭟋
39

∣∣∣
≤ 1

39
,

i.e., (A1), (A2) and (A3) satisfied with κ =
1

36
, Λ =

1

31
and η =

1

39
.

It follows that BVP (4.3) must have a unique solution, as shown by Theorem 3.2.
Furthermore, we can observe that Cw ≈ 5.2688479473 > 0. So by Theorem 3.5, the
considered BVP (4.3) is UHS.

5. Conclusions and future work

This research provides a comprehensive examination of the EU of solutions for
Caputo FDEs subject to IBCs. Through applying fundamental fixed point theorems,
namely Schaefer’s and BCP, we have demonstrated significant results, these findings
not only guarantee the existence of solutions but also ensure their uniqueness. By
precisely identifying the conditions in Schaefer’s fixed point theorems applied, the
existence of solutions that conform to the integral boundary conditions might be
demonstrated by us. Moreover, we established UHS for fractional-order BVP using
Grönwall inequality and verified the uniqueness of these solutions using the BCP.
Lastly, three examples have been given to illustrate the key results.
In the future, employing a contractive iteration approach is expected to enhance the
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rate of convergence of successive approximations in numerical computations, providing
better accuracy with fewer iterations. This type of problem may also be investigated
numerically in future work, and in this sense, the present study offers several promising
directions for further research.
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