Korean J. Math. 32 (2024), No. 4, pp. 791-799
https://dx.doi.org/10.11568 /kjm.2024.32.4.791

GENERALIZED n-DUALS OF BANACH SPACE VALUED
DIFFERENCE SEQUENCE SPACES

NAVEEN SHARMA AND SANDEEP KUMAR*

ABSTRACT. In the present paper, we get an opportunity to introduce and study
the notion of generalized 7-dual for Banach space valued difference sequence spaces,
as a generalization of the classical a-Kothe Toeplitz dual for scalar sequences. We
obtain a set of necessary and sufficient conditions for (4) € E"(X,A), where FE €
{lso, ¢, co}. Moreover, we explore the notion of generalized 7n-dual for generalized
difference sequence spaces E(X, A™) and E(X,A,), where r € N and v is a multiplier
sequence.

1. Introduction and Preliminaries

Kizmaz [13], added to the field of sequence spaces a new idea of difference sequence
spaces by introducing £ (A), c(A) and ¢o(A) (termed as difference sequence spaces)
as follows

loo(A) ={x = () €w: (Azg) = (2 — 1) € U},
c(A) ={z = (2p) € w: (Azg) = (2, — Tk41) € ¢},
co(A) ={z = (zx) € w: (Axp) = (2x — 211) € o},
B E(A)={z=(x;) €ew: (Axy) € E} for F € {{y, ¢, co}

where ¢y, ¢, {+, are Banach spaces of null, convergent and bounded sequences of
scalars, normed by ||z]|s = supy |zx| and w is the space of scalar sequences.
It is observed that E(A) are Banach spaces with the norm

lz]|a = |z1| + ||Az|| for x = (x) € E(A) where Az = (Axy) = (2 — Tpy41)-

Et and Colak [7] generalized the above concept by introducing E(A™) as follows
E(A™) ={z = (z}) Ew: (A"zxy) € E} for E € {ly, ¢, co}
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where A" = (A"z) = (A"l — A" gy, ) for all k € N and A%z, = x,. These
spaces turn out to be complete when equipped with the norm

|zllan = ol + A"l for @ = (z)) € E(A").
i=1
Obviously, for n = 1 the work of Et and Colak [7], reduces to that of Kizmaz [13].
Using a multiplier sequence, Gnanaseelan and Srivastva [9] introduced the following
sequence spaces

loo(Ay) =A{x = (zk) € w: (V(ax — Tp11)) € U},
c(A) ={z = (2x) €w: (v(z — x841)) € ¢},
co(A)) =4z = (z) € w: (vk(xp — Tp11)) € 0},

i.e.,
E(A)) ={x = (2x) Ew: (nxAxy) € E} for E € {l, ¢, co}

where v = (1) is a sequence of non zero complex numbers and

vkl (1)
1 —140(=),
. e z
k
(2) k-l D vt = 0(1) for each k, and
=1

(3)

(l{:|uk’ 1|) is a monotonically increasing sequence of positive numbers tending to infinity

The spaces E(A,) for v = (1,1,1,...) are noting but the spaces E(A) of Kiz-
maz and have Banach space structure when equipped with norm ||z||a, = |v121] +
supy |Ve(Tg — Tp41)]-

For more insight into difference sequence spaces and its various generalizations, one
may refer to [1-4,6,8,16-21].

The theory of sequence spaces is considered to be incomplete without a touch to
the concept of dual spaces. Credit of introducing dual spaces goes to G. Kéthe and
O. Toeplitz [14]. For a real or complex sequence space E,

E* = {a = (ay) € w: Z lagzy| < oo for each z = () € E}
k=1

and

EP = {a: (a) € w: Zakxk < oo foreachz = (z4) € E}
k=1

are called a—, f-duals spaces of F, respectively.

Kizmaz [13] observed that

[loo (D))" = [co(A)]" = [e(A)]* = {a = () €w: ) klax| < OO} :
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Also we have in view of [7,9,11]

[loo(AT)]" = [e(AT)]" = [co(A)]* = {a = (ar) €w: Y Klax| < OO}

oo (A" = [c(AL)]* = [co(A)]* = {a = (a) Ew: Zk: ’l/k_l’ lax| < oo} )

k

The above introduced notion of Kéthe Toeplitz duals was further generalized by
Maddox [15] and Gupta et al. [10] termed as generalized K6the Toeplitz duals (or
operator duals) as follows

Consider Banach spaces (X, || - ||) and (Y, || - ||) with € as zero element. By B(X,Y),
we notate the class of bounded linear operators from X to Y which turn out to be
Banach space with usual operator norm and w(X) as the space of X-valued (Banach
space valued ) sequences. Then for any nonempty subset E(X) of w(X)

[E(X)]* = {A = (Ap) : Z |Arzi]| < oo for each x = (xy) € E(X)}
and

[E(X)])? = {A = (A) : ZAkxk converges in Y for each = = (1) € E(X)}
k=1
are termed as generalized a-, §-Kothe Toeplitz dual spaces of E(X) respectively.

Here (Ay) is a sequence of linear (not necessarly bounded) operators from X to Y.
Due to the completeness of Y, [E(X)]* C [E(X)]’.

It is to be noted that, the generalized dual spaces [E(X)]* and [E(X)]” reduce to
classical dual spaces E* and E? for the case X = Y = C, because in this case the
operator Ay may be identified with scalar a;. Maddox [12] investigated generalized
Kothe Toeplitz duals, for the sequence spaces co(X),c(X) and £+ (X) (the Banach
spaces of null, convergent and bounded X-valued sequences respectively) normed by
|zl = supg ||zg]|. It was shown that [(o(X)]* = [c(X)]* = [co(X)]* which is a
natural generalization of the scalar case (5, = c* = cff = ¢;.

Bhardwaj and Gupta [5] applied the above introduced duality notion of Maddox [15]
for newly introduced Banach space valued difference sequence spaces E(X, A), E(X, A,)
and E(X, A") where

E(X,A)={x = (z) e w(X) : (Axy) € E(X)},
E(X,A) ={x = (a) € w(X): (n(xr — x2841) € BE(X)}
and
E(X,A") ={z = () e w(X) : (A"x;) € BE(X)} for E € {{w, ¢, co}
and computed only their generalized 5-Kothe Toeplitz duals.

In this paper, we introduce and study the notion of generalized n-dual for Banach
space valued sequence spaces, as a generalization of the classical a-Kothe Toeplitz dual
of scalar cases. The generalized 7-duals of the X-valued (Banach space valued) differ-
ence sequence spaces F(X,A), E(X,A,) are obtained which is a generalization of the
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existing results for duals of the classical difference sequence spaces E(A) and E(A,)
of scalars, E' € {{«, ¢, co}. Apart from this, we compute the generalized n-duals for
E(X,A"), r > 0 integer and observe that the results agree with corresponding results
for scalar cases.

2. Generalized 7-dual spaces of sequence spaces ¢y(X,A), ¢(X,A) and
loo(X, A)

In the present section, along with introducing a notion of generalized n-dual for
Banach space valued( that is X-valued ) sequence space E(X) C w(X), we compute
generalized n-duals for co(X, A), (X, A) and (X, A).

DEFINITION 2.1. Let E(X) C w(X). Then generalized n-dual of E(X) is denoted
by E(X)" and defined as

E(X)" = {A = (Ag) : Z |Arzi||P < oo for each x = (x,) € E(X)}

k=1

where p > 1 integer. Here (Ay) is a sequence of linear (not necessarily bounded)
operators from X to Y. It is worth observing that for

(i) [F(X)] € [E(X)] we have [E(X)]" € [F(X)]".
(ii) n = 1 we have [E(X)]" = [E(X)].

(iii) n =1 and X = C we have [E(X)]" = E*.

THEOREM 2.2. (A) € (X, A) iff there exists positive integer m such that
(1) (Ax) € B(X,Y) for all k > m and

(2) 2kom FP 1 AR[P < o0,

Proof. Sufficiency: Let (i) and (i7) holds. Let x = (zx) € ¢o(X,A). Then z; —
Trt1 — 0 in X as k — oo and so supy, ||zx — Tr41]] < 0o. Using Lemma 1 of [5], let
M = supy k™ H|zpll, e, K7 |agl| < M for all k > 1. Since 3, k|| Ap[|P < oo, s0

£
for given ¢ > 0, there exists an integer k; > m such that ), KkP[|A4[|P < U Then

D Al < Y AP P

E>kp k>k1

= > R ARIP (kP il P)
k>k1
< MP Y RP|A|P
k>k
€
p_—
<M U €
and so (Ag) € (X, A).
Conversely, suppose (Ay) € ¢j(X,A) but no m exists for which (4;) € B(X,Y)
for all £ > m. Then there exists a strictly increasing sequence (k;) of natural numbers
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such that Ay, ¢ B(X,Y) for each i > 1. Thus for each i > 1, we can find z; € S such
that ||Ag,z;|| > i. Define

Zi .
i — L P>
o = : for k =k;,i>1 EeN.
6  otherwise
Then x = (xx) € co(X,A) but ||Agzk, | > 1. Consequently, ||Ag,zg||” > 1 for
each i > 1, contrary to the fact that )., [[Axzs||P converges. Hence the Ay’s are
ultimately bounded. Now suppose, if possible, ;. kP[[A[|P = oo. Then there exist

natural numbers n(1) < n(2) < ... with n(1) > m such that for each i > 1,

n(i+1)
Z kP|| Ag||P > on(i+1)p.
k=1+n(7)
Moreover for each k > m, there exists z; € S such that || Ax| < 2||Axzk||. Define
o =4 oF for n(i) <k <n(i+1),i>1 FeN.
¢ otherwise
Then z = (z) € ¢o(X,A) and
n(i+1) n(i+1) P
Z | Agi||P = Z @HAkzka
k=1+n(i) k=1+n(z)
n(i+1)
kP 1
> > @g”z‘lkﬂp
k=1+n(i)
1 n(i+1) k‘pHAka
> % Z 2n(i+1)p
k=1+4n(7)
1
"
for each i > 1. Consequently, ;- [[Arzy[[P = oo, which is contrary to the conver-
gence of series » ;- || Apzy[[P. Hence the proof. O

THEOREM 2.3. (Ay) € ¢"(X, A) iff there exists positive integer m such that
(1) (Ax) € B(X,Y) for all k > m and

(2) 2kzm Bl AklP < oo
Proof. Sufficiency: Let (i) and (i¢) holds and x = (x}) € ¢(X, A). Then
sipka — T || < o0.

Arguing in the same way, as in sufficiency part of Theorem 2.2, we get (A) € (X, A).
Conversely, as ¢(X,A) C ¢J(X,A), so the necessity of (i) and (ii) follows from
the necessity part of Theorem 2.2. O

The proof of the following runs on the similar lines as of Theorem 2.2 and hence
omitted.
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THEOREM 2.4. (Ay) € 01 (X, A) iff there exists positive integer m such that
(1) (Ax) € B(X,Y) for all k > m and

(2) Zkzm kP || AglP < oo.

From the Theorem 2.2, Theorem 2.3 and Theorem 2.4 we have the following
COROLLARY 2.5. ¢J(X,A) = "(X,A) =01 (X, A).

Since for X =Y = C, A, may be identified with a; so we have for p =1
COROLLARY 2.6. cJ(A) = c*(A) =12 (A).

3. Some further generalizations

Here in this section, we proposed to compute generalized n-dual spaces of the
generalized difference sequence spaces co(X, A"), ¢(X, A") and /o (X, A”) where

E(X,A") ={z = (vx) e w(X): (A"zg) € E(X)}, F € {{e,c,c0}, r €N,

Proceeding on the lines similar as in Theorem 2.2, we have obtained necessary and
sufficient conditions for (A;) € E"(X,A"). Before proceeding further we recall the
following simple and useful lemmas of [10].

LEMMA 3.1. If supy ||A"zy|| < oo, then supy, k™A™ 'z || < oo, r € N.

LEMMA 3.2. If sup, k|| A"z || < oo, then sup, k=D || AT+ || < oo for all
i, re€Nand1<i<r.

COROLLARY 3.3. If sup, kA" x| < oo, then sup, k"||z|| < oo.

THEOREM 3.4. (Ay) € E"(X, A7), E € {{l, ¢, co} iff there exists positive integer
m such that

(1) (Ax) € B(X,Y) for all k > m and
(2) D kom KNI A& P < occ.

COROLLARY 3.5. ¢)(X,A") = (X, A") = (" (X, A")and hence
(a) (X, A7) = *(X, A7) = (2, (X, A7)
(b) G(A) = c*(A) = £5,(A).

In the end of this section, making use of Lemma 3.1 of [10] we compute generalized
n-dual spaces of E(X,A,) for £ € {{, ¢, co} where

E(X,A) ={z = (x) € w(X): (vp(xr —2141)) € E(X)}.

However, for the sake of completeness of the paper we are proving the lemma here.

LEMMA 3.6. If supy, [|[vp(xr, — zry1)|| < 0o, then supy, k7t ||vpxs|| < .
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Proof. Let supy, ||vk(zr — xr41)|| < 0o. We get

k k
|21 — Tppa || = || sz — x| < Z |vi(zi — 2| |V¢_1|
=1 =1
k
=0y v
i=1

= 0(1)(1?’1\1//«\)2 itk v
= O(k[v ") (using (2)).

Also [legl| = llzx — 2hp1 + 2o — 21 + ol < low — 2ol + llze — 2] 4 [l ]
for every k, which implies k1 ||vpze|| < k71 |vel l|loe — zpad|| + 570 |vn] |onr — 2] +
k=1 ve||lz1| - Using (3), we get, k7 Y|vpae]] < k72O(1) + O(1) + k71 || ||21]]. Hence
supy b H|vpz|| < oo. O

Using Lemma 3.6, it is easy to have the following

THEOREM 3.7. (Ag) € E"(X,A,), E € {lx,c,co} iff there exists positive integer
m such that

(1) (Ax) € B(X,Y) for all k > m and

(2) Yoo ¥ 7 AP < oo

COROLLARY 3.8. (a) c}(X,A,) = (X, A,) =01 (X,A,).
(b) cd(X,A) =c"(X,A) =01 (X, A).
(c) (X, A) =c*(X,A) =12 (X, A).

(d) 5(A) = *(A) = (5,(A).
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