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ON SOME IDEALS DEFINED BY AN ARITHMETIC SEQUENCE

JONGHYEON GIL

ABSTRACT. This paper investigates properties of ideals in the affine and homoge-
neous projective coordinate rings of the plane, defined using arithmetic sequence
{ag=a+4d| ¢ >0}
for some positive integers a and d. Specifically, we study two types of ideals:
I(a,d) is generated by D(a,d) in Klz,y] and J(a,d) is generated by E(a,d) in
K[z, y, z] where
D(a,d) = {fo = 2% —y+1 | £> 0}
and
E(a,d) = {F, = 2% 2% — y%+1 | £ > 0}.
This paper provides detailed answers to several problems, including finding finite
generating sets, describing the zero locus of these ideals, and determining their
Hilbert functions. Finally, the Castelnuovo-Mumford regularity and the minimal free
resolution of the homogeneous coordinate ring and multi secant line are discussed.

1. Introduction

Let K be an algebraically closed field of characteristic zero. Also let A = K[z, y| and
S = K[z, y, 2] be respectively the affine and the homogeneous coordinate ring of A?
and P2. The aim of this paper is to study various basic properties of some ideals of
A and S defined by the arithmetic sequence

{ag=a+1td | (>0}

for some positive integers a and d. To be precise, let D(a, d) and E(a, d) be respectively
the infinite subsets of A and S defined as

D(a,d) = {fe=x" —y*** | £ >0}
and
E(a,d) = {F, = x™2% — 1 | £ > 0}.
Then consider the ideal I(a,d) of A generated by D(a,d) and the homogeneous ideal
J(a,d) of S generated by E(a,d). Throughout this paper, we are intended to answer

for the following problems related to these ideals. In particular, we will explain how
the answers to them are determined by a and d.
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(1.i) Find a finite subset of D(a,d) which generates I(a,d).
(1.i7) Find a minimal generating set of the radical ideal of I(a,d).
(1.743) Describe the affine algebraic set I'(a,d) := V(I (a,d)) C A%

(2.i) Find a finite subset of E(a,d) which generates J(a,d).

(2.i7) Find a minimal generating set of the radical ideal of J(a, d).

(2.741) Describe the projective algebraic set Q(a,d) := V(J(a,d)) C P2

(2.iv) Find the Hilbert function and the minimal free resolution of the homogeneous
coordinate ring of Q(a, d) C P2.

(2.v) Find the integers £(2(a, d)) defined by ¢(X) := max{length(X NP') | P! C P?}.

Regarding (1.7) and (2.7), Hilbert Basis Theorem says that I(a,d) and J(a,d) are
finitely generated. Proposition 2.1 shows that

I(a,d) = (fo = 2% — y*?, fy = a0Fd — yo+2d)
and
J(a,d) = (Fy = pood el = getdd y““d),
Our answer to (1.i7) is closely related to (1.iii) and (2.17). Regarding (1.7), let
A(a,d) :=T(a,d) = {(0,0)} C A%,

Theorem 3.1 says that A(a,d) is a finite abelian group isomorphic to Zg /4 x Z, where
g is the greatest common divisor of a and d. In particular, I'(a, d) consists of (d* + 1)
distinct points. From now on, we write I'(a, d) as

F(a,d) = {PQ,Pl,...7Pd2}
where Py = (0,0). Then it turns out in Theorem 4.1 that I(a, d) has the local property

1) dimy (A/I(a, d))p, =

a® + 2ad for i = 0, and
1 for 7 #£ 0.

This is proved by applying Bezout’s theorem to the homogeneous ideal J(a,d) =
<F0, F1> of S. Indeed,

Qa,d) =T(a,d) U{Px :=[1:0:0]}

and hence Q(a,d) has exactly one more point than I'(a,d). Also the intersection
multiplicities

I(PO,FgﬂFl) and [(Poo,FgﬂFl)
of Fy and Fy at Py and P, are respectively equal to a® 4+ 2ad and (a + d)d. Bezout’s
theorem says that

d2
(a+d)(a+2d) = dimg (A/I(a,d))p + I(Pe, Fo N F)
1=0
and hence
d2
> dimg (A/I(a,d))p, = d’,
=1

which proves (2) in Section 4.
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Regarding (1.77) and (2.4i), let @ = dn + r where n > 0 and 1 < r < d. Theorem
5.1 says that
I(T(a,d)) = (2 =y, (7Y = D, (2y" = 1)y)
and

J(Qa,d)) = (2 = y)y, (@ = y?)z, (a77y" = 2%z, (a*7y" — 2)y).

Finally, we study problems (2.iv) and (2.v) in Section 6. In particular, Theorem
6.2 shows that the homogeneous ideal of Q(a, d) is minimally generated by four forms
of degree d+ 1, the Castelnuovo-Mumford regularity of Q(a, d) is equal to 2d — 1 and
((Q(a,d)) is equal to d+1 for d > 2. When d = 1, the number of generators is reduced
to three and calculated separately.

2. Minimal generators of /(a,d) and J(a,d)

In this section, we will find minimal generators of the ideals I(a,d) and J(a,d). To
this aim, we begin with proving the following fact which deals with a more general
situation and tells us a lot about the generating structure of the ideals we want to
study.

PROPOSITION 2.1. For o, -+, B1, -+, B € Klz1, 29, -+ ,2,] and £ > 0, let
Wy e alBy o+l B
Then the ideal ({W, | £ > 0}) of K[xy,xo, -, x,] is generated by Wo, Wy, -+ W, 1.

Proof. We will show that the ideal I := (Wy, Wy, W,,_1) contains W, for all
¢ > m. To this aim, we use the polynomial

Gz, xn,y) =Y —a)(y—az) - (y — am) € Klay, 29, -+, 20,y

Write G = y™ + Giy™ ' + -+ + Gr1y + Gy where Gy, -+ G, € Klzy, 29, -+, ).
We use induction on ¢ > m. For £ = m, note that

Gy, ap, ) =al" +Gra 4+ 4 Gy + G =0 foralll <i<m

and hence
Z G(xy, @y 0q) i = Wi + GiWioy + GoaWe o + -+ - + G a Wi + G, W = 0.
i=1

This shows that
Wi = —(GiWi1 + GoWig + -+ G a Wi + G Wo) € (Wo, Wi, -+, Wi_1).
Now, suppose that ¢ > m. By induction hypothesis, we may assume that
Wiy oo o s Woy € Wo, Wiy oo, Wiq).
Then

)

> Gy, wn, ai)al "B = Witk GiWe 1 +GaWy gt - 4G i Wi i1+ GmWi g = 0
=1

and hence
Wy=—(GiWi1 + GoWyo + - + Grea Wi + G W)
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is contained in the ideal (W, W7y, -+, W,,,_1). This completes the proof that I contains
Wy for all £ > m and hence I is equal to (Wo, Wy, -+, Wy, _1). ]

COROLLARY 2.2. Let a and d be two positive integers and let a; = a+{d for ¢ > 0.
Then
(a) The ideal I(a,d) = ({fo:= x™ —y™+ | £ > 0}) of A is generated by { fo, f1}
(b) The ideal I (a,d) = ({ge := x™ 4+ y*+' | £ > 0}) of A is generated by {go, 91}
(c) The ideal I(a,d) = {{hy == 2% + (=1)""ly%+1 | £ > 0}) of A is generated by

{(ho, hn ).
(d) The ideal I3(a,d) = ({p; :== %+ (—1)'y*+ | £ > 0}) of A is generated by {po, p1}-
(e) The ideal J(a,d) = ({Fy:= x%z% — y*+1|¢ > 0}) of S is generated by {Fy, F\}.

Proof. (a) ~ (d) For each £ > 0, write f; as
fo= (@2 + (y*) (=y™*).

Then Proposition 2.1 shows that I(a, d) is generated by {fo, f1}. Similarly, it can be
shown by Proposition 2.1 that the ideals I;(a,d), Is(a,d) and I3(a,d) are generated

by {90, g1}, {ho, ha} and {po, p1}, respectively.
(e) For each ¢ > 0, write F} as
FZ — (l,dyxazd + (yd)€<_ya+d>‘

Then Proposition 2.1 shows that J(a,d) is generated by { Fp, F1}. O

REMARK 2.3. Let I(a,d)* be the homogenization of I(a,d). Thus it contains
J(a,d). Also it contains

yfo+ fr = 2ty —atte

On the other hand, J(a,d) = (Fj, F1) by Corollary 2.2-(e) and hence any degree (a+d)

form in J(a,d) is a constant multiple of Fy. Therefore J(a,d) is a proper subset of
I(a,d)*.

3. The common zero set of I(a,d) in A?

The aim of this section is to describe the common zero set of the ideal I(a,d) of A in
A%, Since I(a,d) is generated by fy and f;, we will describe the affine algebraic set

F(CL, d) = V(f(), fl) - AZ.

To this aim, we begin with defining some notations.

e o = gs and d = gt where g := gcd(a, d)
e ( : a primitive d?fth root of unity
d A(CL, d) = F(CL, d) - {(07 0)}

THEOREM 3.1. Let I'(a,d) C A? be as above. Then T'(a,d) has (d* + 1) points.
Also

A(a, d) — {(Csf-i-tﬁ-&-tm’ Cs£+tm) ‘ £7m c Z}

and hence it is an abelian group isomorphic to Z gz X Z.
g
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Proof. First we show that A(a,d) is equal to @ := {(¢sHHFm ¢sHimy | ¢ om € Z}.
It is an elementary task to check that

fo(gsﬁ-l—tﬂ—i—tm, CSZ—I—tm) — fl (C5€+t€+tm’ Csﬁ—l—tm) =0

for all £,m € Z. This means that & C A(a,d). On the other hand, if («, ) € A(a, d),
then

aa — Baer and aa+d — 6a+2d.

Thus we get
a® =% and o= gl
From a? = 3¢, we have
% = (Cg)g for some ¢ € Z.
Then the equality a® = 3t means that
o d., ade o
B = () = (It = ¢ = o

and hence

d
= (¢9)™ for some m € Z.

This shows that

B =™ and hence o = 8 x (¥/9 = ¢stHttHm

as desired.

It is shown that A(a, d) is a subset of & x & where & is the cyclic group (¢). Now, it
is easy to check that A(a, d) is a subgroup of & x &. Next, we consider the projection
map

¢ :ANa,d) — &

from A(a, d) to the second factor of ® x &. Note that ¢ is surjective since ged(s, t) = 1.
Let (c, 8) be an element in the kernel of ¢. Thus 8 = 1 and hence a* = o4 = 1.

d

2
Thus we get af = 1. This means that « is contained in the cyclic group (¢s?). Then
2

d
the kernel of ¢ is contained in the group K := ((+*) x {1}. On the other hand, every
element in K satisfies the two equations fy and f;. In consequence, the kernel of ¢ is
exactly equal to K. This shows that

Aa, d)] = K] x |6] = d”.

Finally, choose two integers ¢ and m such that s¢ + tm = 1. Then (¢'*% () is

an element of A which generates a subgroup H of order %. Also HN K = {(1,1)}.

Therefore A =2 H x K, which completes the proof. m
COROLLARY 3.2. For eacht1=1,2,3, let

Then A(a,d) is a subgroup of A(2a,2d) with [A(2a,2d) : Aa,d)] = 4, and A;(a,d) for
i =1,2,3 are exactly the other three left cosets of A(a,d) in A(2a,2d).
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Proof. Let us denote A(a,d) by Ag(a,d). Using Corollary 2.2, one can observe that
Ai(a,d)NAj(a,d) =0 for any 0 < i < j < 3. Also, Corollary 2.2 shows that I(2a,2d)
is generated by the two polynomials

w2a _ y2a+2d — f[) X go and x?a—f—?d y2a+4d fl X g1.

In consequence, A(2a,2d) is the disjoint union of A;(a,d)’s for 0 < ¢ < 3. Also
Theorem 3.1 shows that A(2a, 2d) is a group isomorphic to Z,e2 X Zs,. Hence A(a, d)

is a subgroup of A(2a,2d) such that [A(2a,2d) : A(a,d)] =
It remains to prove that the four left cosets of A(a,d) in A(2a,2d) are exactly
Ai(a,d) for 0 < i < 3. To this aim, consider

) = (W' WwA(a,d), Py := (W, WHA(a,d) and @3 := (W W A(a,d).
Then it holds that ®; C A;(a,d) for each i = 1,2,3. For example,
¢ = (wt7wt)A(avd)

{( 2s0+2tm~+2t0+t w2s€+2tm+t) | E,m c Z}

= {(
_ {<w2sf+2tf+tm w2s£+tm’) ’ = ij/ € 27 + 1}

Then we have ®; C Ay(a,d) since
280+2t0+1 280+t 250+ 2t0+t
s+ +m7ws+m):(ws+ m)a+<

PR mAY) 256 EmADY | gy e 7

w25€+tm)a+d =0

go(w

and

23£+2t£+tm’ w2s€+tm) (w254+2tﬁ+tm)a+d _ (w236+tm>a+2d =0

g1(w
for all ¢ € Z and m € 2Z + 1. Then ®;’s, 0 <1 < 3, are pairwise disjoint since so are
Ai(a,d)’s, 0 < i < 3. This completes the proof that A;(a,d) = ®; for all 0 < i < 3 and
hence A;(a,d)’s for 0 < i < 3 are exactly the four left cosets of A(a, d) in A(2a,2d). O

4. Local properties of I(a,d) and J(a,d)

In this section, we will see a few basic local properties of the ideals I(a,d) of A =
K[z,y] and J(a,d) of S = K]z, y, z].

To state our results precisely, let T'(a,d) := V(I(a,d)) C A% and let g be the
greatest common divisor of @ and d. Theorem 3.1 says that

A(a,d) :=T(a,d) — {(0,0)}

is a finite abelian group isomorphic to Zg,, x Z,. In particular, I'(a, d) consists of
(d? + 1) distinct points. So, we write I'(a, d) as

F(a,d) :{PQ,Pl,...,sz}

where Py = (0,0).
Now, let Q(a,d) := V(J(a,d)) C P? and regard T'(a,d) as a subset of P?. Then it
holds that
Qa,d) =T(a,d) U{Px:=[1:0:0]}
and hence Q(a, d) has exactly one more point than I'(a, d).
For each 0 < i < d?, let P; denote the maximal ideal of A correspond to point P;.
Now, let

I(a,d) = QyN---NQyp
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be the minimal primary decomposition of I(a,d) where Q; is the primary ideal of A
such that /9Q,; = P;. Thus there exists an isomorphism

A/I(a,d) HA/QZ

Along this line, our main result in this section is the following theorem.
THEOREM 4.1. Keep the previous notations. Then

a® + 2ad for v =0, and
1 for 1 <i<d*

2) dimg A/Q; = {

Therefore Q; = P; for all 1 <i < d* and dimg A/I(a,d) = (a + d)>.
To prove Theorem 4.1, we need the following lemma. Recall that
I((l, d) - <f0 =a" — ya—l—d’ fl = xa—l—d - ya+2d>
and
J(a,d) = (Fy = 2°2% — y*T Fy = p0Tdp4 — yot2dy,
Following the notation in [2, Chapter3], we will denote the intersection multiplicity
of Fy and Fy at P, by I(P;, Fo N FY).
LEMMA 4.2. Keep the previous notations. Then
a?+2ad  fori=0,
I(P,FonF) =< (a+d)d for i = oo, and
1 for 1 < i< d>.

Proof. The dehomogenizations of F and F; with respect to z are respectively fy
and f;. Thus, using the equality zfy — f1 = y**4(y? — 2%), we have

I(Py,FoNFy) = (P, (2%fo— f1) N fo)
I(Po,y"*(y" — ) N fo)
(a+d)(Po,y N (a® = y**)) + (P, (y* = 2%) N (2 = y*))
= (a+d)(Py,yna®) + (P, (y* — 2% N (z* — y*™))
= a(a+d)+1(Py, (y* —a2%) N (2" —y**).
Also, y¢ — 2% and 2% — y**? have not tangent lines in common at P, and hence
I(Py, (y* — 2Y) N (2 — y*™)) = d x a.
This completes the proof that I(Py, Fy N Fy) = a® + 2ad. Similarly, one can show the
equality I(Ps, Fy N Fy) = (a + d)d. Finally, Bézout’s Theorem says that

(a+d)a+2d)= Y I(P,FNEH)

PeQ(a,d)
=I(Py, FyN ) + (P, Fo N FY) + Y I(P, FyNFY).
1<i<d?
Thus we have

Y I(P,Fyn Fy) = (a+d)(a+2d) — (a® + 2ad) — (a+ d)d = d”.

1<i<d?
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Obviously, this implies that I(P;, Fo N Fy) =1 for all 1 <i < d?. O

Now, we will show that Q; = P; for 1 < i < d>.

Proof of Theorem 4.1. Note that
Thus the equalities in (2) come immediately from Lemma 4.2. Then it follows also

that
dimg A/I(a,d) = Z A)Q; = (a+d)*.

0<i<d?

Now, we will show that Q; = P; for 1 < i < d?. Indeed,
and so dimg P;/Q; = 0. This completes the proof that P; = Q; forall 1 <i < d?. [

5. The radical ideals of A(a,d) and Q(a,d)

By Corollary 2.2, we have I'(a,d) = V (fo, f1) and Q(a,d) = V(Fy, F}). Thus it holds
by Hilbert’s Nullstellensatz that

I(T(a,d)) =/ {fo, f1) and J(Q(a,d)) = +/(Fo, F})

where for a subset X C A? (resp. Y C P?), we denote by I(X) (resp. J(Y)) the ideal
of X in A = K[z, y] (resp. the homogeneous ideal of Y in S = K[z, y, z]). The goal of
this section is to find generators of the ideals related to I'(a,d) and Q(a,d).

The following theorem is our main result in this section.

THEOREM b5.1. Let a =dn +r wheren > 0 and 1 <r <d. Then

d)  J(Aa,d)) = (a? —y%, 2?7y" — 29

Proof. The proof will proceed in the order (b), (d), (¢), (a).
(b) Put M := (2% — y¢ 29"y — 1). Using Theorem 3.1, we can check easily that
A(a, d) is contained in V(M). On the other hand, V(M) contains at most d* distinct
points by Bézout’s Theorem. This shows that V(M) is equal to A(a, d). Now, let Q;,
1 <4 < d?, be the primary component of M corresponding to the point P; in A(a,d).
Then, again by Bézout’s Theorem, we have

< Y IR =y N @y 1)) < deg(a? — y?) x deg(z? Ty — 1) = d°
P;eA(a,d)

a)  I(T(a,d)) = (z* - ( Ty = D, (27y" = 1y).
b)  I(Aa,d)) = (z =y, z%y" —1).
c)  J(Qa, ;g (x4 — yd)% (2% —yh)z, (e Ty — 2Nz, (2 Ty" — 2%)y).

It follows that I(P;, (z¢ —y?) N (x4 "y" — 1)) is equal to 1 and hence Q; is a maximal
ideal for all 1 < < d?. This completes the proof that M is a radical ideal and hence
I(A(a,d)) = M.
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(d) By (b), the homogeneous ideal K := yd, 2?7y — 29) is contained in

(!
J((a,d)). Conversely, let F' € J(A(a,d)) be a form of degree t which is not di-
visible by z. By (b), we can write

F(J}7y, 1) = f(I,y)([Ed - yd) +g(x7y)(l.d—ryr - ]‘)
for some f,g € A. If f(z,y) = 0 or g(x,y) = 0, then F(z,y,z) is contained in K.
Now, suppose that neither of ¢ — y? and 2% "y" — 2% divides F. Let e and s be
respectively the degrees of f and g. Furthermore, we assume that s is as small as
possible. Write f = f. + fec and g = g5 + ges. If fo x (2% — y?) + g, x 2977y" # 0,
then it holds that
F(z,y,2) = 2°f(x,y)" (2" — y?) + 2°g(2,y)" (2""y" — )
and hence F(x,y,z) is contained in K (cf. [3, Proposition 5, Chapter 2]). On the
other hand, if
fe X (l’d . yd> +gs % xdfryr =0
then e = s and there exists an element A € A such that f, = 29"y "h and g, =
—(z? -y )h Then
F(z,y,1) = @ "yh+ fo)(@® —y?) + (= (@' —yHh + g<s) a7y = 1)
= (fes + D) (" —y*) + ges(a™ Ty = 1).

Since g is chosen so that its degree s is as small as possible, it follows that g.s = 0
and so 2¢ — y? divides F. This is a contradiction. Therefore, the latter case does not

occur. This completes the proof.
() Put T = (2 — y)y, (% — ')z, (27" — 2)z, (a%-7y" — 24)y). Since

Qa,d) = Aa,d)U{[0:0: 1]} U{[1:0:0]},
we have, by (d), the following equality:
J(Qa,d)) = (2 =y, 2977y — 2%) N (2,y) N (y, 2).

In particular, it holds that T C J(Q(a,d)). For the converse, we will use the equality
(x,y) N (y,2) = (y,xz). Let f € J(Q(a,d)). Then we can write
( d

(3) [ = U)l(Id - yd) + wa

for some wy, we, g1, g0 € S. If we set x =y = 0 in (3), then we obtain wy(0,0, z) = 0.
Similarly, we get wq(z,0,0) = 0 by sending y and z to 0 in (3). Thus

Ty — zd) = QY + g2

we = hix + hoy and wy = hgy + hyz
for some hq, hs, hg, hy € S. Then
f= (@ —yHyhs + (2% — yHzhy + 2(2"y" — 2Dy +y(@T Ty — 2% hy

and so f is contained in 7.
(a) Since T'(a,d) = Q(a,d) N A? it holds that I(T'(a,d)) is equal to J(Q(a,d))., the
dehomogenization of J(Q(a,d)) with respect to z. Thus we have

I(T'(a,d)) = J(Qa,d)), = (2 — 3%, (x5 "y — Da, (x "y — Dy).
This completes the proof. n
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6. Regularity, normality, multi-secant line and minimal graded free res-
olution of S/J(Q(a,d))

We fix a few notations, which are used in this section.

DEFINITION AND REMARK 6.1. Let ' C IP? be a finite set of d points and non-
degenerate.

(a)  Suppose S(I') := S/J(I") has a minimal graded free resolution
0O—=-—>F—>F 1> —>F—>5S=S5T)—0
with F; = 3. S(—a; ;). The Castelnuovo-Mumford regularity of I" is reg(I'):=max
{am - ’L’Z,j > O}

(b)  We say that I" is k-normal when the natural restriction map S(I')y — F(T', K)
is a surjective map where F(I',K) = {f : ' — K|f is a function} is the set of
all K-linear maps. We denote by N(I') the smallest integer k such that I" is
k-normal.

(c) Let hr(t) be the Hilbert function of I' in P2. Then the sequence hr(0), Ar(1), hr(2), hr(3), - -
is monotone increasing and bounded above by d. So, I' is k-normal if dimg S(I'); =
hr(k) = d.

(d)  Let m(I") be the minimum k& such that J(I') is generated by polynomials of
degree k or less.

(e) Letting ¢(I") denote the largest integer ¢ such that I" admits a proper f-secant
line, then I' always satisfies the following inequality, reg(I") > m(T") > ¢(T).

Note that since there are two generators of J(A(a,d)), the finite minimal graded
free resolution of S(A(a,d)) := S/J(A(a,d)) is well described in [2, Exercises 1C.1],
so it is omitted.

THEOREM 6.2. Keep the notation in Theorem 5.1, let S(Q(a,d)) := S/J(Q(a,d)).
Then,

(a)  S(2(a,d)) has a finite minimal graded free resolution as follows:
Ifd = 1, then
(4) i ’
0 — S*-3) — S%(-2) — S = S(Qal) — 0

with

z Y
2= —y —vy and @1 = (ay—yz zz—yz y*—yz ).

-z -z

And if d > 2, then
(5)

Y2 ¥1
0 = S(-2d)®S?*(-d—2) — SH{-d-1) - S — SQa,d) — 0
with
pr=_(@"=yy @ =y @y -2 (@Y -2y )

and
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a:d—ryr—l P 0
d—1
_ 2z -y 0
P2 = xd—l 0 —y
yd—l 0 T

b The hilbert function hg, q)(t) is given as follows:
(a,d)
If1<t<d,
(t+1)(t+2)

hoa,a)(t) = 5

and ifd+1<1<2d—2,

(t —2d)(t — 2d + 3)
5 .

In particular, hogq)(2d — 2) = d* 4+ 2 and hence

haa)(t) = d* +2

haguan () = & + 1 -

for all t > 2d — 2.
(¢)  Ifd =1, then Castelnuovo-Mumford regularity reg(€2(a,1)) = 2 and if d > 2,
then reg(Q(a,d)) = 2d — 1.
(d)  Ifd=1, then N(Q(a,1)) = 1,m((a, 1)
then N(Q(a,d)) = 2d — 2,m(Q(a,d)) =

Proof. (a) Casel. d = 1.
From Theorem 5.1, if d = 1, then r = 1. So we have

(6) J(Qa, 1)) = (=y)y, (x=y)z, (y=2)z, (y=2)y) = (£ =2)y, (z=y)z, (y = 2)y)-
From (6), we can get ¢;. Now we only need to see

) =2 and ((Q(a,1)) = 2. And if d > 2,
d+1 and ((Qa,d)) = d + 1.

Ker(gpl) = <(Z, —-v, —Z), (y, Y, 1’)>

Obviously, (z,—y,—z), (y, —y, z) is contained in Ker(yp;). Conversely, let (f,g,h) €
Ker(y1), then we get the equality

(7) pi(f.9.h) = flzy —yz) + g(zz — yz) + h(y* — yz) = 0.
Now, Sending y to 0 in (7), we obtain
g(x,0,z)xz = 0.
So we can write g = Ay for some A € S. Substituting this to (7), we get the equation,
fylz —2) + Ay(zz —yz) + hy(y — 2) = 0

and hence,
(8) flx—2)+ NMzxz—yz)+h(y—2)=0.
Again sending z to 0 in (8), we have

fx+hy=0.

We will prove this in two cases.

Case 1-1. If f, h do not have z as a factor.

In this case, we can write f = A\gy, h = —\gz for some Ay € S. Substituting this to
(8), we have

(9) Xoy(z — 2) + Mxz —yz) — Xz(y — 2) = 0.
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Again sending x to 0 in (9), we have —A\gyz — Ayz = 0, and hence, A = —)\;. Finally
we can write

(f;9, 1) = (Aoy, = Aoy, —=AoT) = Ao(y, —Y, —).
Case 1-2. If f,h has z as a factor.
In this case, we can write f = Aoz, h = Az for some \g, \; € S. Substituting this to
(8), we have \gz(x — 2) + Az(x — y) + A\12(y — 2) = 0, and hence

(10) X —2)+ ANz —y)+M(y—2)=0.
Sending x to 0 in (10), we get
(11) —Xoz — Ay + M(y —2) =0.

If we send y to 0 in (11), we get —Apz — A\jz = 0, and hence A\; = —)\g. On the other
hand, if we send z to 0 in (11), we get —Ay + Ay = 0, and hence A\ = A;. Finally we
can write

(f7 g, h) - ()‘027 _>‘0y) _)‘OZ) - >\0<Z7 Y, _Z>
This concludes the proof of the first case.

Case2. d > 2.
1 can be obtained from Theorem 5.1. So, we need to show that

Ker(gpl) = <<_xd*7’y7“*17 Zdil? xd717 _yd71)7 (Z7 —-Y, 07 O>7 (07 07 -Y, flf))

Obviously, (—xd Tyt 2371 2971 —yd=1) (2, —y,0,0), (0,0, —y, x) is contained in Ker(y; ).
Conversely, let (f, g, h,w) € Ker(p;).

First, we will show that if f = 0, then ¢ = 0 and (f, g, h,w) = —X(0,0, —y, x) for
some —\ € S.

If f =0, then we have a equation,

(12)  wilfg.hw) = g(@” = y?)z + (@Y — 2z +w(@ Ty — 2y = 0.
Sending y to 0 in (12), we get
g(2,0,2)z2 — h(x,0,2)2% = 0.
We will prove this in two cases.
Case2-1-1. If g, h do not have y as a factor.

In this case, we can write g = A\gz% ™, h = \gz?! for some )y € S.
Substituting this to (12), we have

(13) No(x® — y)z2® + X (2" — 2Nz + w2y — 2%y = 0.
Again sending z to 0 in (13), we have \gz?¥"y" + wz? "y = 0, and hence,
2?7y " (N\oz? + wy) = 0. This implies that \gz? = —wy, and therefore, Ay has y

as a factor, and g also has y as a factor. Hence, this is a contradiction.

Case2-1-2. If g, h has y as a factor.

In this case, we can write g = A\gy, h = A1y for some Ay, A\; € S. Substituting this to
(12), we have Ay(z? — y?)z + My(z@"y" — 29z + wy(z¥"y" — 2¢) = 0, and hence
(14) )\o(l‘d - yd)z 4 Al(mdfryr o Zd)l‘ + w(xdfryr o Zd) = 0.

Again sending z to 0 in (14), then we have Az "Tly" + wz?"y" = 0, so we can write
w = —Ajz. Substituting this to (12), finally we get

Aoy(z? —yh)z = 0.
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This implies that A\g = 0, and therefore, g = 0. So we can write
<f7 g, h7 U)) = (07 07 Alya _)‘II) = _)\1(0) 07 -Y, CC')

In the case where g = 0, by a similar method, we can show that f = 0 and (f, g, h,w) =
(0,0, —y, ) for some \ € S.

Symmetrically, we will show that if h = 0 or w = 0, we get (z,—y,0,0). If w =0,
then we have an equation,

(15 @ulfig,hw) = fa? —yNy + g(a? —y")z + h(a®Ty — 2z =0
and by sending x to 0 in (15), we get
F0,y,2)y™" + g(0,y, 2)y’> = 0.
So, we can write f = Az, g = —\y for some A € S. Note that We can also write this in
the case where f, g have x as factors, and the following assertion holds. Substituting
f,g to (15), we get
h(z%"y" — 2) = 0.
This implies A = 0. So finally we can write,
(f7 9, h7 U)) = ()\Z, _)\ya 07 O) = )\(’Zu —-Y, 07 0)

In the case where h = 0, by a similar method, we can show that w = 0 and
(f,g,h,w) = Az, —y,0,0) for some A € S.

Now, let’s assume that f, g, h,w are not all 0. Then we get the equality
(16) @i(f.g,hw) = f(a?—y)y+g(a—y)z+h(a"y —2)z+w(@®y 2"y = 0.

We may assume that g, h do not have y factors, since if g = g1y + g2, h = h1y + ho
with go, he have no y factors. Substituting this to (16), we get the equation,

(f + q12) (@ — yDy + g2(2? — y)z + ho(2®"y" — 2Nz + (0 + ) (27y" — 2%y = 0.

Observe that gs, ho have a no y factors, so we may assume that g, h have no y factors.
Now, Sending y to 0 in (16), we obtain

g(z,0,2)zz — h(x,0,2)2% = 0.
Since g, h don’t have y factors, we can write
g =X "1 h =\t
for some A € S. Substituting this to (16) and sending z to 0 in (16), we obtain
(17) —f(0,y, 2)y™ — X%y — w(0,y, 2)z%y = 0.
We may assume that f has x factors, because if f has no x factors then
—fy™ = A%yt + w2ty = 2y + wy)
then f has factor 2? and sending z to 0 in (16) and replace h to Az?~!, then we have
w= —Azly~ L.

This means that A has y factors and so do h. This is contradiction to h has no y
factors. So, we may assume that f has x factors.
We will prove this in two cases.
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Case 2-2-1. w has x factors.
This case we obtain A = 0 by (17), so we get the equation from (16),
fla® = yy +w@™y — 2y =0
and hence,
f=—pzy" = 2%, w = pla? - y)
for some p € S. So we can express (f, g, h,w) by

(fv g, hv w) = _N'y(_xd_ryr_la Zd_lv xd_17 _yd_l)_,uzd_l(zv -y, 07 0)_:uxd_1(07 07 -Y, Jf)

So we can get the result we want.
Case 2-2-2. w has no zx factors.
In this case we have

w= -y !
by (17). Replace g, h,w in (16), we can compute
f — _)\xdfryrfl'

Hence,
(f,g, h,w) — )\(—l’diryril, Zdil, xdfl’ _yd71>'

We complete the first assertion.

(b) Hilbert function of S(2(a,d)) is calculated by applying [2, Corollary 1.2] to (5),
we can get the Hilbert function hgqq)(t).

(c) Castelnuovo-Mumford regularity reg(€2(a,1)) = 2 and reg((a,d)) = 2d — 1 for
d > 2 can be obtained from (4) and (5), respectively.

(d) N(Q(a,1)) =1 and N(Q(a,d)) = 2d — 2 for all d > 2 can be obtained from (b)
and m(Q(a,d)) = d+ 1 for all d > 1 can be obtained from Theorem 5.1.
We know that Q(a,d) = A(a,d) U {[0,0,1],[1,0,0]} and by theorem 5.1 we have

I(Aa,d)) = (z = y",a""y" = 27)

where a =dn+r for 1 <r <d.

Let g .= 2% — y? and h := 29"y — 2% It can be factorized as ¢ = L; --- Ly where
L;’s are linear equations for 1 < r < d. And since for each i, L; and h meet at
most d points, so g and h meet at most d* points. However, since |A(a,d)| = d?, we
can see that for each 7, L; and h meet at d different points. Therefore, we can get

((A(a,d)) = d. And L;’s meet at [0, 0, 1] for all i, we deduce that £(Q2(a,d)) = d+1. O

T

Generally, it is known that reg(Q(a,d)) > m(Q(a,d)) > £(Q(a,d)) (see e.g. in-
equality (1.1) in [5]), but this paper reveals the following relationship.
If d =1, then reg(Q(a, 1)) = m(Q(a, 1)) = £(Q(a, 1)) =2. And if d > 2, then

reg(Qa,d)) > m(Qa,d)) = £(2a,d))

I | I
2d — 1 d+1 d+1.
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REMARK 6.3. By plugging U = S(A(a,d)), R = S in [6, Theorem 16.2], and using
Theorem 6.2, we can obtain the Hilbert series of S(£2(a,d)) as follows.

, 23 — 32 4+ 1
(18) Hilbs(aa,1)) (t) = BN (d=1)
(19) HﬂbS(Q(a,d))(t) = (1 _ t)g ) (d 2 2)
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