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NOVEL INSIGHTS ON A-STATISTICALLY CONVERGENT
SEQUENCES IN NEUTROSOPHIC n-NORMED LINEAR SPACES

NESAR HOSSAIN, CARLOS GRANADOS, AND OMER KIsT*

ABSTRACT. In this research paper, we introduce a thorough exploration of A-statistical
convergence and develop some of its interesting properties in neutrosophic n-normed
linear spaces. Also, we define the notion of A-statistical Cauchy sequence and prove
that every neutrosophic n-normed linear space is A-statistically complete. Further-
more, we study the concept of [V, \]-summability associated with A-statistical con-
vergence with regard to neutrosophic n-norm. And we obtain the relation between
statistical convergence and A-statistical convergence within this specific framework.

1. Introduction

As a momentous generalization of ordinary convergence structure of sequences of
real numbers, the concept of statistical convergence was first explored independently
by Fast [9], Steinhaus [43] and Schoenberg [39]. After that, this significant concept is
being brought up in different directions by various researchers like [4,8,14-16,18-22,
27-32,34,35,37,38,41,44,46,47] and one may have many more references therein.

Zadeh [48] is the first prominent pioneering of the introduction of fuzzy set theory
as an extension of classical set theory. Since then, it is being developed and applied
in various branches of engineering and science, namely [3,10,12,26]. Later on, this
concept has been intriguingly generalized into new notions as its extension which
may be referred as [1,2,7,45]. As a comprehensive generalization of these concepts,
Smarandache [42] defined a new idea named as neutrosophic set. Later on, Bera and
Mahapatra explored the notion of neutrosophic soft linear space [5] and neutrosophic
soft normed linear space [6]. In recent times, Kirigci and Simgek [17] defined neutro-
sophic normed space and in this significant framework, different types of summability
method were studied. In 2023, Murtaza et al. [36] defined the excellent idea named as
neutrosophic 2-normed linear space which is a momentous generalization of neutro-
sophic normed space and studied statistical convergence and statistical completeness.
In very recent time, Kumar et al. [24] introduced the concept of neutrosophic n-
normed linear space and studied convergence structure and defined Cauchy sequence
within this space.
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In 2000, Mursaleen [33] first introduced the concept of A-statistical convergence
of real sequences developed it alongside [V, A]-summability and [C,1]-summability
method. After that, this significant idea is being carried out by various researchers
in different directions. In this research article, we define and study the notion of -
statistical convergence and A-statistical Cauchy sequence with respect to neutrosophic
n-norm and develop some of its interesting properties.

2. Preliminaries

In this section, we provide an overview of basic definitions and terminology which
will be useful to describe our main results. Throughout the study N stands for the
set of all natural numbers.

DEFINITION 2.1. Let £ C N. Then the natural density of I, denoted by §(K), is
defined as

1
5(K) = lim ~[{k <n: k€ K}

provided the limit exists, where the vertical bars denote the cardinality of the enclosed
set.

A real sequence {wy} is named to be statistically convergent to £ € R (set of all
reals) if for each £ > 0,
Mk eN: |w,—¢& >} =0.

In this case, we write S — limwy = & or wy > € and € is called S-limit of {wy}. Or,
it can be restated as

1
limﬁ|{k‘ <n:|wp—¢& >¢e}| =0.

Let A = {\,} be a non-decreasing sequence of positive numbers tending to infinity
such that A\, 1 < A\, + 1, A\ = 1. The generalized de la Vallée-Poussin mean of a
sequence w = {wyg} is defined by o, (w) := ﬁ > wer, Wk Where T, = [n— A\, +1,n]. A
sequence w = {wy} is said to be (V, A)-summable [25] to a number & if o, (w) — £ as
n — 0o.

If A\, = n, then (V, \)-summability reduces to (C, 1)-summability. We denote

[V,)\]—{w—{wk}:ﬂgeR, nli_}rgo)\ika_ﬂ_o}

" keZ,

and
1
[C,l]z{wz{wk}rﬂfeR, 7}13;05;1 Iwk—flzo}

for the sets of sequences w = {wy} which are strongly (V, \)-summable and strongly
(C,1)-summable to &, i.e. wy — &[]V, \] and wy — £[C, 1].
Let K C N. Then the A-density of IC, denoted by 0,(K), is defined as

1
MH(K) = lim )\—|{k €L, kekK},

provided the limit exists, where the vertical bars denote the cardinality of the enclosed
set. It is worth being noted that A-density of a finite set is always zero. Also,

AC B = 0,\(A) < d\(B).
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A sequence {wy} € Ris named to be A-statistically convergent [33] or Sy-convergent
to & € R if for € > 0,

1
lim )\—|{/<: €L, |w,—& >¢e}| =0,

n—oo
e, 0,(K.) =0 where K. ={k €Z, : |w, — £| > ¢}.

DEFINITION 2.2. [40] A binary operation [0 : J x J — J, where J = [0,1] is
named to be a continuous t-norm if for each vy, 15,153,154 € J, the below conditions

hold:
1. [ is associative and commutative;
2. [ is continuous;
3. ndl=uv forall vy € J;
4. v vy <3 Hyy whenever vy < vg and vy < 4.

DEFINITION 2.3. [40] A binary operation & : J x J — J, where J = [0,1] is
named to be a continuous t-conorm if for each v, 15, 3,4 € J, the below conditions

hold:
1. @ is associative and commutative;
2. @ is continuous;
3. 1190 =u forall nh € T;
4. 11 B 1y < v3 P vy whenever vy < 13 and vy < vy,

EXAMPLE 2.4. [23] The continuous t-norms are vy [0 vy = min{vy, 5} and vy [
vy = 11./5. On the other hand, continuous t-conorms are v; @ v = max{vy, o} and
vV Dy =1 + Vg — V.o

DEFINITION 2.5. [11] Let n € N and W be a real vector space having dimension
d > n (d is finite or infinite). A real valued function ||-,...,-[|on W x W x ... x W =

n times

W", gratifying the below four axioms:

1. ||wy, we, ..., w,|| =0 if and only if wy, ws, ..., w, are linearly dependent;

2. ||wy,wy, ..., wy,| remains invariant under any permutation of wy, ws, ..., wy;

3. ||wy,we, ... wh_1, kKwy|| = || ||wi, we, ..., w,_1,w,]|| for kK € R (set of real num-
bers);

4. ||wy,way .. w1, T+ w|| < ||wy, we, . W, ||+ [Jwr, we, W, W]

is called an n-norm on W and the pair (W, ||-,...,||) is named to be an n-normed

linear space.

As an illustration of n-normed linear space we take V¥ = R”" equipped with the
Euclidean norm

Wi - Win
||wy, wa, ..., wy,| = abs
Woy o W
where w; = (w;1, Wi, - .., wi,) € R™. For instance, we get ||wq,ws, ..., w,|| > 0 in an

n-normed linear space.

DEFINITION 2.6. [24] Let W be a vector space over F and [ and & be continuous
t-norm and ¢-conorm respectively. Let & R, p be the functions from W" x (0, 00) to
[0,1]. Then a six tuple (W, S, R, p,[, @) is named to be a neutrosophic n-normed
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linear space (in short Nn-NLS), (wy,ws, ..., w,_1,w,;¢) € W" x (0,00) — [0, 1], if
the below conditions hold:

1. \S(wlawZa coo sy, Wn—1, Wn; C)_‘_%(wl?w% ooy Wh—1, Wh; C)‘i‘KJ(wl, W, ..., Wnp—1, Wn; C) S
3;
Cx . .
2. \s(wl,wg, e, Wh—1, Wn; C) > 0,
3. S(wr,we, ..., wy_1,wy;¢) =1 if and only if w; are linearly dependent, 1 < j <
n;
4. S(wy, wa, ..., wy_1,wy; ) is invariant under any permutation of wy, ws, .. ., wy;
5. S(wy, way ..oy Wy—1, KWy; () = S(wy, Wa, . .oy Wy_1, Wy; %), k # 0 and k € F;
6.
/
S(wr, wa, o Wp1, Wy + w5 CHT) 2> S(wr, wa, - Whe1, Wy €)
/
O (wy, wa, . ooy Wy1, W, T);
7. S(wy, wa, ..., Wy_1,Wy; ) is non-decreasing continuous in (;
8. limeyoo S(wy, wa, ..., Wy_1,wy; ¢) = 1 and lime o S(wy, wa, ..., Wy_1, Wy ) =
0;

9. R(wy,wa, ..., Wy_1,wWy;C) > 0;
10. R(wy, w2, ..., w1, wy; () = 0 if and only if w; are linearly dependent, 1 < j <
n;
11. R(wy, ws, ..., w,_1,wy; () is invariant under any permutation of wq, wo, . .., wy;
12. R(wy, wa, ..., Wy_1, Kwp; () = R(wy, wa, ..., Wy_1, Wy; %), k # 0 and k € F;
13.

R(wi, wa, ..., Wo1, Wy + W, (7)< R(wy,wa, ..., Wo1, Wy; ()
ER(wy, wa, ..., Wy1, W, T);
14. R(wq, we, ..., wy_1,wy; () is non-increasing continuous in (;
15. lime oo R(wy, we, ..., wy—1, wp;¢) = 0 and lime_o R(wy, we, ..., wy—1, wp; () =
L
16. p(wy, wa, ..., Wy_1,wy; ) > 0;
17. p(wy,ws, ..., wy_1,wy; () = 0if and only if w; are linearly dependent, 1 < j < n;
18. p(wy,ws, ..., w,_1,wy; () is invariant under any permutation of wy, ws, ..., wy;
19. p(wy, we, ..., Wy_1, KWy; () = (W1, Wa, ..., Wy_1, Wy; ﬁ), k # 0 and k € F;
20.
p<w17w27 cevy Wn—1, Wy + w;m C + T) S p(wlu W,y ..., Wp—-1,Wn; ()
@p(wlyw% cooy Wp—1,W,; T)a
21. p(wy,ws, ..., w,_1,wy,; () is non-increasing continuous in (;
22. lime oo (w1, Wa, . . ., Wy_1, wy; () = 0 and lime_o p(wy, wa, . .., Wy—1,wy,; () = 1;

In the sequel, we shall use the notation X for neutrosophic n-normed linear space
instead of (W, 3, R, p, [, ®) and we denote N, to mean neutrosophic n-norm on X.

EXAMPLE 2.7. [24] Let W, ||wy, w2, ..., w,||) be an n-normed linear space. Also,
let v1 vy = min(vy, v9) and vy @ vy = max(vy, 1) for every vy, vy € [0, 1]. If we define
3, R and p as

¢
¢+ [Jwy, wa, ..., wh_1, Wy
l|wy, wa, .. wy1, wy|

C+ ||w1,w2, s 7wn71>wnH

C\\f(wlaw2; LR 7wn—17wn; g) =

é)i‘,(wl,wg, Ce ,wn,l,wn;C) =
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W1, Wy ..., Wp—_1,W
and p(wlaw%"wwn—lawn;g): H L, M2, C’ n—1, nH

Then (W, 3, R, p, [, @) is a neutrosophic n-normed linear space.

DEFINITION 2.8. [24] Let {wy} be a sequence in a Nn-NLS X. Then {wy} is
named to be convergent to v € W with respect to N, if for every ¢ > 0,{ > 0 and
Wy, Wa, . .., Wy—1 € W there exists kg € N such that S(wy, ws, ..., wy_1,wp — v;() >
1 — o and R(wy, ws, ..., w1, w, — v;¢) < 0, p(wy, ws, ..., wy_1,w, —v;¢) < o for

all k£ > k. In this scenario, it is denoted as N,, — lim wj, = v or wy & V.

DEFINITION 2.9. [24] Let {w;} be a sequence in a Nn-NLS X. Then {wy} is
named to be Cauchy sequence with respect to N, (in short N,,-Cauchy) if for every

o > 0,¢ > 0 there exists kg € N such that S(wy,ws, ..., wy_1,wp — wp;¢) >1—0
and R(wy, wa, ..., Wy_1, W — W3 C) < 0, p(wi,Wa, ..., Wy_1, Wy — Wy; ) < o for all
:I{Z,’ITL Z /{50.

THEOREM 2.10. [24] Let {wy} be a sequence in W. Then {wy} is convergent in
W, -, -ll) iff {wg} is convergent in X with respect to neutrosophic n-norm as
defined in Example 2.7.

DEFINITION 2.11. [13] Let {w;} be a sequence in a Nn-NLS X'. Then {w} is
named to be statistically convergent to v € W with respect to N,, (in short S(N,,)-
convergence) if for every o € (0,1),¢ > 0 and wy, wy, ..., w,—1 € W such that

d({k e N: S(wy,wa, ..., wp 1, wp —v;() <1—0
or R(wy, wa, ..., Wy 1,w, —v;() >0
and p(wy, wa, ..., wWy_1,w —v;¢) > 0}) =0.

or, it can be restated as

im0 T{k < 50 S(wr, we, .., wp—g,wy —0;¢) <1 —0
or R(wy, we, ..., w,_1,wy, —v;() >0
and p(wy, we, ..., w,_1,w, —v;¢) > o} = 0.

In this scenario, it is denoted as S(N,,) — limwy = v or wy, S(—Nn)> v. And, v is called

S(N,)-limit of {wy}.

3. M-statistical convergence in Nn-NLS

In this section, we define the concept of A-statistical convergence with respect to
N, and explored some interesting results related to this notion.

DEFINITION 3.1. Let {wy} be a sequence in a Nn-NLS X'. Then {wy} is named
to be A-statistically convergent to v € W with respect to N, (in short Sy(N,,)-
convergent) if for every o € (0, 1),

¢ > 0 and nonzero wy,ws, ..., w,_1 € VYV such that
. 1
lim,, oo El{k €T, :S(wy,wy, ..., w1, W —v;¢) < 1—0
or R(wy, we, ..., wy_1,wy, —v;() >0

and p(whw% coey Wp—1, W — U; C) > U}| = O,
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ie., 0x(A(o,¢)) = 0 where
A(o,¢) ={k €L, : S(wy,ws,...,wp_1,w —v;() <1—0
or %(wlaw% cooy Wp—1, Wi — U3 C) >0
and p(wy, we, ..., wy_1,w, —v;() > 0}

In this scenario, it is denoted as Sy(N,,) — limwy, = v or wy, M And, v is called

SA(N,,)-limit of {wy}.

REMARK 3.2. From Definition 3.1, we have if A, = n, then the notion of Sy(N,,)-
convergence coincides with the notion of S(N,,)-convergence.

Based on the Definition 3.1 and using the concept of A\-density, we obtain the
following lemma.

LEMMA 3.3. Let {wy} be a sequence in a Nn-NLS X. Then, for every o € (0,1),( >

0 and nonzero wq,ws, ..., w,_1 € W, the below properties are gratified:
1. S\(N,) — limwy, = v;
2.
Ak €Ly : S(wr,wa, .., wyp—r,wp —v;() < 1—0})
=0k €L, : Rlwy,wy, ..., wy 1, wx —v;¢) >0})
=n({k e, : plw,ws, ..., w1, wp —v;¢) >0})=0;
3.
h({k e, S(wi,wa, ..., wp1,wp —v;0) >1—0
and R(wy, we, ..., wy_1,w, —v; () < 0,
p(wy, wy, ..., wn_1, Wy —v;¢) < 0}) =1
4.
5)\({]{: € ZTL : %(wlaw% <oy Wn—1, Wi — U7C >1- 0-})
=0k €, Rlwy,wa, ..., wp1,wp —v;() < 0})
=0({k €T, : p(wy,wa, ..., wy_1,wg — U,C) <o})=1,
.

SA(N,) — limy, S(wy, we, . .., wy_1,wy, —v; ) = 1 and
S)\(Nn) - hmk §R(UJ1,’UJ2, ceoy Wp—1, W — U; C) = 07
SA(N,) — limy, p(wy, wa, .. ., wp—1, wi, — v;¢) = 0.

THEOREM 3.4. Let {wy} be a sequence in a Nn-NLS X. If S\(N,,)-limit of {wy}
exists, then it is uniquely determined.

Proof. If possible, let Sy(N,,)—lim wy = vy and Sy(N,,)—lim wy = vy where vy # vs.
Let o € (0,1) be given. Choose w € (0, 1) such that (1 —w) (1 —w) > 1— 0 and
w®w < o. For any ( > 0 and nonzero wy, ws, ..., w,_1 € W, we define the following
sets:

A$,1<w7C) = {k GIn ) (w17w27"'7wn—17wk _Ul;g) S 1 _w}a

kezn 'LUl,'lUQ,.--,wn_l,/IUk—UQ;E Sl—W},

Aga(w@,() =<keZ,: R

Wy, W2, ..., Wp—-1, W — V2, =

Agp (@, () = {keIn:%<w1,w2,...,wn1,wk—vl;g)2w};
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Ap1(w,C) = €ZL,:p W Wy oy Wity W = V1 5 | 20 0

Ap,z(w,C) = {k €L, p (wlyw%---awnlawk —U2;%) > w}.

Since S\(N,,) — limwy = vy, by Lemma 3.3, we have

(1) A(As 1 (@, () = r(Ara(@. () = x(Ap1(w, () = 0.
Again, since S\(N,,) — lim wy, = v, 80

(2) oA (As2(@, () = o (Apa(w, () = dx(Ap2(@, () = 0.
Let

A(%ﬂ%,p) (07 C) = [A%,l(w> C) U Ag}g(@, C)} N [A%,l (wa C) U A%,Q(wa C)]
N[Ap1 (@, () U Aga(w, ()]

Then 9§, (A(ggtp)(d, C)) = 0 i.e., 0y (N \ A rp) (0 C)) = 1. So, there exists an ele-
ment k € N\ A n e (0, (). Hence, there are three cases to consider:

Case-1: If k € N\ (Ag1(w, () U Ag2(w, (), then

g(11)17/1'027 cooy Wp—1,V1 — Vg; C)

>3 (w1,w2,---,wn—1,wk¢ — Ur; %) B (w1,w2>---,wn—1,wk — Ug; %)
>1-w)B(1l-w)>1-o0.
For arbitrariness of o € (0, 1), $(wy, ws, ..., w,_1,v1 —v2; () = 1 which yields v; = v,.

Case-2: If ke N\ (Ap1(w, () U Apa(w,()), then

R(wy,wa, ..., wy_1,v1 — U2;()
<R (wl,wg, ey Wh 1, W — Vg g) o R ('LU1,UJ2, ey Wh 1, W — Vs g)
<wdw<o.

For arbitrariness of o € (0,1), R(wy, ws, ..., w,_1,v1 — v2;¢) = 0 for every ¢ > 0,

which yields vy = vs.
Case-3: If k € N\ (A, 1(w, ()UA2(w,()), then by similar technique, we can have

o(wy,wa, ..., Wy_1,v1 — vU9;¢) =0 ie., v = Vo.

Therefore, in the above three cases, we get v; = vy. Hence Sy(N,,)-limit of {wy} is
unique. ]

Now, we find out the relation between N,,-convergence and Sy (N,,)-convergence.

THEOREM 3.5. Let {wy} be a sequence in a Nn-NLS X. If N, — limwy, = v then
Sa(N,) — limwy, = v.

Proof. Let N,,—lim w;, = v. Then, for every o > 0, > 0 and nonzero wy, ws, . .., w,_ €
W there exists ky € N such that
S(wy, wa, ..oy Wy—1, wi —v;¢) > 1—0 and R(wy,ws, ..., w,_1,w; — v;() < 0,
o(wy, we, ..., w,_1,w, —v;() <0
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for all k > k. Therefore, the set

{k e N: ¥(wy,ws,...,wy_1,wp —v;() <1—0or
R(wy,wa, ..., wy_1,wp —v;¢) > o and p(wy, ws, ..., Wy_1, W, — ;) > 0}

contains finite number of terms. Since A-density of a finite set is zero,

W({k e N:S(wy,we, ..., wy_1,w —v;¢) <1—0or
‘SR(wlaw%"'awnflawk_U;C) >0 and p(wlaw%"'awnflawk_U;C) ZU}) =0.
So, S\(N,) — limwy, = v. O

But, in general, the converse of the Theorem 3.5 is not true which can be illustrated
as given below.

EXAMPLE 3.6. Let W = R™ with

w11 - Win
||wy,wa, ..., wy,| = abs
Wp1 -+ Wnon
where w; = (w1, wig, ..., wy) € R". We take continuous ¢t-norm and ¢-conorm as

v1 D vy = min{uy, 15} and vy @ vy = max{vy,n} for every vy, 15 € [0,1]. We take
Nn-NLS as defined in Example 2.7. Now, we define a sequence {w;} € W by

(k,0,...,0), if n — [VA] +1 <k <,
N——

n—1 times

k= (0,0,...,0) =0, otherwise
Then for any o € (0,1), ¢ > 0 and nonzero wy,ws, ..., w,_1 € YW, we have
A(o,¢) ={k €L, : S(wy,ws, ..., wp_1,wp, —0;() <1—0 or
R(wy, wa, ..., w,_1,wr — 0;¢) > o and
o(wy, wa, ..., wy_1,wr, —0;¢) > o}

(o

{kEZ ||w1,w2,...,wn,1,wk—OH2E>00r
||w17w27 'awn—lawk_OH Z CJ>O}

{keI wp = (k,0,...,0)
——

n—1 times

{k :n—[\/A_n]Jrlgkgn}.

So,

1 VA
lim —|A(o,¢)| < lim [ = 0.
n—oo0 \,, n—oo A\,
Therefore, Sx(N,,) — lim wy, = 0. However, the sequence {wy} is not ordinary conver-
gent with respect to n-norm ||-,...,-|| and hence, using Theorem 2.10, the sequence

{wy} is not ordinary convergent with respect to N,,.

Now, We discuss on the linearity of the following:

STA(N.) = {{we} eW:FveW, Sy(N,) — limw;, = v}.
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THEOREM 3.7. ST A(N,,) is a linear space.

Proof. First we suppose that {w;} and {l;} belong to ST,(N,). To prove the
Theorem, we have to show that {wi} + {lx} = {wr + I} € STA(N,) and for any
k € R, k{wg} = {rwi} (VE € N) € STA(N,).

Let Sy(N,) —limwy = vy and Sy\(N,,) —lim I, = vy. Let o € (0,1) be given. Choose

€ (0,1) such that (1 —@w)H(l —w) >1—0 and w® w < ¢. For any ¢ > 0 and

nonzero wy, Wa, . . ., w,_1 € YW, we define the following sets:
Ao, Q) ={k €T, : S(wy,wa, ..., wy_1,wr + 1l — (V1 +12);() >1—0
and R(wy, wa, ..., w,_1,w + I — (V1 + v2); () < 0,
o(wy, we, ..., wy_1,w + U, — (V1 + v2); () < 0 };
Ai(w,() ={k €L, : S(wy,ws, ..., wy_1, W — V1; g) >1—w
and R(wy, wa, ..., Wy_1, W — U1; %) < w,
p(wy, wa, ..., Wy_1, W — VU1; %) < w},
As(w,Q) ={k € T, : S(wy,wa, ..., Wy_1, W — Va; %) >1—w
and R(wy, wa, ..., Wy_1, Wy — Ua; %) < w,
o(wy, wa, . .. Wy1, W — Va; %) < w}.

By the hypothesis, A;(w, () N Az(w, () # 0. So, let k € A;(w, () N Az(w, (). Then,

we can have

S(wlyw% vy Wp—1, Wi + lk‘ - (/Ul + /U2); C)

> (w1,w2>~-;wn—1,wk vy; () ER; (w17w27”'7wn—17wk_v2;_)
>l-w)B(1l-—w)>1-0

and

%(wl,wg, vy, Wp—1, W + lk — (Ul + ’Ug); C)

¢
S%(wluw%-“awn—luwk_vl;a DR | wi,we, ..., Wy1, Wy, — Vo =
<wdw<o;

o(wy, wa, ..., Wy, Wi + U, — (V1 + v2); ()

NS <
<gp wl,wz,...,wn_l,wk—vl,§ Dp wl,wg,...,wn_l,wk—v2,§
<whw<<o.

Therefore, we see A(a, () C A;(w, )N Ax(w, (), i.e., AS(w, () UAS(w, ) C A0, ().
So,

1
lim)\—|{k€Zn:%(wl,wg,...,wn,l,(wk—i-lk) (1 +19);()<1—0

n—oo n
or R(wy, wa, ..., wn_1, (W + ) — (V1 +12);() > 0
and p(whwm o W, (W + 1) — (V1 +12);¢) > 0}

< lim —|{k:€I S(wi,we, Wy, wp —v1;5) S 1—w
n—oo 2
or %(wlaw% <oy Wp—1, W — V1, _) >w

5 =
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and @(whwz, vy Wp—1, W — V1, g) > w}|
i 1
+nh_>fglo )\—n|{l€ S In : %(wl,’LUg,. .. ,wn_l,lk — Vg, 5) <l—-w
or %(wth) s 7wn—1alk‘ — U2; 5) 2 w
and KJ(UH,U)Q, cee ;wn—hlk’ — U2, 5) Z w}| = 0.

Since sequence of positive numbers never converges to a negative number, Sy(N,,) —
lim wy, + Iy = vy + vo. Therefore {wy} + {li} € STA(N,).

Suppose that Sy(N,,) —limwy = v. If K = 0, then it is obvious Sy(N,,) —lim kwy, = Kv.
So, let k # 0. We take the following sets:

Ao, Q) ={k € T, : S(wy,wa, ..., wy_1, kW —kV;() >1—0
and R(wy, we, ..., w,_1, KWy — KU; () < 0,
o(wy,wa, ..., wy_1, KW — KV; ) < 0},

B(o,() =4k €T, : I(wy,wa,...,wh_1,wx —v;() >1—0
and R(wq, we, ..., wy_1,w, —v;() < 0,
o(wy,wa, .. Wy 1, W — V() < O}

By the hypothesis, d,(B(o,()) = 1. So, there is an element k € B(c,(). Then, we
have

%(wl,wg,...,wn_l,mwk—m);g):%(wl,wg,...,wn_l,wk—v;m)
4
> (wy,we, ..y Wy, w —0; O 0,---,0; = =
—— |,l{,|
n times
:%<w17w2>"'awnflvwk_U;C)Dl
= Q(wy, wa, ..., Wy_1, Wi — U; ()
>1—0
and
%(wl,w%...,wn_l,f{wk—m);g):§R(wl,wQ,...,wn_l,wk—U;m)
. S
<R (wy,wa, .., Wy, W — ;) AR|0,---,0; = —(
—— |;§|
n times
= R(wy,we, ..., wy_1,w — ;) DO
= R(wy, wa, ..., w,_1, Wy — U; ()
< 0,
p(wl,w27...,wn_1,fiwk—m);g)—p(wl,wg,...,wn_l,wk—v;m)
. S
Sp<w1’w27”-7wn—lawk_Ua<>@p 07'”70a__<.
—— |/{|

n times
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= @(wlaw%' coy Wp—1, WE — UaC) ®0
= p(wy,we, ..., Wy_1,w — ;)
< 0.

This shows that k£ € B(o,() C A(0,() = A%(0,() C B(0,(). This gives

1
lim —({k €Z,: (w1, ws, ..., w1, kwp — kv; () <1—0
n—oo n
or R(wy,ws, ..., wy_1, kW — kU; ) > o, and p(wy, we, ..., W,_1, KWL — KV; ) > 0}

1
< lim )\—\{k’EIn s S(wy, Wy Wy, wE — () < 1 —0

n—oo n
or R(wy, wa, ..., Wp1,wp — v;¢) > 0 and p(wy, wa, ..., W1, Wg — ;) > o} =0.
Therefore, S\(N,,) — limkwy = kv, ie., k{wy} € STA(N,). This completes the
proof. O]

THEOREM 3.8. Let {wy} be a sequence in a Nn-NLS X. Then, S\(N,,)—limw;, = v
if and only if there exists a subset M = {k; < ko < --- < k, < ---} C N such that
(M) =1 and N, — lim,_,c wi, = v.

Proof. First, suppose that Sy, — limwy, = v. Then, for any ¢ > 0,7 € N and for
all nonzero wy, ws, ..., w,_1 € W,

(3) oA(Wn, (4, €)) = 1 and 6x(T, (4,€)) = 0

where

y/\fn<]7<) = {k GIn : %(whw%"')wn—l;wk _U7<..) > 1 _jl

and R(w, wa, ..., wy_1,wy — v; () < %, o(wy, wa, ..., Wy, W — U; ) < %}

and

T, (5,0) ={k €L, : S(wy,wa, ..., w1, wp —v;¢) <1 — %
or f(w, wa, ..., Wp_1,wy, — ;) > %7 o(wy, wa, ..., Wy_1, W —v;C) > %}

It follows that Y, (j + 1,¢) € Y, (4,¢). It is enough to prove that
N, — klim wy, = v, for those k € Yy, (4, ().
— 00

If possible, let {wy}reyy. (jc) is not convergent with respect to N,. Then for some
o€ (0,1),

S(wy, wa, ..y Wy, wg —v; () < 1 — 0,
R(wy, wa, ..., wp_1, wp —v;¢) > 0 and
p(whw%"'?wn—l;wk_v;é.) ZO-

holds good except for at most a finite number of terms k € Yy, (4, (). Let

Dy, (0,¢) =4k €L, : S(wy,wa, ..., wy_1,wp —v;() >1—0
and R(wy, we, ..., w,_1,w, — v;() < 0, p(wy,ws, ..., wW,_1,w —v;¢) <0}

where o > % Then §)(Dy,(0,()) = 0 because A-density of a finite set is zero. As,
o > %, Yn., (4,0) € Dy, (0,¢) and hence 5x(Vn;,(j,¢()) = 0 which contradicts (3).
Therefore, for k € Yy, (4,¢), N — limy_so0 wy = 0.
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Conversely suppose that there exists a subset M = {k; < ky <--- <k, <---} CN
such that §,(M) =1 and N,, — lim,,_,oc wy,, = v. Then for every o € (0,1),( > 0 and

NoNzero wy, Ws, . . ., w,_1 € YW there exists pg € N such that
S(wy, wa, ..oy W1, Wy, —v;¢) > 1 —0 and R(wy, we, ..., wp_1, Wy, —v;() < 0,
p(wi, wa, . .. y Wn—1, Wy, — v;¢) < o for all p > po.

Thus, if we let

A(o,¢) =1{k € L, : S(wy,wy, ..., w1, w —v;() <1 -0
or R(wy,we, ..., w,_1,w, —v;¢) > o and p(wy, ws, ..., w,_1,w, —v;() >0},

then it is easy to show that A(o, () C N\ {kyy+1, kpgt2,---}- S0, 0x(A(0,()) =1-1=0
i.e., S\(N,) —limwy = v. This ends the proof. O

THEOREM 3.9. Let {wy} be a sequence in a Nn-NLS X. Then, S\(N,,) —limw, = v
if and only if there exists a sequence {l} € W such that N,, — liml, = v and
(5)\({/{5 eEN:w, = lk}) =1.

Proof. First suppose that Sy(N,,) —limw; = v. Then, by the fact of Theorem 3.8,
there exists a subset M = {k; < ky < --- <k, <---} C N such that j,(M) =1 and
N, —lim,, oo wy, = v. Now, we define a sequence {l;} € W as follows:

{wk, iftke M
e =

v, otherwise

which gives our desired result.

Conversely, suppose that there exists a sequence {l;,} € W such that N,, —lim [}, =
v and \({k € N : wy = ly}) = 1. Then, for every ¢ > 0,{ > 0 and nonzero
wy, Wa, ..., W,—1 € VW there exists kg € N such that

S(wy, wa, ...y W1, Ik —v;¢) > 1 — 0 and R(wy, we, ..., wy_1,lk —v;() < 0,
p(wi, wy, ..., Wy, —v;() <0

for all k > ko, i.e., the set

A(o,() ={k €T, : S(w1,wa, ..., wp_1,lx —v;() <1 —0
or R(wy,we, ..., wy_1,lx —v;¢) > 0 and p(wy,ws, ..., w1, —v;() > 0o}

is finite. Hence d,(A(o,()) = 0. Also, by the hypothesis, 0,({k € N : wy # Ix}) = 0.

Now, we can have

{keZ,: S(w,wy,...;,wp 1w —v;() <1—0
or R(wy, we, ..., wy_1,w —v;¢) > o and p(wy, W, ..., Wy 1, W, —V;() > 0}

C Ao, ) U{k € N:wy # i}
Since A-density of a set can never be negative,

5)\({k E:Z-n : %<w17w27"'7wn—1)wk _Ua(> S l-0o
or R(wy, we, ..., w,_1,w —v;¢) >0 and p(wy, ws, ..., w,_1,w, —v;¢) > 0}) =0.

Consequently Sx(N,) — limwy, = v. This completes the proof. ]
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4. Relation between S(N,,)-convergence and Sy (N, )-convergence

First we define a notation as follows:
STWN,) ={{wg} eW:FveW, SWV,) —limw, = v}.

In this section, we study the inclusion relationship between the sets ST (N,) and
STA(N,). From the nature of the sequence {\,}, it is clear that {22} is bounded.
We can easily prove STA\(N,) C ST (N,).

THEOREM 4.1. ST(N,) € STA(N,) if liminf, 22 > 0.
Proof. Let {w;,} € ST(N,,). Then, there exists v € W such that S(N,,) — limwy =

v. Now, it is obvious that for any o € (0,1), ¢ > 0 and nonzero wy, ws, ..., w,_1 € W,
{k € N: (wy,ws, ..., wy_1,wp —v;¢) <1—0 or R(wy,ws, ..., w,_1,w, —v;() >0
and p(wy,wy, ..., Wn_1, W — V;¢) > 0}
2{keZ, S (wy,wy,...,wy_1,wp —v;¢) <1—0 or R(wy,ws, ..., wy_1,wy, —v;() >0
and p(wy, wa, ..., wWy_1,w, —v;() > 0}
So,
1
5]{/{ € N:S(wy,wy,y ..., wp_1,wp —v;¢) <1 —0 or R(wy,ws,...,wy1,wp —v;() >0
and p(wy, wy, ..., Wp_1, Wi — V;¢) > 0}
1

> ﬁ‘{k €T, : S(wy,wa, ..., w1, wr —v;¢) <1 —0or R(wy,ws, ..., wh_1,wx —v;() >0
and p(wy,Ws, ..., Wn—1, Wy — V; () > 0}

A 1
= (Fn) )\—|{k €L, Swy,we,...,wy_1,w —v;¢) <1—0 or R(wy,ws, ..., w1, wr—v;C)

n

> o and p(wy, we, ..., Wy_1, W — ;) > T}

Letting n — oo and by the condition, we can arrive at Sy(N,,) — limw, = v, i.e.,
{wi.} € STA(N,). This completes the proof. O

5. [V, \]-summability in Nn-NLS

In this section, we define [V, A]-summability with respect to N,, and prove some of
its interesting properties associated with ST ,(MN,,). First we recall some definitions
from [13].

DEFINITION 5.1. [13] Foro € (0,1),( > 0, € W and every wy, wa, ..., w,_1 € W,
the open ball (also named as N,,-open ball) centered at a and of radius o with respect

to ¢, denoted by B(a, o; (), is defined by

B(a,0:¢) ={weW: S(wy,ws,...,w,_1,a—w;{)>1—0
and R(wq, we, ..., wy_1,0 —w;() < o, p(wy, W, ..., Wy_1,& —w;() < c}.

DEFINITION 5.2. [13] A subset & of W is called open with respect to AV, (named
as N-open set) if for each o € & there exists an N,-open ball of some radius which
is contained in &.
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Let X be an Nn-NLS. If we take a collection Ty;, as Ty, = {0 C W : Ois an N,, —
open set}. Then Ty, becomes a topology on X. A subset U of W is named to be
bounded with respect to N, (denoted as N,-bounded) if there exist ( > 0 and o €
(0, 1) such that for each v € U, (w1, wa, ..., wy_1,0;¢) > 1—0 and R(wy, wy, ..., w,_1,;¢) <
o, p(wy, W, ..., wy_1,0;¢) < o holds for every wy, ws, ..., w, 1 € W [13].

Here, we define some topological notions with regard to A, which will be needed
to develop our results.

DEFINITION 5.3. Let Y C W and v € W. Then, v is named to be a limit point
(Ny-limit) of Y with respect to NV, (N,-limit point) if for every M,-open ball centered
at v contains at least one point of ) different from v.

Y is named to be closed in W with regard to N,, (N,-closed set) if it contains all
of its N,,-limit point. Throughout our discussion A denotes closure of A with respect

to N,,.

Now, we define strong [V, A\]-summable of a sequence with regard to N,.

DEFINITION 5.4. Let {wy} be a sequence in a Nn-NLS X'. Then {wy} is named to
be strongly (V, \)-summable to v € W with respect to N, if for every o > 0,{ > 0

and nonzero wy, wy, ..., w,—1 € W there exists ny € N such that
1
" Z S(wy, wa, .., Wy—1, Wi —v; () > 1 — 0 and
" kez,
1
il Z R(wy, we, ..., wy_1,w, —v; () < 0,
An kez,

1
" Z o(wy, wa, ..., Wy, wp — ;) < 0
" keZn

ViA)
for all n > ng. In this scenario, it is denoted as (V, \)n;, — lim wy, = v or wy, W,

We denote
VAN, = {{we eW:FoveW, (V,\)n, — limw, = v}
Now, we define the concept of boundedness of a sequence with regard to N,,.

DEFINITION 5.5. A sequence {wy} in a Nn-NLS X is said to be bounded with
respect to N,, (in short A,,-bounded) if there exist (5 > 0 and o € (0, 1) such that for
all positive integers k,

%(wla Wz, ..., Wp—1, Wk; CO) >1—o0 and §]:E('ujla Wz, ..., Wp—1, Wk; CO) <o,
p(wlu Wz, .., Wp—1, Wk; CO) <0
holds for every nonzero wy, ws, ..., w,_1 € W.

We denote (o (N,,) to mean the set of all Aj,-bounded sequence.

THEOREM 5.6. Let {wy} be a sequence in a Nn-NLS X. (V, A\, —limwy, = v =
S\(Nn) —limw, = v and [V, \[(N,) G STAN,).
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Proof. Let ( > 0, 0 € (0,1) and (V,A\)n;, — limwy, = v. Then for every nonzero
Wy, Wa, ..., Wy_1 € VW, we can have

Z [%(wl,w%-n,wnfl?wk_U;C)v or
keI,

%(wla W, ..., Wp—1, W — U, g)a
@(wla Wz, ..., Wp—1, W — U; C):|
_ Cx .
- E |:‘5‘(w17w27"'7wn717wk_U7<)7 or
ke, R )
S(w1,w2,e s Wn—1,WE—v;0) <1~ (w17 Wz, ..., Wp—1, W — U; C))
or §R('LU1,w27...7’wn_1,1U]€—’U;<)20',
o102, 0n—1,0p —viC) 20 p(wla Wy, ..., Wp—-1, W — U; C):|
& .
+ E |:‘S\<w17w27"'7wn717wk_U7<)7 or
ke, R )
g(wlvw%"wwn—lawk7U§C)>1*U (wla w27 s ey wn—h Wy — /Ua C);
and R(wi,wa,...,wn—1,w—v;¢)<0,
P(wLW2;--Wn—1,We—vi() <o p<w17 Wa, ..., Wp—1, W — V; C>:|
& .
> g [\s(wl,wZ,...,wn,l,wk—v,(), or
ke, R )
g(wlvw%mvwn—l7wk7“§<)§1*¢7 <w17 w27 ceey wn—h Wy — Ua C))
or %('LUl,’LUQ,...,’LUn_l,wk—’U;C)ZU,
P12, 0n 1,0 Vi) 20 p('UJl, Wy, ...y Wp—1, W — U; §>:|

>o0-Hkel,: S(w,wy...,wp 1w —v;() <1—0
or R(wy, wa, ..., Wy_1,wy, —vV;() >0
and p(wy, ws, ..., w,_1,wy —v; () > o}
Hence S\(N,) — limwy, = v. Now, we show [V,A|[(N,) & STA(N,). For this, we

take Nn-NLS, the same sequence as defined in Example 3.6 and following the same
procedure we can arrive at (V, ), — limwy # 0. O

THEOREM 5.7. Let {wy} be a sequence in a Nn-NLS X. Then, S\(N,,) — lim wy, =
v = (V,\)n, — limw, = v if {wy,} € lox(N,).

Proof. Let {wy.} € lo(N,) such that Sy\(N,,) — limw, = v. We shall show that
(V, AN, — limwy, = v. Since {wi} € loo(N,,) , there exists @ > 0 such that

%(wlaw% ey Wp—1, W C) >1-— Q and §R(u)ly Wz, ..., Wp—1, Wk; C) < Qa
o(wy, wa, ..., Wy, wE; ¢) < Q
holds for every nonzero wy,ws,...,w,—1 € W. Let 0 € (0,1) be arbitrarily selected.

Then, we have

1
)\— Z [%(wl,U)Q,--wwn—lawk _U;C)u or

" keZ,
" gR('LUl,UJQ, vy Wh—1, W — VU, C)v

o(wy, we, ..., wWy_1, Wy — V; ()]
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1
= — E [g(wl,wg,...,wn_l,wk—U;C), or
An
kel, )
S(w1,w2,...;Wn—1,wE—v;¢)<1—0 éR(wh Wz, ..., Wp—1, W — U; C)y
or R(w1,w2,...,wn—1,WE—v;() 20,
plwrw, om0k =2 oy, Wy, Wy, Wy — U5 C)}
1
+ — E [%(wl,wg,...,wn_l,wk—U;C), or
An
ke, §R .
S(w1,w2,..e;Wn—1,WE—v;¢)>1—0 (wb wa, ..., Wp—1, W — U; C),
and R(w1,w2,...,wn_1,wE—v;¢)<0,
PLLw2 LR UOST o (wy, Wa, . W1, W — U O}
< HE €L, S(wi,wa, oy wn g, wi —v;() < 1—0
n
or §R(w17w27 ceny Wpo1, Wi — U3 C) >0
and p(wy,wy, ..., Wy_1, Wy —v;() > 0} + 0.

Since Sy(N,,) —limw, = v and o € (0,1) be arbitrary, we get (V, \)n, — limwy = v.
Hence proved. O

COROLLARY 5.8. From Theorem 5.6 and 5.7, we can have ST \(N,,) N ls(N,,) =
[V, \(No) N Lo (NG).

THEOREM 5.9. Let {wy} be a sequence in a Nn-NLS X. Then m(ST\(N,)), the
space of all bounded \-statistically convergent sequences, is a closed linear subspace

of Uoo(N,).

Proof. Let | = {l,} € m(STA(N,)). Then there exists an A,,-open ball centered at
[ and of radius o € (0, 1) with respect to ¢ > 0 such that B(l,o; () Nm(ST\(N,,)) # 0.
Choose w € (0,1) such that (1 —w) (1 —w) >1—0 and w® w < 0. So, there
is an element w = {wy} € B(l,0;¢) Nm(STA(N,)). Let S\(N,,) — limwy, = v. Then,
there exists a M C N such that 0,(M) =1 and for all k € M

S(wy, we, . .., Wy_1, Wy — VU; 5) > 1 — w and R(wy, wa, . .., Wy_1, W — V; 5) < w,
o(wy, wa, ..., Wy_1, W — V; 5) <w

holds good for every nonzero wy, ws, . ..,w,_1 € W. Again, since w € B(l, 0; (),
3 l S d R Ui
\g(wlaw%' <oy Wp—1, W — bk, 5) >1—wan (w17w2a ey Wn—1, W — bk, 5) < w,
p(wlaw% ey Wh—1, W — lk: 5) < w

holds good for all positive integers k. Now, we have

S(wy, we, ... Wp_1, k. — v; ()

Cx C Cx .
> (wl,wg,...,wnl,wk—v,i) EIRY (wl,wQ,...,wnl,wk—lk,—)

>l-w)d(1l-w)>1-0
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and
R(wy, we, ..., wp_1,l —v; ()
<R (w1,w27 ey Wy, W — U g) oR (w1,w27 e Wy, W — g g)
<wdw <o,
o(wi, wa, . .., Wp—1, 1 —v; ()
NS <
Sp w17w27”'7wn—17wk_va§ @p w17w27"'7wn—17wk_lka§
<wdPw < oo.
Since 0y(M) =1,
Wk e, S(w,ws,...,wy 1,lxg —v;()>1—0
and R(wq, we, ..., wp_1,lk —v;() < 0, p(wy,wa, ..., wy_1,lx —v;() < 0o}) =1
Hence [ € m(ST(N,)). This completes the proof. O

6. \-statistically completeness in Nn-NLS

In this section, we proceed with definig A-statistically Cauchy sequence and dis-
cussing A-statistically completeness with respect to N,,.

DEFINITION 6.1. Let {wy} be a sequence in a Nn-NLS &X'. Then {w} is named
to be A-statistically Cauchy sequence with respect to N, (in short Sy(N,,)-Cauchy

sequence) if for every o € (0,1),¢ > 0 and nonzero wy, ws, ..., w,_1 € W there exists
ko = ko(o) € N such that
Wk e, : S(wy,ws,...,wy_1,w —wy,;¢) <1—0or
R(wy, wa, ..., Wy 1, W — Wgy; €) > 0 and p(wy, wa, ..., Wy_1, W — Wky;¢) > 0}) = 0.

Or, it can be restated as

lim,, ﬁ|{k €L, : (wy,wa, ..., Wy 1, W — Wk;¢) <1 —0 or
R(wy, we, ..., Wn—1, Wy — Wgy; ¢) > 0 and p(wy, wa, ..., W1, W — Wky; §) > 0} = 0.

THEOREM 6.2. Let {wy} be a sequence in a Nn-NLS X. If {wy} is S\(N,)-
convergent, it is S\(N,,)-Cauchy sequence.

Proof. Let {wy} is Sx(N,)-convergent to v. Let o € (0,1) be given. Choose
w € (0,1) such that (1 —w)H (1l —w) >1—0 and w® w < o. Then for any ¢ > 0
and nonzero wy, way, ..., w,_1 € W, A-density of each of

{keIn : %(wl,wg,...,wn_l,wk—v;g> > 1—w},

kel,: %(wl,wg,...,wn_l,wk—v;g) <w}

Ai
As

and Az = {keIn : p(wl,wg,...,wn_l,wk—v;g) <w}
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is 1. Let B=A4; N Ay N A3. Then §,(B) = 1. So, let k € B and thus, choose kq € B.
Then

%(wbw% vy Wp—1, W — Wk C)

>3 (w1;w2,~~>wn—1,wk—v;%) BN (wlaw2a"'7wn—1awko —v;%)
>l-w)B(1—-w) > (1—-o0)
and

R(wy, wa, ..., Wy_1, W — Wy; C)

<R (w1,w2,...,wn_1,Wk —U;g) DR (wl,wg,...,wn_l,wko —U;%)

<wdw < o;
oWy, Wa, ..., Wy_1, Wk — Wiy; C)

< (w17w2,~~7wn—1,wk —U;§) D p (w17w27"'7wn—1awko —U;—>

<whw<o.
Therefore,
Wk e, : S(wy,ws,...,wh_1, W —wWg,;¢) <1 —0 or
R(wy, wa, ..., Wy1, W — Wky; €) > 0 and p(wy, wa, ..., Wy—1, W — Wky;C) > 0}) =0,
ie., {wy} is Sy(N,)-Cauchy sequence. O]

THEOREM 6.3. Let {wy} be a sequence in a Nn-NLS X. If {wy} is Sx(N,,)-Cauchy
sequence, it is Sy(N,,)-convergent.

Proof. Let {wy} be S\(N,,)-Cauchy sequence but not Sy(N,,)-convergent. Then for
€ (0,1),¢ > 0 and nonzero wy, wy, ..., w,_1 € W there exists kg = ko(c) € N such
that J,(K) = 0 where

K=AkeZ,: Sw,wy,... wy1,wp—wg;¢)<1—0cor
R(wy, wa, ..., Wy_1, W — Wgy; ¢) > 0 and p(wy, wa, ..., Wy_1, W — Wky;¢) > 0}) = 0.
And, 0\(M) = 0 where
M=Ak eI, S(wy,wg,..., wy_1,w —U;g) >1— 0 and
R(wy, wa, ..., Wy_1, W — V; %) < o, and p(wy, wa, ..., Wy_1, W), — U; %) < o}
Since
S(wy, wa, . oy Wy 1, Wi — Why; €) > 25 (wl,wz, e Wh1, W — U 5) >1—0
and
¢
R(wi, wa, ..., Wo_1, Wy — Wky; () < 2R <w1,w27 <y Wp—1, Wk — U; 5 <o
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if
%(wbw?a"wwn—bwk _Uag) > 1_TU
and §R(w1,w2, ey Wy, W — U %) < %,p(wl,wg, ey Wy, W — U %) < 2.
It follows that
Wk e, : S(wr,ws,...,wWh_1, W —wWi,;¢) >1—0
and R(wy, we, ..., Wy_1, W — Wiy; C) < 0, p(wy, Wa, ..., Wy_1, W — Wi,; () < 0}) =0

which means 6, (K¢) = 0 that implies 6(K) = 1 by which we arrive at a contradiction.
Hence {wy} is Sy\(N,)-convergent to v € W. It ends the proof. O

DEFINITION 6.4. A Nn-NLS is named to be A-statistically complete (in short
S\ (N, )-complete) if every Sy(N,,)-Cauchy sequence is Sy(N,,)-convergent.

REMARK 6.5. In the light of Theorem 6.2 and 6.3, we conclude every Nn-NLS is
Sa(M,)-complete.

Now, on the basis of Theorems 3.8, 6.2 and 6.3 we state an equivalent result.

THEOREM 6.6. Let {wy} be a sequence in a Nn-NLS X. Then the below properties
are gratified:

1. {wy} is S\(N,)-convergent;

2. {wy} is Sx(N,)-Cauchy;

3. There exists a subset C = {k; < ky < --- <k, < ---} C N such that §,(C) =1
and the subsequence {wy,} is an ordinary Cauchy sequence with regard to N,.

Conclusion and future developments

In this research paper, we have introduced Sy (N,,)-convergence and Sy (N,,)-Cauchy
sequence and obtained that every Nn-NLS is Sy (N, )-complete. Also, we have defined
[V, A]-summability with respect to N, and proved that (V,\)(N,)-convergence im-
plies S\(N,,)-convergence. And, the converse is true whenever the sequence belongs
to loo(Ny,). Also, the relation between S(N,,) and Sy (N,,)-convergence has been ob-
tained. In future, based on this research work, one can generalize this notion in the
context of ideal and nurture it related to multiple sequences. Also, this idea can be
used in the field of convergence related problems in many branches of science and
engineering.
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