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GENERALIZED HILBERT OPERATOR ON BERGMAN SPACES

SiMI BHUYAN AND SUNANDA NAIK*

ABSTRACT. We consider the generalized Hilbert operator Hg for 5 > 0 and find the
condition on the parameter 3 for which the operator Hz is bounded on the Bergman
space AP for 2 < p < oo. Also, we estimates the upper bound of the norm on AP.
Further shows that Hz is not bounded on A? for 0 < 8 < 1.

1. Introduction

We denote D as the unit disc in the complex plane C. We consider the generalized
Hilbert’s inequality, as stated in [7] gives that for § > 0, if 1 < p < 0o and (a)ken, €

(P then the following inequality holds:
ny DDA+ >0 v
. ) TG ﬁ)(Dmp)
Di+5) \ 2

(n 0
We call this as generahzed Hilbert inequality, since when g = 0, it is the well-known
Hilbert inequality

(>

n=0

Fn+ B+ 1DI(n+k+1)
“T(n+1)I(n+k+5+2)

k=

(e o]

Stl) <aim(Zer)

k=0

The constant 7 is best possible (see [4]). Thus the so-called generalized Hilbert
'n+B+1)I'(n+k+1)

matrix for § > 0, Hg =
=0, Hy (mn+mmn+k+6+m
as an operator on spaces of analytic functions by its action on the Taylor coefficients.

If fis analytic on D with f(z) = > a,2", then for § > 0, so-called generalized
n=0
Hilbert operator denoted by Hgs is defined by
=T+ B8+ 1) (n+k+1) .
Hﬁ@»_§:<§:Nn+Drm+k+ﬁ+2ﬂkZ'

n=0 k=0

),n,k:O,l,Q...canbeviewed

The operator Hz was introduce in [6]. In particular 5 = 0, gives the classical Hilbert
operator H. In [12], we proved that the operator Hz is bounded on Hardy space H?
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for 2 < p < 0o and found the upper bound for its norm see ( [12], Corollary 3) as
given below:

P )P (1-2+8
[Hpl[mr < <>F($+6) >

We also the proved the above inequality holds for analytic functions f on D for
1 < p < 2. Also in [13] obtained that the operator Hz is bounded on Dirichlet spaces.

Motivated by [3], in this article, we proved that Hs is a bounded operator on the
Bergman spaces AP for 2 < p < oo, which consist of analytic functions f on D for

which

| £ Vo= / FEPdm(z) < oo

where dm(z) = %dxdy is the normalized Lebesgue measure on D. We also found norm
estimates of Hg on AP spaces for 2 < p < oo.

2. Preliminaries

In this section, we shall discuss few results which we will use to proof our main
results. First, we will find an integral form of Hz. We provide an representation of
Hp involving weighted composition operators for which we estimate AP space norm.
This representation is similar to the one use to prove the boundedness of generalized
Cesaro operators, Cesaro operator on the Hardy spacess, Bergman spaces and Dirich-
let spaces (see [8,9,14,15]). Further in [10, 11], this representation is used to proof
the boundedness of generalized Cesaro operator on BMOA and Bloch type spaces.

LEMMA 2.1. Let f € AP for p > 2. Then

f )1 —t)°
(1—tz) 5“
and Hpf € AP.

Proof. Let us consider the operator
1
f)(1— t
)= [H00,
0

The convergence of the above integral is ensured by the Fejer-Riesz inequality.
Let f € AP for p > 2. From ( [16], Corollary, p.755), we have

) 1< (=) 1l
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Since B > 0, we get

1
(1—1)°
S5(HE < NFllar / a dt
S (L= t)7 [ -tz
[ 1>2dt
1—-t)p
< p
< il [ 42 <.

[e=]

which shows that the operator Sp is well defined on AP spaces. Now, given f(z) =
[es) N
Yo anz™ € AP let fn(2) = ) anz™, we obtain

n=0

Hp(fn)(2) =

0 —0 F(n+1)F(n+k+B+2)akz

n—=

_ 1 °°rn+5+1 n
- r<5+1>2% O (Z/”kl_tﬁdt)“’”)

k=0 7

- r(61+1)§%r(?(+5+1 (/ ful8)(E2) (1_”%)

(B4 1,n)(1,n)
—~ (Ln)(1,n)

- / ()1 - 1) (t2)" dt

— /f (1 —t)°F(B+1,1;1;tz) dt
B In() (1 —t)Pdt
N / (1—t2) ﬁ“

= SBfN( z).
Therefore, Hz is well defined on polynomials. Also, for z € D and p > 2, we see that

1 1

_ LnE
< [0SOy <y gy, (L7,
0 0

|| ||

Sp(f)(2) = Hp(fn)(2)

Thus the series

a2
oo n+1 n+k+5+1)

converges as N — oo and defines an analytic function given by

Hy(/)(2) = / e

which belongs to the Bergman Spaces A” for p > 2. m
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Next result demonstrates how Hg can be expressed as the average of certain
weighted composition operator.

Every analytic function ¢ : D — D defines a bounded composition operator Cy :
f— foponAP for 1 < p < oo. The norm of this operator satisfies the inequality (as
shown in [2],p.127)

2) ICollws (15501

Furthermore, if w(z) is bounded analytic function, the corresponding weighted com-

position operator

Cuo(f)(2) = w(2)f(6(2))
is bounded on each AP. This is the only property of the operator that will be relevant
for our purposes.

The relationship between the Hilbert matrix and composition operators is estab-
lished as follows:
The operator Hz can be written in terms of composition operators.

LEMMA 2.2. Let f be analytic in the D. Suppose z € D and 0 < r < 1. Then

%mwwa/ﬂux@@

where

Tt(f)l(z) = wi(2) f(du(2)) (1~ 1)7,

and  ¢y(2) = !

w(z) = t—Dert1

(t—1)z+1
Proof. We define

1_
(3) /f 1_tt6+1dt'

Then, we have
Hy()(z) = im G, (£)(2)
Given z € D, we choose the path of integration as follows:

t(s) = t.(s) = e

mdt, 0 < s < 1. By changing variable in (3), we obtain

CNG) = f?51‘2ﬁ>u@w

_ /r(@—lw+1—r@Wﬁ@»@
(1—r2)f(r(s—1)z+1)

Now, suppose f € A where p > 2. For every z € D and 0 < s < 1, define

ho(s) = ““S—UZ+1—r@if<( s )

(1—rz)f(r(s=1)z+1)" \r(s—1z+1
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 r(r(s=1)z4+1—rs)
N CO)!
rs
h -
where ¢r.(2) r(s—1z+1
Since, [r(s — 1)z + 1| >1— 2], for 0 < s,7 < 1,and |r(s — 1)z + 1 —rs|? <2 as
£ >0, we find

which is an analytic self-map on D.

rlr(s — 1)z +1 —rs|’ 226+1
(r(s = Dz + (1 —r2)|? = (1= [22)7+!
Thus, from (1), we obtain

|fo¢rs(2)] <

1

W | fodrs(2) ||lar

and from equation (2), we obtain

2
1+|grs(0)] | ©
| f06ns(2) v < (—Jimioil) I/ v

2

P
< (£) 17 1o
The above estimates lead to
225-‘1-1 1 + s %
ha(s)] < 2( ) 17

(1= |22 L=

For p > 2, the expression on the right hand side is an integrable function of s, so by
applying Lebesgue’s dominated convergence theorem, we can conclude that

N Gt VER S S rs
Hﬂ(f)(z)_}gqo (1—rz)8(r(s—1)z+1 )f(r(3—1)2+1)d8

1
1—5 s
d
/ s—1)z+1 <(s—1)z+1) °
0
as

1

%ﬂ@z/ﬂﬂ@ﬁ

0

In other words, we can represent Hpg

of the family of weighted composition operator

T()(2) = wil2) f(4(2)) (1 = )7,
where wy(z), ¢4(2) as defined in the hypothesis. O
Thus, it is easy to observe that w; is a bounded function for 0 < ¢t < 1 and that ¢,

is a self map of unit disc . Consequently the operator T} : A? — AP, 1 < p < o0, is
bounded on AP for every 0 <t < 1.
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LEMMA 2.3. For every analytic function f,

/|f )[Pdm(z) /yzf )[Pdm(z)

3. Main Results

In this section we state and prove the main results of this article. We first find
estimates for the norms of the weighted composition operators 7; and then we demon-
strated that Hgs is bounded on Bergman spaces AP and we also give norm estimates.

PROPOSITION 3.1. Suppose 2 < p < oo, then
(i) If 4 <p < oo and f € AP, then

29
tr
—— 5 I [l

IT(f) lar<

1—t)s

(i) If 2 < p <4 and f € A? then

1 2
2
t

97—p A\ 7 P
150 = (5= +2) g 1 o

Proof. Let f € AP where p > 2. A simple calculation gives

2 1 /
wi(2)” = mﬁbt('z)-

1
Using the above equation, since p > 4 and |w;(2)| < 7 we get

() e = /th(Z)lplf(cbt(Z))lp(l—t)ﬁdm(Z)

= (1=t / ()P (@I 1642 dm(éi(2))
< W / |/ (2)[Pdm(2)

¢t (D)

[
T 21— )2 A

We compute the inverse of ¢,:

and
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For the case 2 < p < 4. We have

_ )8 p—4
1T W = s | @] 1r@pdn)
¢+(D)
(1—1t)° w|P™? »
ﬁﬁtﬁ§/)?‘ |f(w)[Pdm(w)
#¢(D)

S = )

Now, if we proceed similar to the proof of the Lemma 2(ii) in [3]. We conclude
that for 2 < p < 4,

I 27—]? 24 » t2_p )
< - 71 n\o-3 .
- (9(]? - 2) + ) (1 _ t)2_5 H / HAp

Thus, we have the estimate. This complete the proof. O

Now we can state and proof the main results.

THEOREM 3.2. The operator Hg is bounded on Bergman spaces AP,2 < p < oo.
Further, if § > 0 satisfies the following inequalities:

(i) If 4 <p < oo and f € AP, then

r
| Hp(f) [|lar<

(iii) If 2 < p < 4 and f € AP with f(0) = 0, then

sT(AT(B+1—2
|Mwuwms<g+g <ﬁ&§in 2)

I {lar -
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Proof. Let f € AP, By applying Minkowski’s inequality, we have

| Hs() e = (/kuxm%mwﬂé

- (/«fﬂqxazmwﬁé
[ ([ o]

D
1
- /Hﬂﬁwmdt
0

IN

dm(z)) %dt

T (f)(2)

Using Lemma 2 for p > 4 we conclude

1

| Ha(F) lao Sg/ﬁ”G—ﬂgﬁﬁHfMP

0

_ 5(2,@él3-+1)\|qup
p

2

‘l’t

L)L
e

1
;)Hfhw

1

=+ |

Similarly, for 2 < p < 4 and f € AP we have

97-p v o
H P PR ) — »
190 L < (5ot /u =l

t

B—2
(5 +1)
8

1S Nl -
;+1)

For the proof of case(iii), let f € AP where 2 < p < 4 with f(0) = 0, and express
f(z)=zfo(z). Using Lemma 3 we get function f; belongs to the Bergman space and
satisfies the inequality

( o p>ﬂ(3

9p—2)

1
p p
1ol (5+1) 17

Indeed, this estimate is a special case of a results concerning AP inner functions ( [5],
Corollary 3.23).
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Now we compute

(1—1t)° t
= 1)z+1f((t— 1)z+1)dt

= / ((t(—l 1_),??1)2f°((t_ 1t)z~|— 1)6“

1—1t)?
t

~ [ s

s
where S,(g)(2) = U5 ¢1(2)” 9(én(2)), g € A7, and ¢u(2) = G
An easy calculation shows that

Ha(f)(2) =

o
= =

¢e(2)* foldr(z))dt

Il
o\ =
— —
—

t
(bt(Z)Z = E(Zb;(Z), A ID),O <t<l.
It follows that

I Si(9) [[4r (2)[|g(0e(2))[Pdm(z)

< (- / By ()P4 2 dm5(2)

t“

- T / [6e(2) 27 lg(on(2)Pdm(54(2)

t>r
= m I %
Hence,
2
tr —1
I'Se(9) lar< T Ig llar -
— P

To calculate the norm of H, we proceed as follows

1,
ot
170 L < ( /5 ) Lol
= B %;1‘1‘5—— | fo lla
PG+~ 2)
e P

_]20)

[P

IA
N
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_l’_

-
N———
s
e
U
=

r'B+1)

15
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which is the desired result. This completes the proof. O

For the proof of the next result we need Gaussian hypergeometric functions and
some of its properties see, for example, [1]. The classical/Gaussian hypergeometric
series is defined by the power series expansion

Fmﬁmm):2;%53%£%§ (2] < 1).

Here a,b, ¢ are complex numbers such that ¢ # —m, m= 0,1,2,3... and (a,n) is the
pochhamer’s symbol which is defined as

['(a+n)

(a,m) =ala+1)...(a+n—1)= I(a)

,neN
and (a,0) =1 for a # 0.

Let D be the usual Dirichlet space of analytic functions on D with square summable
derivative. The following result is well known (see [3]).

LEMMA 3.3. Each bounded linear functional on the Bergman space A? can be asso-
ciated to a function g € D (by the pairing < f,g >=Y . a,b,) and the association
is an isometric isomorphism of the spaces.

We will use the above Lemma to prove the following result:

PROPOSITION 3.4. Let 0 < 3 < 1. There is no bounded linear operator T : A? —
A? satisfying :
Fin+ 1)I'(B+1)
Ln+p5+2) 7

T(&)(0) = n=0,1,2,...,

where &,(z) = 2".

Proof. Assume, to the contrary, that there exists an operator T'. Using the pairing
that defines an isometric isomorphism between A% and D, we find that the adjoint
operator T% : D — D is bounded and satisfies the following relation.

(4) <T(f),9>=<f.T"(9) >,
for all f € A% and g € D. Now, let’s choose g = 1 and express T*(1)(z) as the Taylor
series: T*(1)(z) = chz”, where T*(1) € D. Using (4) for f =&, and g = 1, we

have "
Fn+1DHI(B+1)
I'(n+p+2) T(&n) ()
= (T(&),1)
= (&, T = (1))

= Cp,
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for every n =0,1,2, ..., hence
) T+ e+,
k) = ;} Tn+p+2)
1l = (Om@n) |,
B 6+1;(5+2,n)(1,n)2
1
— —(ﬁ+1)F(1,1,5+2,z).

In view of following well-known Gauss identity
F(a,b;c;2) = (1 — 2)“"F(c —a,c — b;c; 2),

and using the derivative formula for Gaussian hypergeometric function F’(a, b; ¢; z) =
LF(a+1,b+ 1;¢+1; 2) (see [1]), we find

2
* 112 _ 1 ' . . 0|2
/D|(T (1)(2) [dm(z) = mo//o |F(2,2; 64 3;re”)|” drdf
2T _ T6i9‘2(5—1)

= l 1{1 . 0 |2
B WO//O (6+1) |F(B+1,8+1;8+3,re”)|" drdo.

Now
27

1 o
// L= r 7 drdp > //(1—r)2/3|1—m"9\‘2 dr df
0 0
0 0

2
1
> // (1= |2(1 = re?)| ™" drdo.
0
0

Since |F(B+1, B+1; f+3,7€?)| < M if 0 < B < 1 and the integral f(f“ 12(1 — re'?)] L ae
is not finite, we get the function 7*(1) is not in D. O
From the above Proposition, we obtain the following:

COROLLARY 3.5. The operator Hg, for 0 < 8 < 1 is not bounded on A%

Proof. Using the integral form of Hg given in Lemma 1, we have

Ha(en)(0) = I

The desired result follows from the Proposition 7. n

=0,1,2,....
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