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A NORMALIZED TIME-FRACTIONAL LOTKA-VOLTERRA MODEL

JUNSEOK KIMm

ABSTRACT. In this study, we present a normalized time-fractional Lotka—Volterra model
by using a normalized time-fractional derivative. To reflect memory property in biolog-
ical systems, the time-fractional Lotka—Volterra model extends the traditional Lotka—
Volterra system, which models predator-prey dynamics, by incorporating fractional cal-
culus. The normalized fractional derivative possesses distinct advantages over existing
fractional derivatives, notably the property that the sum of the weighting function equals
1. We provide a comprehensive description for a numerical solution algorithm of the pro-
posed model and conduct computational simulations to illustrate the effects of varying
the fractional order on predator-prey interactions. This study contributes to the ongoing
development of fractional-order models in population dynamics and provides new insights
into the behavior of predator-prey systems governed by fractional time evolution.

1. Introduction

The Lotka—Volterra model is a widely recognized framework for understanding predator-
prey dynamics in ecological systems. It offers a simple yet effective way to examine how
predator and prey populations change over time, which often shows cyclical patterns. This
model provides valuable insights into population stability and the influence of various en-
vironmental factors. Its applications extend across fields such as microbiome research,
conservation, and ecology [6], and recent studies have further explored its relevance in
more complex ecosystems [17], including cancer cell competition [4] and microbial commu-
nities [5].

The time-fractional Lotka—Volterra model builds upon the classical version by incorpo-
rating fractional calculus, which allows for the representation of memory effects in biolog-
ical systems [7]. This feature is especially important for systems where the current state
depends not only on the present but also on past states, which offers a more accurate
description of complex population dynamics [14, 18]|. Fractional derivatives enhance the
model’s ability to capture long-range interactions and anomalous diffusion often observed
in ecological systems. For instance, Owolabi [20] investigated equilibrium stability and
Hopf bifurcation in a three-component time-fractional predator-prey model, while Jafari
et al. [7] and Kumar et al. [13] applied Caputo-Fabrizio and Atangana—Baleanu operators
and proposed numerical methods to analyze system behavior and stability. Ali et al. [1]
investigated the existence, stability, and dynamics of a modified predator-prey model using
the fractal-fractional order operator in the Caputo—Fabrizio sense and established stability
conditions through nonlinear functional analysis and demonstrated that small immigrations
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can stabilize predator-prey populations using numerical results. Jialin Chen et al. [2] stud-
ied a prey—predator model with a Holling-II function and created a stable nonlinear decision
surface for binary classification, validated through experiments on synthetic and EEG sig-
nal data. For an overview of various predator—prey models that capture diverse behavioral
dynamics in ecological systems, readers are referred to a recent review article [21].

Conventional time-fractional derivatives, however, are not normalized, as their weight
functions do not sum to unity. To resolve this and provide a fair comparison in studying
fractional order effects on evolutionary dynamics, this paper adopts a normalized time-
fractional derivative for the Lotka—Volterra model.

The remainder of this article is organized as follows. In Section 2, we describe the
proposed novel normalized Lotka—Volterra model. Section 3 presents a numerical solution
algorithm. In Section 4, computational tests are performed. Section 5 provides a discussion.
Section 6 concludes the paper with a summary.

2. Proposed normalized Lotka—Volterra model

The Lotka—Volterra equations, commonly referred to as the predator—prey model, are
used to model the dynamics of biological systems involving two interacting species: one as
the predator and the other as the prey. The population dynamics evolve over time based
on these two equations:

(1) dl;gf) — Buu(t) — u(tu(t),
(2) dl;—(:) Osu(t)v(t) — O4v(t),

where u(t) and v(t) are the prey and predator at time ¢, respectively. The parameters
01, 0, 03, and 0, are positive and represent the growth/decay rate of the population and
the competition coefficients. The parameters ¢; and 6, are the maximum per capita growth
rate of the prey and the impact of predators on the prey’s mortality rate, respectively. The
parameters 63 and 0, correspond to the predator’s per capita death rate and the influence of
prey presence on the predator’s growth rate [7]. In this study, we present a normalized time-
fractional Lotka—Volterra model based on a normalized time-fractional derivative [8,15,16]:

(3) %o(f) = Oru(t) — Gu(t)v(t),
(4) TV gutyls) - ba0(0)

where the normalized time-fractional is defined as follows:

du(t) 1—a ["du(s) ds
(5) B /0 ds (t—s)>’

dte tl—a
Here, the term (1 — «)/t'~® preceding the integral in Eq. (5) is designed to normalize
the derivative in the following sense. When du(s)/ds = (3 is constant, then it follows that
d*u(t)/dt* = B. In other words,

d*u(t) 1-—a« l—a [P ds
(6) d T e //Bt—s =P /0 (t—s)a:ﬁ'

Furthermore, d*v(t)/dt®, is defined in a similar manner. Let w! (s) be a weighting function:

O0<a<l.

) wh(5) = s



A normalized time-fractional Lotka—Volterra model 89

Then, we obtain

®) Walt) = / wt(s)ds = 1,

which depends on neither a nor ¢ [10].
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FIGURE 1. (a) w!’(s) for various a values with ¢ = 10. (b) w ¢(s) for various
t values with o = 0.8.

Figure 1(a) shows the function w!%(s) plotted over interval [0, 10) for two different values
of a, specifically a = 0.2 and o = 0 8, while the parameter ¢ = 10 is fixed. The red dashed
line represents the plot for a = 0.2, and the blue dotted line corresponds to a = 0.8. Both
curves show how w!%(s) evolves as s increases from 0 to 10. The curves exhibit a sharp rise
as s approaches 10, particularly for larger values of o. Figure 1(b) displays the function
wh g(s) for two different values of ¢, specifically ¢ = 5 and ¢ = 10, while the parameter
a = 0.8 is held constant. The solid red line represents wgg(s), and the blue dashed line
represents wi(s). Both functions show an increasing trend as s approaches t. It is noted
that the area under each curve (the filled region) is equal to one.

3. Computational method

Let u, = u(t,) and v, = v(t,) for n = 1,..., where t, = (n — 1)At. Equation (5), can
be numerically solved as

du(tny))  l1-—a i /tw du(s ds
dte trd =1 (tns1 — s)*
~ Y 1_O‘/tp+1 Up+1 — Up
P_ ti_‘ff tp n+1 - 5 At
(9) _ i (n +1- ) (n — p)l—a Upt+1 — Up
nl-o At

p=1
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Hence, we obtain for Eqgs. (3) and (4) using Eq. (9):

n

Up+1 — U
(10) ng% = O1Uupy1 — O2Upy1Vp,
p=1
“ v v
| —
(11) ng% = O3upUpy1 — O40p 41,
p=1

where w}! = [(n+1—p)'~* — (n — p)'=°]/n'~*, which satisfies

(12) S =1
p=1

We rewrite the discrete system of Eqgs. (10) and (11) as follows:

At Y "
13 Uy, = u, +— | 1ups1 — Ootpiq v, — wh P ,
19 = e B (o = S
At — nUpt1 — Up
(14) Upt1 = Unp+ w_ﬁ (93unvn+1 — 04Up 11 — Z; pr .
p:

We reformulate the discrete system given by Eqgs. (13) and (14) in the following manner:

At 2 nUptl1 — U At(@l — QQUn)
(15) 1W1=<%—m “%Lﬂiﬁ/c‘__ﬁf_)

nop=1 n
At = nUp+1 — U At(@;;un — 94)
e ( Tu wT> /(-55)

4. Computational experiments

We consider a set of test problems similar to those discussed in detail in [9], where
a comprehensive analysis of comparable cases was conducted. By using these test cases,
we want to assess the effectiveness and applicability of the proposed model in a manner
consistent with the prior study. This allows for a comparison of results and provides a
clearer understanding of the improvements introduced in the current study.

Figure 2 shows the computational results of prey-predator dynamics for different values of
the parameter «, obtained by solving the discrete Eqgs. (15) and (16) with initial conditions
u(0) = 1.3 and v(0) = 0.6. Figures 2(a), (b), (c¢), and (d) correspond to values of a equal
to 0.3, 0.8, 0.95, and 1, respectively. In these plots, u(t) is the prey population (solid blue
line), while v(¢) is the predator population (dashed red line), both as functions of time ¢.
The dynamics vary significantly with different o values. For smaller « values (e.g., in Fig.
2(a)), the system tends toward a steady state, where the predator and prey populations
stabilize after a few oscillations. In Fig. 2(b) and (c), as « increases to 0.8 and 0.95, the
oscillations persist longer, which indicate more extended interactions between predator and
prey. It is noted that the amplitude of the oscillations decreases in both cases. Figure
2(d), where « equals 1, shows increasingly pronounced, sustained, and periodic oscillations,
which suggests a less stable dynamic system. Here, the values 8 = 6, = 03 = 0, = 1
and At = 0.001 are used. The increasing amplitude and persistence of oscillations with
higher o values highlight the effect of o on system stability and predator-prey interaction.
The computational results illustrate that as « increases, the system shifts from a stable



A normalized time-fractional Lotka—Volterra model 91

equilibrium to a more oscillatory and potentially unstable dynamic, with prey and predator
populations fluctuating over time rather than converging to a constant value.
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FIGURE 2. (a), (b), (¢), and (d) are the numerical results for o =
0.3, 0.8, 0.95, and 1, respectively. Here, 6; = 0y = 03 = 0, = 1 are used.

Figure 3 illustrates the computational results for predator-prey dynamics using the nor-
malized time-fractional Lotka—Volterra model for various values of the fractional parameter
a=0.3, 0.8, 0.95, and 1.0, with three different initial conditions: «(0) = 1.3, v(0) = 0.6;
u(0) = 1.7, v(0) = 1.3; and u(0) = 0.5, v(0) = 1.5. Figures 3(a), (b), (c), and (d) represent
the dynamics for each of these a values. For a = 0.3, the trajectories from the three initial
conditions display a spiral pattern, converging to a stable equilibrium point. The system
quickly stabilizes, with less pronounced oscillations, as shown in Fig. 3(a). As « increases
to 0.8, the system exhibits more sustained oscillations compared to o = 0.3, as illustrated
in Fig. 3(b). The trajectories spiral inward more gradually, which indicates slower con-
vergence to the equilibrium point. The system maintains a more complex predator-prey
interaction before stabilizing. At a = 0.95, the oscillations become more pronounced, with
the trajectories completing additional loops before converging. The slower inward spiral,
as shown in Fig. 3(c), suggests a stronger influence of memory effects and delays sta-
bilization and extending the oscillatory phase. For o = 1.0, the trajectories form closed
orbits rather than converging to a fixed point. This is the classical Lotka—Volterra behavior,
where predator-prey populations undergo perpetual cycles without damping. The dynamics
maintain stable, periodic oscillations and this behavior reflects a persistent predator-prey
interaction that does not settle into a steady state, as displayed in Fig. 3(d). As a increases,
the system’s oscillatory behavior becomes more pronounced, with slower convergence to-
ward equilibrium. The initial conditions affect the trajectories when « is less than 1, with
all trajectories converging to the equilibrium point. However, when o = 1, the system
forms closed loops that pass through the initial points and it results in persistent cycles.
As « decreases, the fractional effects become more pronounced and it leads to slower con-
vergence, which highlights the increased influence of memory effects in the system. This
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analysis highlights the impact of the fractional parameter o on the system’s memory and
the dynamics of predator-prey interactions.
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Ficure 3. (a), (b), (c¢), and (d) are the numerical results for different val-
ues of = 0.3, 0.8, 0.95, and 1, respectively, with three initial conditions,
(u(0),v(0)) = (1.3,0.6), (1.7,1.3), and (0.5,1.5). Here, §; = 0y =05 =0, =1
are used. The temporal evolution is observed up to time ¢t = 25.

Figures 4(a), (b), (c), and (d) show numerical results for different values of the parameter
a and represent the dynamics of a prey-predator model. The variables u(t) and v(t) are
prey and predator populations, respectively, as indicated by the legend in each plot. The
curves show the evolution of these populations over time ¢, from 0 to 20. Figures 4(a) to (d)
correspond to different values of a: (a) & = 0.3, (b) a = 0.8, (¢) @ = 0.95, and (d) a = 1.
The solid blue line is the prey population u(t) over time, while the dashed red line is the
predator population v(t) over time. In Fig. 4(a), the prey and predator populations quickly
stabilize at a lower steady-state value. In Fig. 4(b), the prey and predator populations
exhibit some oscillatory behavior before approaching steady states. In Fig. 4(c), more
persistent oscillations are observed and gradually approaching a steady state. In Fig. 4
(d), the oscillations become more pronounced and indicates cyclical dynamics between the
prey and predator populations. Low «a values, as shown in Fig. 4(a), result in damped
behavior, with both prey and predator populations stabilizing at steady-state values over
time. In contrast, higher « values, such as in Figs. 4(c) and (d), lead to more pronounced
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Ficure 4. (a), (b), (c¢), and (d) are the numerical results for a =
0.3, 0.8, 0.95, and 1, respectively. Here, ; = 6 = 03 = 1 and 64, = 0.5

are used.

oscillatory dynamics, where both populations experience repeated cycles of growth and
decline. Specifically, Fig. 4(d) highlights stronger predator-prey interactions and shows
periodic fluctuations in population sizes. The parameter « influences the intensity and
frequency of these oscillations, with larger a producing more prominent periodic behavior.
These computational results demonstrate the time evolution of a prey-predator model under
varying « values. As « increases, the system transitions from a stable state with minimal
oscillations (Fig. 4(a)) to more dynamic, cyclical population interactions (Figs. 4(c) and
(d)), following typical predator-prey dynamics.

Figure 5 shows the phase plane dynamics for different values of the parameter a. The
system’s temporal evolution is observed up to time t = 25, with three different initial condi-
tions: (u(0),v(0)) = (1.3,0.6),(1.7,1.3), and (0.5, 1.5), as marked by the different symbols
(circle, square, and triangle) on each plot. In Fig. 5(a), with a = 0.3, the trajectories
approach a steady state where the populations stabilize. The inward spiral orbits indicate
that both the prey (u) and predator (v) populations gradually reach equilibrium without
continued cycles. In Fig. 5(b), with (a = 0.8), the oscillations persist longer than in Fig.
5(a), with trajectories spiraling toward the steady-state solution more slowly. The system
shows oscillatory behavior but eventually approaches equilibrium, though more gradually
than in the previous case. In Fig. 5(c), with (v = 0.95), the system displays more per-
sistent oscillations, where the trajectories take significantly more time to settle down to
a steady state. The oscillations are more prominent than in Figs. 5 (a) and (b), which
indicates that increasing « introduces more pronounced dynamic interactions between the
populations before reaching equilibrium. In Fig. 5(d), with (o = 1), this case represents
periodic behavior, where the populations of prey and predator exhibit closed orbits in the
phase space, which indicates sustained cycles with no decay in amplitude. The popula-
tions repeatedly rise and fall in a cyclic manner, which suggests a balanced predator-prey
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Ficure 5. (a), (b), (c), and (d) are the numerical results for a =
0.3, 0.8, 0.95, and 1, respectively, with three initial conditions, (u(0),v(0)) =
(1.3,0.6), (1.7,1.3), and (0.5,1.5). Here, ; = 03 = 03 = 1 and 64 = 0.5 are
used. The temporal evolution is observed up to time ¢ = 25.

relationship without approaching a steady state. As « increases from 0.3 to 1, the system
transitions from damped oscillations and steady states (Fig. 5(a)) to more persistent oscil-
lations (Fig. 5(c)), and finally to periodic, sustained cycles (Fig. 5(d)). The parameter o
controls the strength and persistence of the oscillations, with larger « values leading to a
shift from damped dynamics to periodic behavior.

5. Discussion

The numerical method used in this study provides an efficient and stable framework
for simulating the dynamics of the normalized time-fractional Lotka—Volterra system. By
discretizing the normalized fractional derivative using a convolution-type quadrature with
the normalized weights, the method ensures that the memory effects intrinsic to fractional
dynamics are accurately captured. A notable feature of the proposed algorithm is that
the discretized weights sum to unity, which preserves the normalization property. The up-
date formulation introduced in equations Egs. (15) and (16) avoids solving fully implicit
systems, which reduces computational complexity. The scheme exhibits robustness under
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various fractional orders a € (0, 1], and numerical experiments confirm that it can handle
both stiff and oscillatory regimes inherent to predator—prey systems. For small values of
a, the method successfully simulates damped dynamics, while for a = 1, it reproduces
periodic behavior consistent with classical Lotka—Volterra cycles. The numerical results
indicate that the algorithm maintains stability and accuracy across a wide range of initial
conditions and parameter choices. Moreover, the computational experiments demonstrate
that the algorithm captures the transition between asymptotically stable and persistent
oscillatory regimes as the fractional parameter increases. This confirms the method’s capa-
bility to resolve long-term behavior and delayed stabilization phenomena, which are typical
in memory-governed ecological models. Overall, the numerical scheme not only supports
the theoretical formulation of the normalized time-fractional model but also offers a reli-
able tool for further studies involving generalized memory effects in nonlinear dynamical
systems.

6. Conclusions

In this paper, we presented a normalized time-fractional Lotka—Volterra model to inves-
tigate the dynamics of predator-prey interactions by incorporating fractional calculus. Our
model, which uses a normalized time-fractional derivative, accounts for the memory effects
observed in biological systems. Through comprehensive computational experiments, we
demonstrated that the fractional parameter « significantly influences the system’s behav-
ior, with lower values leading to damped oscillations and stable steady states, while higher
values result in more persistent and periodic oscillations. The results highlight the critical
role of o in controlling the intensity and frequency of oscillations in predator-prey dynamics,
which offer a more flexible and realistic representation of complex population interactions.
The findings of this paper will be useful to research on fractional-order models and pro-
vide important insights into the application of fractional calculus in ecological systems.
In future work, we will extend the current study to a higher-dimensional time-fractional
Lotka—Volterra model [19], to space-dependent population dynamics [3], to population dy-
namics [12], and to the analysis of pattern formation in the Lengyel-Epstein system [11].

Appendix

The following MATLAB code implements the proposed normalized time-fractional Lotka—
Volterra model. This will be useful for those who wish to implement the code for simulating
and analyzing predator-prey dynamics within a fractional-order framework. This code il-
lustrates the numerical solution of the normalized time-fractional Lotka—Volterra model,
which expands the classical model by introducing normalized fractional derivatives to cap-
ture memory effects in the interactions between predator and prey populations.

LisTING 1. MATLAB program

clear; clf;
T=10; dt=0.001; Nt=round(T/dt);
u=zeros (Nt,1); % prey
v=u; % predator
t1=1; t2=1; t3=1; t4=1;
u(l)=1.3; v(1)=0.8;
flag=2; % flag=1 is alpha=1 and flag2 is O<alpha<l
beta = 0.95;
for n = 1:Nt
deno = n"(1—beta);
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for p = 1:n
w(p) = ((n+l-p)"(1—beta)—(n—p)"(1—beta))/deno;

end
F1=0; F2=0;
if n>1

for p = 1:n-1
F1 = Fl4w(p)*(u(p+1)—u( ;
. F2 = F24w(p)=*(v(p+1)-v(p))/dt;
end ’
if flag==
u(n+l)=u(n)+dt*xu(n)*(tl—t2*v(n));
Vgn—i—l)zv(n)—i—dt*v(n)*(

coefu=l-dt*(t1—t2*v(n))/w(n);
u(n+1)=(u(n)—(dt/w(n))*F1)/coefu;
coefv=l-dt*(t3*u(n)—t4)/w(n);
v(n+1)=(v(n)—(dt /w(n))«F2)/coefv;
end

end

t=linspace (0,Nt«dt ,Nt+1);

plot (t,u,’b—","linewidth ’,2); hold on

plot (t,v,’ r——"linewidth ’,2); grid on

xlabel (7t 7); legend(’u(t);, x’f(t)’)
axis ([0 10 0.5 1.7]);

1]

(4]
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