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MODULAR STABILITY RESULTS OF GENERALIZED QUARTIC
FUNCTIONAL EQUATIONS BY USING FATOU PROPERTY WITH
As-CONDITION

KANDHASAMY TAMILVANAN, SIRILUK DONGANONT*, JUNG RYE LEE,
AND CHOONKIL PARK

ABSTRACT. In this research work, we introduce a new kind of finite variable quartic
functional equation and examine the Hyers-Ulam stability of this quartic functional
equation in modular spaces via fixed point technique with the help of Fatou property
with Ag-condition. A counterexample is also provided to prove the non-stability for
singular case.

1. Introduction

Ulam [29] initially proposed the concept of a stability problem for a functional
equation in 1940 at the University of Wisconsin’s Mathematics Club, in relation to
the stability of group homomorphisms. Hyers [10] presented a partial response to
Ulam’s question for additive groups in the next year, assuming that groups are Banach
spaces. The direct method, which was introduced by Hyers in [10], has been used to
investigate the stability of numerous functional equations. Aoki [2] was the first to
expand Hyers’ theorem to the case of unbounded control functions. By reducing the
criterion for the Cauchy difference, Rassias [23] was able to extend the outcome of
Hyers’ theorem.

Fixed point methods are the second most frequent method for showing the stability
of functional equations. Baker [3] utilised a form of Banach’s fixed point theorem to
examine the stability of a functional equation in a single variable for the first time in
1991. Several researchers have used the fixed point method to investigate the stability
of various functional equations in different normed spaces (see [5,6,22,26]).

In 1950, Nakano [20] proposed the theory of linear modulars and the related notion
of modular linear spaces. Since then, various mathematicians have worked on them
extensively in [1, 13,16, 18,19, 21,28,32]. The concept of modular spaces has been
extensively applied to the analysis of interpolation concept [14,17] and as well as
other Orlicz spaces [21] until now.

Received February 1, 2025. Revised November 24, 2025. Accepted March 11, 2026.

2010 Mathematics Subject Classification: 39B52, 47H10, 39B72.

Key words and phrases: Hyers-Ulam stability; quartic functional equation; modular space; Fatou
property.

*Corresponding author.

(© The Kangwon-Kyungki Mathematical Society, 2026.

This is an Open Access article distributed under the terms of the Creative commons Attribu-
tion Non-Commercial License (http://creativecommons.org/licenses/by-nc/3.0/) which permits un-
restricted non-commercial use, distribution and reproduction in any medium, provided the original
work is properly cited.



132 K. Tamilvanan, S. Donganont, J. R. Lee, and C. Park

Using the fixed point approach of a generalised Jensen functional equation with
the Fatou condition fulfilling the As-condition of 0 < k < 2, Sadeghi [24] estab-
lished the Hyers-Ulam stability in convex modular spaces. In [31], Wongkum et al.
presented the Hyers-Ulam stability of quadratic functional equations, which is based
on enormous fixed point theory studies in the framework of modular spaces whose
modulars are convex, lower semi-continuous, but do not fulfill any relatives of As-
conditions. Many research papers on different generalizations and implications of the
Hyers-Ulam stability to a variety of functional equations have been recently published
(see [4,7,9,11,12,25,27,30,34]).

In [15], Lee et al. proposed the quartic functional equation as follows:

1) 6u+0)+62u—v) = 4[6 (u+v)+ 6 (u—v)] + 246(u) — 66(v)

and found its solution of (1) and demonstrated the Hyers-Ulam stability of the func-
tional equation. It is simple to demonstrate that ¢(v) = v* satisfies the functional
equation (1), which is known as a quartic functional equation and that every solution
of the quartic functional equation is a quartic mapping.

We develop a new finite variable functional equation, in this paper, which has the
form

Z¢(—Ui+ Uj) = (m—38) Z ¢ (vi + v + v + )
i=1 j=1

1<i<j<k<I<m
— (m* — 12m + 28) Z ¢ (v; +vj + o)
1<i<j<k<m
(m3 — 15m? + 60m — 68)
+ 2

Z ¢ (vi +v;)
1<i<j<m

m

(2) 42 ) bi—v)+ > 6 (2v)
1<i<j<m i=1
_ <m4 —17m3 + 86?2 — 148m + 168) Z ).

i=1
where m > 5, and concentrate on demonstrating that this equation has the same
solution as (1), i.e., ¢(v) = v'. We also use fixed point theory with the help of the
Fatou property with the As-condition to study the Hyers-Ulam stability of this quartic
functional equation in modular spaces. A good example is given to demonstrate the
non-stability of the single case.

2. Preliminaries

In this section, we recall some sufficient notions and concepts to achieve our results.

DEFINITION 2.1. [33] Let A be a vector space over a field K (C or R). A generalized
function p: A — [0, 00] is called a modular if for u,v € A,
(a) p(u) = 0 & u =0,
(b) p(Bu) = p(u) for all scalars g with |3] =1,
(c) p(Bu+~v) < p(u) + p(v) for all scalars ,v >0 and S+~ = 1.
If (c) is replaced by
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(c) p(Bu+yv) < Bp(u) +vp(v) for every scalars 3,7 > 0 and B + v = 1, then the
function p is referred to as a convex modular.

The modular p defines an appropriate modular space A, with
A, ={u e Alp(fu) — 0 as § — 0}.
DEFINITION 2.2. [33] Let A, be a modular space and {v,} € A,.

(1) vp 2 v if p(v, —v) = 0 as n — oco.
(ii) {v,} is known as p-Cauchy if p(v; — v,) — 0 as [, n tend to oo.
(iii) A subset 7" C A, is known as p-complete if every p-Cauchy sequence is p-
convergent in 7.

DEFINITION 2.3. [33] Let A, be a modular space and 7" C A, be a nonempty
subset. A mapping J : T — T is known as a quasicontraction if there is k < 1 such
that

p(Ju—Jv) < kmax{p(u —v), p(u — Jv), p(v — Ju), p(u — Ju), p(v — Jv)}
for all u,v € T.

DEFINITION 2.4. [33] For a modular space A,, a nonempty subset 7' C A, and a
mapping J : T'— T, the T orbit around a point v is defined by

O(‘]) = {U, JU, J2U7 T }7
and the quantity

T, (J) :==sup{p(p — q)lp,q € O(J)},

is called the orbital diameter of J at v. If T,(J) < oo, in particular, one says that .J
has an orbit of v that is limited to v.

Fatou property: A modular p is said to have the Fatou property if p(v) < lim,,_, inf p(v,,)

whenever {v,,} % v. A modular p is said to fulfill the condition A, if there is k > 0
such that p(2v) < kp(v) for all v € A,.

THEOREM 2.5. [33] Let B, be a modular space such that p fulfills the Fatou
property and T" C B, be a p-complete subset. If J : 7" — T is a quasicontraction and

J has a bounded orbit at v, then {J"v} 2 a, where a € T.

3. Solution of the functional equation (2)

In this section, assume that A and B are two real vector spaces.

THEOREM 3.1. If x : A — B is an even mapping which fulfills the equation (2) for

all vi,vq, -+ , v, € A, then the mapping x Is quartic.

Proof. By the evenness of x, we have x(—v) = x(v) for all v € A. Now, setting v; =
Vg = -+- = vy, = 01in (2), we have x(0) = 0. Letting (vy,va, -+ ,vp) = (v,0,---,0) in
(2), we get

x(2v) = 2*x(v), v € A.
Thus, for any nonnegative integer m > 0, we obtain

x(2Mv) = 16Mx(v), v e A
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and

X (%) = Mimx(v), v E A

Next, letting (vy,vq, -+, vy) = (u,u,v,0,---,0) in (2), we obtain

dRu+v)+¢2u—v)=4[p(u+v)+ ¢ (u—v)]+ 24p(u) — 66(v)
for all u,v € A. Hence the mapping y is quartic. n

4. Hyers-Ulam stability

In this section, assume that A is a linear space, B is a Banach space, B, is a p-
complete modular space and p is a convex modular on B, with the Fatou property
such that fulfills the As-condition with 0 < k£ < 2.

For notational handiness, we can define the mapping x : A — B, as follows:

1<i<j<k<I<m

+

m® — 12m + 28) Z X (v + vj + vg)
1<i<j<k<m

m? — 15m? + 60m — 68
_< 5 ) Z X (v + v;)

1<i<j<m

m

—2 Y x(vi—v) =D x(2v)

1<i<j<m i=1

m* — 17m3 + 86m? — 148m + 168\ —
+( . ) v

i=1
for all vy, vy, -+, 0, € A.

THEOREM 4.1. Let 7: A™ — [0, +00) be a function such that
(3) 7 (201, 209, -+, 20p) < 2°L7 (1, V2, -+, Up)

for all vi,vy,- -+ ,vy, € A with 0 < L < 1. If an even mapping 7 : A — B, fulfills
x(0) =0 and

(4) p(@X<U17U27'” 7Um>> §T<vlav27'” 7Um)7
for all vy,vy,--- ,v, € A, then there is only one quartic solution Q4 : A — B,
satisfying
1
(5) p <Q4(U> - X(U)) < 24(1 _ L)T<U7 0,- 70)7
for all v € A.

Proof. Let us define the set
T={s:A— B,}
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and the function p on T as
p(s) =:inf{A > 0: p(s(v)) < A7(v,0,---,0), Vv e A}

We will prove that p is a convex modular on Y. Clearly, p holds the axioms (a) and
(b) of a modular. So it is enough to prove that the function p is convex and so (c')
holds.

For any given § > 0, there exist A\; > 0 and Ay > 0 which are real constants such
that

Also
p(S(U)) < )\17—(1}707 T 70)7 p(t(U» < >\27-<U707 T 7O>7 veEA
For any 3,7 > 0 with 8+~ =1, we have

p (Bs(v) +7t(v)) < Bp(s(v)) +vp(t(v)) < (MB + A2y) 7(v,0,- - ,0)
and so we get
p(Bs +t) < Bp(s) +vp(t) + (6 +7)d.
Thus we conclude that the function p is a convex modular on Y.
Next, we will verify that Y5 is p-complete.

Suppose that {s,} is a p-Cauchy sequence in T5. Then for a given 6 > 0, there is
a nonnegative integer ng satisfying

(6) ﬁ(Sp—Sq)<5, V p,q = ne.
So we have
(7) IO(SP(U> - 811(”)) S 5T(U’07 e 70>7 (NS A’ P, q 2 no.

Therefore, {s,(v)} is a p-Cauchy sequence in B,. Since B, is p-complete, {s,(v)} is
convergent in B, for every v € A. Now, let us define a mapping s : A — B, by

s(v) = nll_rgo Sm(v), v € A

Since p has the Fatou property, by (7), we have
p(sp(v) = s(v)) < lim inf p (s,(v) — s,(v)) < 67(v,0,---,0)
q—0
and so
P (Sp - 3) <0

for all p > ng. Thus {s,} is p-convergent. Hence Y5 is p-complete.

Next, we will prove that p has the Fatou property. Suppose that a p-convergent
sequence {s,} converges to a point s € Y. For any given § > 0 and for every p € N,
there is a real constant A, such that

psp) < Ap < p(sp) + 0.

So
p(Sp(U)) < )\pT<U707 e 70)7 ve A
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Since p hsa the Fatou property, we get

p(s(v)) < lim inf p(s,(v))

p—0o0

< lim inf \y7(v,0,---,0)

- p—oo

< [lim inf p(s,) + 6] 7(v,0,---,0).

p-)OO
Thus we have

p(s) < lim inf p(s,) + 9.

p—00
Hence p has the Fatou property. Let us define a mapping ® : T; — 15 by

ds(v) = %5(20)

for all v € A and s € T5. For s,t € T; and an arbitrary constant A € [0, 1] with
p(s —t) < A, by the definition of p, we obtain

p(s(v) = t(v)) < Ar(v,0,---,0)

for all v € A. By (3) and the above inequality, we get

P2 -1E) < ot i)

IN

1
?/\T (2v,0,---,0)
ALT(v,0,---,0)

IN

for all v € A. Hence
p(Ps —@t) < Lp(s—t), Vs, teTs

That is, ® is a p-contraction.
Now, we will verify that ® has a x limited orbit. Letting (vy,vg, -+ ,v,) =
(v,0,---,0) in (4), we get

) P (M5 - x0) < ger00 0

for all v € A. Replacing v by 2v in (8), we get

) (X(%)

(9)
By (8) and (9), we get
p (XQ(E(?;) - x(v)) < p <x2(42(221))) - X(;f)) +p (X(;f) - X(v))

1 1
S WT(QU,O,"',O)—’—?T(U,O,"',O)

1
94 - X<2U>> < ?T(?Ua OJ T 70)
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for all v € A. By induction, we can easily show that

p (X (;ZU) - X(U)) < Z %7’ (2~1v,0,---,0)

J=1

(10)

for all v € A. By (10), we have
) (X (2"v) X (2qv)>

24p 244

% +
< 5o (M7 ) 5o (55 )

k
< .
for all v € A and p,q € N. We conclude that
k
D(PPy — PIy) < ————.
p(PPx X)_24(1_L)

This means that an orbit of ® at x is bounded. Thus the sequence {®Px} is p-
convergent to ()4 € T4, by Theorem 2.5. Now, by the p-contractivity of ®, we have

p(PPx — ©Qq) < Lp (PP 'x — Qu) .
If we take the limit as p — oo and apply p’s Fatou property, we get
P (PQ4 — Q4) < lim infp (PQy — PPx) < L lim infp (Q4 — <I>p_1x) =0.
pP—00 PpP—00
Thus Q4 is a fixed point of ®. Replacing (v, ve, -+ ,vy) by (2Pvq, 2Pvg, - - -, 2Pv,,) in
(4), we get
p (Ox (2Pvy, 2Pvg, - -+ 2P0,,)) < 7 (2Pvy, 2P0g, - -+, 2P0,

for all vy, vs, -+, v, € A. Therefore,
1 1
1% (ﬁ@x (2p’U1, 2p’U2, s ,2pvm)> S %T (2p01, 2p1}2, s ,2p7_}m) .

Taking the limit as p — oo, we get

OQ4 (v1,v2,-++ ,Up) =0
for all vy, v, -, v, € A. It follows from Theorem 3 that Q4 is quartic. By (10), we

get (5).
Let Q, : A — B, be another quartic mapping that meets (5). Then

7(Qi-Q)) =7 (0@ —2Q.) < 15 (Qi - @)).
which implies that
P(Qi-@) =0 = @=q.,
Therefore, the mapping ()4 is the unique solution. This ends the proof. O]
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COROLLARY 4.2. Let 7 : A™ — [0,400) be a function such that
7 (201,209, -+, 20) < L2%7 (01,09, -+ , V)

for all vy,vq,--- ,v,, € A with 0 < L < 1. If an even mapping x : A — B fulfills
x(0) = 0 and

1Ox(v1,v9, -+ um)|| < T(v1, 09, -+, Up)
for allvy, vy, - -+ , v, € A, then there is only one quartic solution ()4 : A — B satisfying
1
1Qa(v) — x(v)|| < mT(%Oa -+, 0)
for all v € A.
Proof. Each normed space is known to be a p(v) := ||v||-modular space and to have
the Ay-condition with & = 2. O

REMARK 4.3. If we replace 7(vy,va, -+ ,v,,) by 0 <Z;”:1 ij||s> and take L = 2574
in Corollary 4.2, then we have

[Q4(v) — x(v)]| <
where 0 and s are constants with s < 4.

REMARK 4.4. If we replace 7(vq,va, -+, Uy,) by 6 (E;nzl o™ + TT=, ij]|s> and
take L = 2™~* in Corollary 4.2, then we have

Ollvll®

(21— 27 vE A,

o||v]™
[Qa(v) = x(v)|| < @i gy € A,
where 0 and s are constants with ms < 4.
THEOREM 4.5. Let 7: A™ — [0, +00) satisfy
V1 U Um, L
B P
7—<2a27 ; 2)_24T(U1,U2, 7Um)

for all vy, vy, -+ ,v, € A with 0 < L < 1. If an even mapping x : A — B, fulfills
x(0) =0 and

(11) p(@X<U17U27'” 7vm)> §T<U171}27"' 7vm)
for all vy,vq,--- ,v, € A, then there is only one quartic solution Qs : A — B,
satisfying
L
(12) p(Qa(v) — x(v)) < mT(%O,“' ,0)
for all v € A.

Proof. Let us define a set
T={s:A— B,}
and a function pon T as
p(s) =:inf{\A > 0: p(s(v)) < A7(v,0,---,0), Vv e A}.
We have the same evidence as Theorem 4.1:

(1) The modular p is a convex on Y.
(2) Y5 is p-complete.
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(3) p has the Fatou property.
Now, consider the mapping ® : T; — T5 defined by:

Ps(v) = 2's (g)

for all v € A and s € T5. For s,t € T; and an arbitrary constant A € [0, 1] with
p(s —t) < A, by the definition of p, we have

p(s(v) —t(v)) < Ar(v,0,---,0), v e A.

It follows from the assumption and the above inequality that

p(25(5)-2(3)) = #o(+(5)-1(3)
< /{:4)\7‘<g,0,---,0>
< AL7(v,0,---,0), v E A.

Hence
p(®s — Ot) < Lp(s —t), s,t € T4

That is, ® is a p-contraction. We prove then that ® has a bounded orbit at x. Setting
(v1, V9, ,Up) = (v,0,---,0) in (11), we get

(13) p (2'x(v) = x(2v)) < ¥(v,0,---,0)
for all v € A. Replacing v by § in (13), we get

4., (Y _ < Yo ..
(14) p (2% (3) —x @) <7 (5.0, .0)

for all v € A. Replacing v by § in (14), we get

o 3 (5) 1 () < (o)
for all v € A. By (13), (14) and (15), we get
P (0 () x) < 0 (20x() ~2x(5)) +o (21X (5) )
< #o (2 () 1 (7)) ro (2 (3) )

24T<%707"'70>+ <§707’0>

for all v € A. By induction, we can easily show that

(27 (5) ~o) = 55220 (3.0--.0)
Jj=1

IA

A
|,_.
\]
—~
v@

\'O
=
M=
h
o

(16)

IN
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for all v € A. It follows from (16) that

P (z) —2" (7))

S%p<22”x<;>—2x(D-%%pC%QMX(;>—2X(D

kL
< = 0.---.0
- 24(1 _ L)T(U’ ) 7 )
for all v € A and all p,q € N. So we can conclude that
kL
HP o1
PP = PTx) < 21— 1)

This means that ® orbit is limited to x. The sequence {®Px} is p-convergent to
()4 € T5 by Theorem 2.5.
Now, by the p-contractivity of ®, we have

p(PPx —@Q4) < Lp (@p_lX — Q4) .
Taking the limit as p — oo and using the Fatou property of p, we get
7 (PQy — Q4) < lim infp (PQy — PPx) < L lim infp (Q4 — <I>p_1X) =0.
pP—00 Pp—00

Therefore, ()4 is a fixed point of ®. Replacing (v, ve,- - ,v) by (;—;, IR ,%) in
(11), we get
v Vg U, U1 U2 Um
p<@x (2p " z_p)> =7 <2p " 2p>
for all vy, vy, -+ v, € A. Therefore,

ap V2 . v_m>> ap <ﬂ@ U_m>
(2 Ox ( 0w ) SE T G )

Taking to the limit asp — oo, we get

®Q4 (U17U27'.' 7Um) =0

for all vy, v, -+ v, € A. It follows from Theorem 3 that @4 is quartic. By (16), we
get (12).

In order to prove the uniqueness of @4, consider another quartic solution Q) : A —
B, satisfying (5). Then

p(Qi-Q)) =7 (0@ —2Q)) < 17 (Qs - @)
which implies that p (Q4 — Q;) =0, i.e., Q4 = Q). This ends the proof. m

COROLLARY 4.6. Let 7 : A™ — [0, 400) satisfy

<vl Uy vm> <L L
g g ) =t
with 0 < L < 1. If an even mapping x : A — B fulfills x(0) = 0 and

(U17,027”' 7Um)7 V1,V2,"  ,Un €A7

||®X('U1,'U2, T Um)“ < T(Ul, Vo, Um)
for all v, vq,--- , v, € A, then there is only one quartic solution Q)4 : A — B fulfilling

1Q40) = X(0)] € g5 7(0: 0o+ )

for allv € A.
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Proof. Each normed space is known to be a p(v) := ||v||-modular space and to hve
the Ay-condition with & = 2. O

REMARK 4.7. If we replace 7(v1,vg, -+ ,vp) by 6 <Z§”:1 ij||5) and take L = 247°
in Corollary 4.6, then we have

Ollvll®

[Qa(v) = x(v)|| < m

, vV E A,

where 6 and s are constants with s > 4.

REMARK 4.8. If we replace 7(vy,va, -+, vy,) by 0 (Z;n:l oI + T2, |]Uj]|5> and
take L = 247™¢ in Corollary 4.6, then we have

1Qa(v) — x(w)]) < ™

—_— A
(2m5_24>’ ve )

where 6 and s are constants with ms > 4.

5. Counterexample

In this section, we examine an example to justify that the stability of the equation
(2) fails for a singular case. Investigated by the excellent example provided by Gajda
in [8], we present the upcoming counterexample which shows the instability in a
particular condition s = 4 in Remark 4.3 of the equation (2).

REMARK 5.1. If a mapping x : R — A fulfills (2), then the below assertions hold:

(1) x(m“*) = mp(v), v € R,m € Q and ¢ € Z.
(2) x(v) =v*x(1), v € R if x is continuous.

ExaAMPLE 5.2. Let x : R — R be a function defined by

)=y )

where

(o) = {Av“, -l<wv<l1

A, elsewhere.
Then the function y : R — R satisfies
(17) ‘@X(UMU%'“ 7'Um)‘

15m® — 238m* 4+ 1117m3 — 1862m?2 + 1376 212 "
< m m” + m m” + m Y Z|Uj|4
24 15 =

for all vy, vs, - , v, € R, but there is not any quartic mapping ()4 : R — R satisfying
(18) X(v) = Qa(v)| < dJvf*, v eER,

where \ and § are constants.
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Proof. We can easily find that y is bounded by %)\ on R. If Z;":l lv;|* > 2%1 or 0,
then

15m® — 238m* + 1117m3 — 1862m?2 + 1376m\ 2*
|@X(/U]-7/U27'.. 7Um)|< 24 E :

Thus (17) is valid. Next, suppose that

m
0<> fol* < o
=1

Then there exists an integer [ > 0 satisfying

4
(19) 94(1+2) Z |UJ’ 94(1+1)

So 2%y | < o5, 2%|vy| < 24,--- ,24l|vm| < 2—4 and

247

t £
2v1,2112,~-- , 2 U,

sz; < to; +22tvj>

Z (2 (vi—kvj —l—vk—i—vl))

1<i<j<k<I<m

Y. (2wt +w)

el-1,1 t=0,1,---,1—1.

1<i<j<k<m
Z (2%(v; + v)))
1<i<j<m
Z (Zt(vi — ’Uj))
1<i<j<m

Also, fort =0,1,--- ;1 —1,
@¢ (Ulana e 7Um) - O
Next, by (19), we obtain that

1
Ox(vi, vz, o) < Z@\Qw(%l,%z,--- ;2" 0p)]

i ( 2h; + Z 2tv]>
8)

Z w (2t(vi+vj +Uk+Ul))

1<i<j<k<I<m
+(m?—12m+28) Y (2 (v vy + op))

1<i<j<k<m

- (m3 — 15m? + 60m — 68> S @+ )

2 —
1<i<gj<m

IA
N
3~
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m

—2 Z ¥ (2 (v — vy)) — Zw (2'(2vy))
N <m4 —17m3 + 8627,2 — 148m + 168) i¢ (2(0)) ‘

i=1

.1 [/15m® — 238m* + 1117m> — 1862m?2 + 1376m
< Yo - )2

t=l
It follows from (19) that
|©Ox(v1,v2, -+, V)|
15m® — 238m?* 4+ 1117m3 — 1862m?2 + 1376m )\ 2!2 e
< ) (Tt

24 1_5A

Jj=1

Thus the function x fulfills the inequality (17).
Assume that a contrary that there exists a quartic solution Q4 : R — R which fulfills
(18).

We know that y is bounded and continuous.

In the perspective of Remark 5.1, Q4 must be Q4(v) = cv?, v € R. So we get

Ix(v)] < (0 4+ |e]) Jv]*, veR.

However, we can choose [ > 0 with I > 0 + [c|. If v € (0, 747), then 2'v € (0,1) for
allt=0,1,--- ,l — 1 and so we obtain

[e'S) n -1 ¢
X(U) _ Z ¢(2 U) > Z )\(24f>4 _ l)\v4 > (5+ |CD ”U4’,
t=0 t=0

24t 2

which is a contradiction. O

6. Conclusion

A novel variety of quartic functional equation has been introduced and found a gen-
eral solution for it in this research. The Hyers-Ulam stability results of this equation
for fixed point problems in modular spaces employing the Fatou property fulfilling
the As-condition were primarily examined. We have also included some comments to
demonstrate the validity of our results’ hypotheses.
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