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SOME LOWER BOUND ESTIMATES FOR THE GENERALIZED
DERIVATIVE OF A POLYNOMIAL

NUSRAT AHMED DAR, IDREES QASIM*, AND ABDUL LIMAN

ABSTRACT. If P(z) is a polynomial of degree n having all its zeros in |z] < k, k < 1,
then Rather et al. ( Some inequalities for polynomials with restricted zeros, Ann.
Univ. Ferrara, 67 (2021), 183-189.) proved that for all z on |z| = 1 for which

P(z) #0,
R (2D o o (i)
P(z) 1+k n \ k" |an| + |ao|
In this paper, we extend this inequality to the generalised derivative by taking s-
folded zeros at origin. As an application, we obtain some lower bound estimates
for the generalized derivative and generalized polar derivative of a polynomial with

restricted zeros, which include various results due to Turan, Malik, Dubinin, Aziz,
Rather and Govil as special cases.

1. Introduction

The issue of the extremal properties of polynomials gained attention in the latter

half of the 19th century, partly due to the research of the renowned chemist Mendeleev,
who sought to determine the limits of the derivative of a particular type of polynomial.
Serge Bernstein later established a key result (for details, see [20]) concerning the esti-
mation of the upper bound of the maximum modulus of the derivative of a polynomial
based on the maximum modulus of the polynomial itself. He demonstrated that if P
is a polynomial of degree less than or equal to n, then
(1) max|P(2)| < n max|P(:)].
This insightful introduction to polynomial inequalities draws many researchers into
the field and inspires them to seek refinements and generalisations of the existing
findings for various types of polynomials. Let P, represent the set of all polynomials
of degree n over the field C of complex numbers. Regarding the estimation of the
lower bound for the maximum modulus of the derivative of a polynomial based on the
maximum modulus of the original polynomial, Paul Turdn [21] demonstrated that if
P € P, has all its roots within |z| <1, then

2) max| P'(z)] > gmaX|P(z)].

|z|=1 |z]=1
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The inequality (2) is sharp and equality holds for the polynomials having all its zeros

on the unit disc. Now regarding the estimation of the lower bounds of Re (ifé?) on
|z| = 1, Dubinin [5] proved that:

THEOREM 1.1. If P € P, having all its zeros in |z| < 1 then for all z on |z| =1
for which P(z) # 0,

3 re (5 2 5 (o) -

As an application of this, Dubinin [5] in the same paper obtained an interesting
refinement of (2) by involving the coefficients of the leading term and the constant
term of the polynomial P(z). He proved that if all the zeros of P € P, lie in |z| < 1,
then

1 |an| — Iao!)
4 max | P'(z >—(n+— max | P(z)].
(@) o |P/(2)] 2 3 (0 + 20 ) ma P(2)
The inequality (2) has many applications and so is of considerable interest. Thus
one would seek to generalise this for polynomials having all zeros in the disc |z| < k,
k > 0. The case for 0 < k < 1 was done by Malik [9] who proved that if P € P,, has
all its zeros in |z| < k, k < 1, then

n

5 P'(z)] > —— P(z)]|.

(5) max| P(2)] 2 7 max|P(2)]

Equality in (5) holds for the polynomial P(z) = (z + k)".
While the case for £ > 1 was done by Govil [6] who showed that if P € P, has all its
zeros in |z| <k, k > 1, then

P'(2)| > P(2)].
(6) g@fl () = 5 +knr|1;|g>1<| (2)]

It can be easily verified that equality in (6) holds for polynomials of the type P(z) =
2"+ k™. Rather et al. [15] generalised Theorem 1.1 without invoking boundary Schwarz
lemma by proving the following result:

THEOREM 1.2. If P € P, has all its zeros in |z| < k,k < 1, then for all z on |z| = 1
for which P(z) # 0,

" v (pa) 2 et (e

REMARK 1.3. For k =1, Theorem 1.1 is a special case of Theorem 1.2.

As a consequence of Theorem 1.2, Rather et al. [15] proved the following:

THEOREM 1.4. If P € P,, has all its zeros in |z| < k, k <1, then for |z| = 1,

8) max |P'(2)] > 11/« {1+5 (w)}max\P(z)\.

|2]=1 n \ k" |a,| + |ao| ) J 1z1=1

Pertaining to the refinement of inequality (5) and generalisation of inequality (4)
Rather et al. [15] proved the following result by taking s-folded zeros at origin:
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THEOREM 1.5. If P(z) = z°(ag + a12 + -+ + a,—s2""°) € P,, 0 < s < n has all
zeros in |z| < k <1, then

P'(2) n k k"% lan—s| — |ao]
9 R > 1+ — .
o (F) = e (e
Moreover, Rather et al. [15] proved the following theorem for the s-folded zeros at
origin:

THEOREM 1.6. If P(z) = z°(ag + a12 + -+ + a,—s2""°) € P,, 0 < s < n has all
zeros in |z| < k <1, then

(10)  max|P/(2)] > HLk {1 +§ (s+ i U |a°|)}max\P(z)|.

|z|=1 kn—s |an_s| + |CLO| |z|=1

Equality in (10) holds for P(z) = 2°(z + k)" %, s < n.

DEFINITION 1.7 (Polar Derivative [14]). If P € P, then the polar derivative of
P(z) with respect to a complex number o € C is defined as:

Da[P](2) = nP(2) + (a — 2) P'(2).

REMARK 1.8. The polar derivative operator D,[P](z) has the following key prop-
erties:

1. For any polynomial P € P,, the polar derivative D,[P](z) is a polynomial of
degree at most n — 1.
2. This operator generalizes the ordinary derivative in the following precise sense:

Tim Da[i] (2)

= P'(2),

where the convergence is uniform on compact subsets of C. Specifically, for any
R >0,

D,|P
sup M—P'(z) —0 as a— 0.
|2|[<R o
3. The generalized polar derivative DY[P](z) (see definition 1.15) further extends
this concept, reducing to the classical polar derivative when v = (1,1,...,1).

Bernstein-type inequalities involving polar derivatives instead of ordinary deriva-
tives have attracted considerable interest in polynomial analysis. In this direction,
Aziz [2] pioneered the study of polar derivative inequalities by establishing bounds
based on the polynomial’s behavior in the unit disk. Building upon the classical
inequality (1), Aziz [2] proved the following fundamental result for polar derivatives:

(1) x| 2P 2 0 () max P

where P(z) is a polynomial of degree n and || > 1. This inequality represents a direct
polar analogue of Bernstein’s inequality and serves as the foundation for subsequent
generalizations, including our work on the generalized polar derivative D)[P](z). The
result (11) is sharp, with equality holding for polynomials P(z) having all their zeros
at the origin, i.e., P(z) = ¢z", ¢ # 0. For further details on the polar derivative, we
refer to [8,10-14].
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For the class of polynomials with all zeros contained in |z| < k, Aziz and Rather [3]
obtained several sharp bounds for the maximum modulus of the polar derivative
D, [P](2) on the unit circle. Their work includes the following significant extension of
inequality (5) to the polar derivative:

THEOREM 1.9. For any polynomial P € P, with all zeros in |z| < k and any o € C
satisfying |a| > k < 1,

(12) maxx| D, [PI()] = 1 (|a] = k) max | P(:)].

Equality in (12) holds for P(z) = (z — k)" and « is real with a > k.

As an application of Theorem 1.2, Rather et al. [15] obtained the following refine-
ment of inequality (12) for polynomials with s-fold zeros at the origin:

THEOREM 1.10. Let P(z) = 2°f(z) € P,, where
f(z)=ag+ a1z + a2 + -+ a,_2"°

with 0 < s < n, be a polynomial having all its zeros in |z| < k < 1. Then for any
a € C with |a| > k,

(13)  max |D,[P](2)| > n ('T'T_kk) {1 + g <s L I |“°|)} max | P(z)|.

|z|=1 k‘”—5|an_s| + |CLO’ |z|=1
Equality in (13) holds for P(z) = (z — k)" and « is real with a > k.

Numerous refinements and generalizations of these inequalities have been exten-
sively studied in the literature (see, e.g., [4,17]).

We now present a result of Govil and Kumar [7] concerning polynomials with all
zeros lying in the closed disc |z| < k, where k > 1, and exactly s zeros (counting
multiplicities) at the origin.

THEOREM 1.11 (Govil and Kumar [7]). Let P(z) = z°f(z) € P, be a polynomial
with:

e s-fold zeros at the origin (0 < s <n),

e all remaining zeros in |z| < k where k > 1.
Then for any o € C with |«| > k, the polar derivative D,|P|(z) satisfies:

n(|af — k) 1 k" %lan—s| — |aol
14 D,|P > — 2114+ — P ]
(14) flil‘ff’ [P](2)] > 11 kn + - s+ | + [ao] 1@2}1(\ (2)]

REMARK 1.12. This result extends previous work on polar derivatives to the case
of k > 1 while incorporating the effect of s-fold zeros at the origin. The inequality is
sharp, with equality holding for P(z) = (z + k)™ when « is real with a > k.

DEFINITION 1.13 (Generalized Derivative [19]). Let P,, denote the space of complex
polynomials of degree at most n. For P(2) = a[]}_,(z —z;) € P, and a weight vector

Y= (",--.,7m) €S, where
S:{’)/ERTL’}/JZOfOI'lgjgn}7

the generalized derivative of P(z) with respect to v is defined as

(15) PU(2) = P(2) ) = = 3 PB(),
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where Pj(z) =a H:;:él(z — 2;) is the polynomial obtained by removing the j-th root
i#]
from P(z).

Observe that for v = (1,1,1,...,1), the operator P?(z) reduces to the ordinary
derivative P’'(z). This motivates the terminology “generalized derivative” for P7(z).
This generalised derivative was introduced by Sz-Nagy (see [19]).

Recently, Bhat et al. [4] extended inequality (5) to generalised derivative by proving
that:

THEOREM 1.14. If P € P, has all its zeros in |z| < k < 1, then
A\
16 max |P7(2)| > max |P(z)].
(16 nax | ()] 2 tmax | P(2)

DEFINITION 1.15 (Generalized Polar Derivative [4]). Let P, denote the space of
polynomials of degree at most n. For P € P,,, a € C, and v € S, the generalized
polar derivative of P is defined as:

(17) Di[P)(z) := AP(2) + (a — 2)P"(2),
where A =377 | 7; and P?(2) denotes the generalized derivative of P(2).
This definition extends the classical notion of polar derivative, as when v = (1,1,...,1),

we recover the standard polar derivative:

= D,P(z2),
where D, P(z) denotes the classical polar derivative.

Recently, Rather et al. [17] extended Theorem 1.14 to the generalised polar deriva-
tives and proved the following:

THEOREM 1.16. If all the zeros of a polynomial P € P, lie in |z| < k, where k < 1,
then for a € C with |a| > k,

(18) max| D} [P)(2)] = 7

ool = k)max| P(2)].

+

Now concerning the estimate of lower bound of |D)[P](z)| on |z| = 1, Rather et
al. [18] established the following result:

THEOREM 1.17. If all the zeros of a polynomial P € P, lie in |z| < k, where k < 1,
then for a € C with |a| > k,

(ol = F) [ (k”lan| - Iaol)]
19 DI[P > — AN+ kv | —/——m—— P(2)|.
(19) max{DL[Pl(2)] = = M T anl 5 Jao max |P(z)|

REMARK 1.18. It is easy to verify that Theorem 1.17 refines Theorem 1.9.

2. Main Results

In this section, we present our principal findings which extend Theorems 1.5 and 1.6
to the Nagy derivative. Additionally, we establish generalized polar derivative ana-
logues of Theorems 1.10 and 1.11, considering in all cases polynomials with s-fold
zeros at the origin.
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The section is organized as follows: Subsection 2.1 contains the precise statements
and other special cases of our main theorems, Subsection 2.2 collects the necessary
lemmas, and Subsection 2.3 presents the detailed proofs of the main results.

2.1. Statements and Implications of Main Theorems.

THEOREM 2.1. If P(2) = 2°f(2) € P, where f(z) = ag+ta1z+ag2*+- - +a,_2""*
and 0 < s < n has all its zeros in the disc |z| < k < 1, then for all z on |z| = 1 for
which P(z) # 0,

2P7(2) k[N k"% |an—s| — |ao]
2 > 7 m )
(20) R6<P<z>)—1+k{k+7 G+k“ﬂ%ﬂhﬂ%
where ~,, = miIl{%ﬁQ, ‘”77’“}‘

REMARK 2.2. For v = (1,1,---,1), the above theorem reduces to Theorem 1.5,
which for k = 1,s = 0 yields Theorem 1.1.

Now concerning the estimation of the lower bounds of |[P(z)| on |z| = 1, for the
polynomials having all its zeros in the disc |z|] < k, k < 1, we prove the following
extension of Theorem 1.6 to generalised derivative.

THEOREM 2.3. If P(2) = 2°f(2) € P,, where f(2) = ag+a12+agz®++ - +a,_s2""*
and 0 < s < n has all its zeros in the disc |z| < k <1, then
k A k"% an—s| — |ao]
21 max |P7(z)| > ——< =+ v | s+ max |P(z)|,
(21 \z|=}f| ()= 1+k {k: 7 ( ks {a,—s| + |aol |z|=)1(| Gl

where 7, = min{7y1, s, ..., v, } and the result is best possible as shown by the poly-
nomial P(z) = (2 + k)™

REMARK 2.4. If we take v = (1,1,--- ,1) the above theorem reduces to Theorem
1.6.

Next, we extend Theorem 1.10 to the generalised polar derivative of a polynomial
by proving the following result:

THEOREM 2.5. If P(2) = 2°f(2) € P,, where f(2) = ag+a12+agz®++ - +a,_s2""*
and 0 < s < n having all zeros in the disc |z| < k < 1, then for a € C with |o| > k,

(e )
22 DiP)(2)] 2 Aty s+ P(2),
22 maxIPURIEN 2 T AR (o e, T ol )| B 1)

where 7, = min{7y1, Y2, ..., Yn }-
If we put £ = 1 in inequality (22), we get the following result:

COROLLARY 2.6. If all the zeros of a polynomial P € P, lie in |z| < 1, then for
a € C with |a| > 1,

@) moDIPIE = 2 {n e (s 2= b PG

|2|=1 2 lan_s| + |ao |2]=1
where 7, = min{7y1, 72, ..., v, } and the result is best possible as shown by the poly-
nomial P(z) = (z+ 1)".

REMARK 2.7. By taking v = (1,1,1,...,1),s = 0 and dividing both sides of in-
equality (23) by |«| and letting |a| — oo, the inequality (23) reduces to the inequality

(4).
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REMARK 2.8. For v = (1,1,...,1), inequality (22) reduces to inequality (13).

REMARK 2.9. If we divide both sides of inequality (22) by |a| and let |a| — oo, it
reduces to inequality (21).

We now extend Theorem 1.11 to the generalised polar derivative of a polynomial
having all zeros in |z| < k, k > 1. The result thus obtained generalises many inequal-
ities of the type (6) to the generalised polar derivative.

THEOREM 2.10. If P(2) = 2°f(2) € P, where f(z) = ap+a12+as2*+- - -+a,_s2""*
and 0 < s < n having all zeros in the disc |z| < k, k > 1, then for a € C with |a| > k

|a| —k { ( kns |an—5| - |a0|>}
24 DY|P > A+ Ym + P .
(24) ]I[?\i:)l(;| olPl2) 2 1+ kn Tm 5T s |an—s| + |ao] Il?li}f| (2)]

REMARK 2.11. If we divide inequality (24) on both sides by |a| and then let |a] —

00, we get
k" |an—s| — |ao|
PY(2)] > At P,
ol P ) 2 1 A (54 o=t ) b P(e)

2.2. Preliminary Lemmas. The proofs rely on the following technical results. The
first lemma is due to Rather et al. [15].

LEMMA 2.12 ( [15]). For0<uz; <1,j=1,...,n,

n

(25) yioms ooy oy
j=1 1+:L‘] 1+H]:1 'I]

Next two lemmas are due to Rather et al. [17].

LEMMA 2.13 ( [17]). For P € P,, and Q(z) = 2"P(1/Z), we have for |z| =1,
Q) = [AP(z) — 2P ()] and |[PY(2)| = [AQ(2) — 2Q(2)]
LEMMA 2.14 ( [17]). If P € P, has all zeros in |z| < k <1, then
KPY(2)] 2 |Q7(2)] for [2] =1,
where Q(z) = 2"P(1/%).
Next lemma is due to Aziz [1].

LEMMA 2.15 ( [1]). For P € P, with zeros in |z| < k > 1,

n

max |P(z)| >

max |P(z)].
|z|=k — 14+ km \z|=1‘ (2)]

Next lemma is a simple consequence of Maximium Modulus Theorem.

LEMMA 2.16. For P € P,, and k > 1,
(26) max |P(z)| < k" max|P(z)].

|z|=k |z[=1



280 N. A. Dar, I. Qasim, and A. Liman

2.3. Proofs of the Main Theorems.

Proof of Theorem 2.1. Let z;, j = s+ 1,5+ 2,--- ,n be the n — s zeros of f(z),
then

Zzi’%
{z% )

Jj= s+1
Therefore, for all z on \z| =1 for which P(z) # 0, we have

R

Jj=s+1
Now
£(z) = f(2) b
jzs;l S
SO
) N~
f(2) jglz—%"

Therefore, for all z on |z| = 1 for which P(z) # 0, we obtain

P(z) =z
Hence, for |2] = 1,
e () - <Z’” )+ 2

2 Z’y]

=s+1 J

g — %] ) -
= +1)+ Yj

2 (W >

1 . ’zjl
i 2o () e X

J=s+1
k—lzl
1+l<:]¥1 (1+|zjy +1+k;7’+k+1;%'

Let Ym = min (717727 T 77”)7 then for ‘Z| = 17

Re (Z}JzZS>> > lek {/\—i—k”y,n i (%) +k’yms}.

Jj=s+1
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Since k <1 = kl|z;| < |71,

1 1
> .
k+k|2]’ k+‘ZJ|

k+kl|z)| <k+ |z =

Hence for |z| =1,
2P (2) 1 (k- |z|)
R > A+ kY =)+
6<P(z))_1+k;{ k (j§l(k+|zj| i
n |21
1 1-=F
21
1+ { j=s+1 1+T
Since |z;| <k = % <1, so by Lemma 2.12, we have for |z| =1,
P 1 1-TI e &
Re (ZP (Z>> > {/\+lwm <s+ Hff“ ,f.|)}
(Z) * 1+Hj=s+lTj
1 1— knl_s aao
= At kv, _ k0 ans
1+k{ M <S+1+k,}_s a::)}
LY PNy ( T L |a0|)
_ s
T+k ! 7 an | + |a|
LI OO 0
TR R U T e el ) S

This completes the proof of Theorem 2.1. O

Proof of Theorem 2.3. We know that

P(z)
P(z)

z

we have for |z| = 1,

),
P(z) > k ﬁ_|_ S+kn_5|an,s]—‘ao|
PR | T1rE\ kT k=3 lapn_s| + |ao| ) |

Using inequality (20

This implies,

k A k"5 |an_s| — |ao|
Py > ! m P
P = 1+ k {k: 7 (5 + kn=s|an—s| + |aol P(2)

or

A k"5 |an—s| — |ao|
27)  max|P” 2 max | P
(27) |z\a}1(| (2)] 2 1+k{k aat <S+ k=8| an—s| + |ao| \z|a)1(| (2)].

This completes the proof of Theorem 2.3. m
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Proof of Theorem 2.5. We have by Lemma 2.13 and Lemma 2.14
|D3[P](2)] = [AP(2) + (a — 2) P7(2)]
= |AP(z) + aP7(z) — zP7(2)|
> [a||[P7(2)| = [AP(2) — 2P7(2)]
= |af|P7(2)] = |Q7(2)]
> [a||[P7(z)| — k| P7(2)].
Thus,
|D3[P](2)] > (Ja] = k)| P7(2)].
So by using inequality (27), we have

(laf — k) K" Jan—s| — |aol
28) max |D}|P > A+ kv max |P(z)|.
(28) \z|i}1(| P12 = 14k T\ S k"= |an,_s| + |ao \z|i}f’ @)l
This completes the proof of Theorem 2.5. O]

Proof of Theorem 2.10. Consider the scaled polynomial F'(z) = P(kz), then all the
zeros of F(z) lie in |z| <1, as P(z) has all zeros in [z| < k, k > 1. Let § = ¢, then
|| > 1. Thus from inequality (23) when applied to scaled polynomial F(z) we have,

max |DY[F](2)] = <WT_1> {/\ Yo (s I L '“"') } max |F(2)|

|2|=1 |k"=Sa,—s| + |ao| |z|=1

o] — k) { ( k"= an—s| — ‘ao,>}
= | ——— AN+ Ym | s+ F(z2)].
( o T S e oo ) B IE )]

Now by invoking Lemma 2.15 and replacing F'(z) by P(kz) we have
(29)

—k k"5 |an—s| — |ao| 2™
DW P ]{3 > ’Oé, /\ - n—s o) P .
max D5 [Pi(h=)] = (—% T\ S e[ ol ) f T s PG

Also by the definition
max |D][P](kz)| = |\P(kz

|z[=1

- ‘/\P(kz (% - z)kPV(k;z)‘
= max [DJ[PIG2).

Hence from inequality (29) we get
laf — & K" an—s| — |ao|
D|P > ————= | K" A+ P(z)|.
max IDalFl(=)] = (k(l ) o S e ol ) )
Since DY[P](z) is of degree n — 1, hence by Lemma 2.16 we have
k"' max |D}[P](2)] > max | D[ P](2)]
1 2=

B

Therefore

—k k|| —
k"' max |D)[P](z)| > (|a| > kot {/\ + Ym (s + 9| |a0|) } max |P(z)].

|z|=1 kn_slan—s| + |a0| |2]=1
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This implies that

max 03171 = (FL0) o (s =) b o)

|21=1 k=2 an—s| + lao| ) J 1z1=1

This completes the proof of Theorem 2.10. O]

3. Conclusion

In this work, we established several new inequalities for the generalized polar deriv-
ative DY[P](z) and the generalized derivative P7(z) of complex polynomials P € P,
with restricted zeros. Our main results extend classical theorems on polar and ordi-
nary derivatives to these generalized operators, while incorporating the case of s-folded
zeros at the origin.
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