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GENERALIZED LUKASIEWICZ FUZZY SUBALGEBRAS OF
BCI-ALGEBRAS AND BCK-ALGEBRAS

SUN SHIN AHN*, YOUNG JOO SEO, AND YOUNG BAE JUN

ABSTRACT. The aim of this paper is to generalize Lukasiewicz fuzzy subalgebras
in BCK/BCl-algebras. First, the concept of (a,¢)-Lukasiewicz fuzzy subalgebras
using fuzzy points is defined and examples to explain it are given, and then several
properties are investigated. The relationship between Lukasiewicz fuzzy subalge-
bras and (a, £)-Lukasiewicz fuzzy subalgebras is discussed, and the conditions under
which the e-Lukasiewicz fuzzy set to be an («a, £)-Lukasiewicz fuzzy subalgebra are
explored. The characterizations of («,)-Lukasiewicz fuzzy subalgebras are exam-
ined. Conditions under which Lukasiewicz €-set, Lukasiewicz ¢-set and Lukasiewicz
O-set can be subalgebras are handled.

1. Introduction

Lukasiewicz (fuzzy) logic, which is named by the Polish logician Jan Lukasiewicz,
is a foundational system in the realm of fuzzy logic and multi-valued logic. This
logic extends the classical two-valued logic (true or false) by allowing the degree of
truth represented as real numbers in the unit interval [0, 1]. Lukasiewicz (fuzzy) logic
uses a t-norm and t-co-norm, ensuring the operations are well-suited for reasoning
with uncertainty. Using the Lukasiewicz ¢t-norm, Jun [6] constructed the concept of
Lukasiewicz fuzzy sets based on a given fuzzy set and applied it to BCK-algebras and
BCl-algebras. The concept of Lukasiewicz fuzzy sets is also applied to BCK/BCI-
algebras, BE-algebras, Hilbert algebras, hoops, and Sheffer stroke Hilbert algebras,
etc. (see [1,2,7-9,11,13,14)).

In this paper, we consider the generalized version of Lukasiewicz fuzzy subalgebras
in BCK/BCl-algebras. We define the concept of (o, €)-Lukasiewicz fuzzy subalgebras
using fuzzy points, and provide examples to explain it. We investigate several prop-
erties of (a, ¢)-Lukasiewicz fuzzy subalgebras, and discuss the relationship between
Lukasiewicz fuzzy subalgebras and (o, €)-Lukasiewicz fuzzy subalgebras. We explore
the conditions under which the e-Lukasiewicz fuzzy set to be an (a, ¢)-Lukasiewicz
fuzzy subalgebra, and examine the characterizations of («, ¢)-Lukasiewicz fuzzy sub-
algebras. We find conditions under which the Lukasiewicz €-set, Lukasiewicz ¢-set
and Lukasiewicz O-set are subalgebras.
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2. Preliminaries

This section lists the known default content that will be used later. See the books
[3,10] for further information regarding BCK-algebras and BCl-algebras.

A BCK/BCl-algebra is an important class of logical algebras introduced by K. Iséki
(see [4] and [5]) and was extensively investigated by several researchers.

If a set X has a special element “0” and a binary operation “x” satisfying the
conditions:

(I;) (Va,b,c e X) (((a*xb)*(axc))*(cxb)=0),
(12) (Va,b € X) ((ax(axb))xb=0),

(I3) (Vae€ X) (axa=0),

(I;) (Va,be X) (axb=0,bxa=0 = a=0b),

then we say that X is a BCl-algebra. If a BCl-algebra X satisfies the following
identity:

(K) (Vae X) (0xa=0),
then X is called a BCK-algebra. In what follows, BCK/BCl-algebra is expressed as
(X"T(il)gorder relation “<” in a BCK/BCl-algebra (X,0), is defined as follows:
Va,be X)(a<b < axb=0).
Every BCK/BCl-algebra (X, 0). satisfies the following conditions (see [3,10]):
Vae X)(ax0=a),
(Va,b,ce X)(a<b = axc<bxc cxb<cxa),
(Va,b,c€ X) ((axb)xc=(axc)xb).
Every BCl-algebra (X, 0). satisfies (see [3])
(Va,be X)(ax*x(ax(axb))=axb),
(Va,b € X) (0 (axb)=(0xa)*(0xb)).

A subset K of a BCK/BCl-algebra (X, 0), is called a subalgebra of X (see [3,10])
if it satisfies

(Va,b € K)(axb e K).
A fuzzy set h in a set X of the form

[ te(0,1] if b=a,
h(b) '_{o it b#a,

is said to be a fuzzy point with support a and value ¢ and is denoted by (a/t).
For a fuzzy set h in a set X, we say that a fuzzy point (a/t) is

(i) contained in h, denoted by (a/t) € h, (see [12]) if h(a) > t.
(ii) quasi-coincident with h, denoted by (a/t) g h, (see [12]) if h(a) +¢ > 1.

DEFINITION 2.1 (see [6]). Let h be a fuzzy set in a set X and let € € [0,1]. A
function

L X —[0,1], z — max{0,h(z) + ¢ —1}

is called an e-Lukasiewicz fuzzy set (of h) in X.



Generalized Lukasiewicz fuzzy subalgebras of BCI-algebras and BCK-algebras 221

Let L, be an e-Lukasiewicz fuzzy set of a fuzzy set hin X. If ¢ = 1, then L} (z) =
max{0, h(z) + 1 — 1} = max{0, h(x)} = h(z) for all x € X. This shows that if e = 1,
then the e-Lukasiewicz fuzzy set of a fuzzy set h in X is the classisical fuzzy set h
itself in X. If ¢ = 0, then Lf(z) = max{0,h(z) + 0 — 1} = max{0,h(z) — 1} =0
for all x € X, that is, if € = 0, then the e-Lukasiewicz fuzzy set is the zero fuzzy
set. Therefore, in handling the e-Lukasiewicz fuzzy set, the value of £ can always be
considered to be in (0,1).

Let h be a fuzzy set in a set X and € € (0,1). If h(z) +e <1 for all z € X, then
the e-Lukasiewicz fuzzy set L5 of h in X is the O-constant function, that is, L () =0
for all x € X. Therefore, in order for the e-Lukasiewicz fuzzy set to have a meaningful
form, a fuzzy set h in X and € € (0,1) must be set to satisfy the following condition:

(Jz € X)(h(z)+e>1).
For the Lukasiewicz fuzzy set L (of k) in X and ¢ € (0, 1], consider the sets
(Li e = {z € X [ (z/1) € L3},
(Bh t)q i={x € X [ (/1) ¢15},

which are called the Lukasiewicz €-set and Lukasiewicz q-set, respectively, of L} (with
value t). Also, consider a set:

O(Ly) = {x € X | Lj(x) > 0}
which is called the Lukasiewicz O-set of Lj. It is observed that
OL;) ={r e X |h(z)+e—1>0}.

DEFINITION 2.2 (see [6]). Let h be a fuzzy set in a BCK/BClI-algebra (X,0).
and € an element of (0,1). Then its e-Lukasiewicz fuzzy set L; in X is called an
e-Lukasiewicz fuzzy subalgebra of (X, 0), if it satisfies:

(1) (z/ta) € L, (y/te) € Ly, = ((z +y)/min{ta, tu}) € 1y,
for all z,y € X and t,,t, € (0,1].

LEMMA 2.3. (see [6, Theorem 3.6]) If h is a fuzzy subalgebra of a BCK/BCl-algebra
(X,0), and € is an element of (0,1), then its e-Lukasiewicz fuzzy set Lj in X is an
e-Lukasiewicz fuzzy subalgebra of (X, 0)..

3. Generalized Lukasiewicz fuzzy subalgebras

In this section, let h and e be a fuzzy set in X and an element of (0, 1), respectively,
unless otherwise specified. In addition, BCK-algebra or BCI-algebra is expressed as
(X,0)..

DEFINITION 3.1. An e-Lukasiewicz fuzzy set L7 in X is called an (o, €)-Lukasiewicz
fuzzy subalgebra (briefly, (o, ¢)-Lf-subalgebra) of (X,0), if the following assertion is
valid.

(2) (v/ta) € L, (y/te) € L, @ € RT = ((w* y)/min{ty, t,a}) € Lj,
for all z,y € X and t,,t, € (0,1].
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REMARK 3.2. Let L} be an («, ¢)-Lf-subalgebra of (X,0).. If & > 1, then (2) goes
back to (1). Hence if a > 1, then every («, ¢)-Lf-subalgebra is an e-Lukasiewicz fuzzy
subalgebra. Also, it is clear that every e-Lukasiewicz fuzzy subalgebra is an («, )-Li-
subalgebra for all & > 1. So when « € (0,1], (o, €)-Lf-subalgebra has an independent
meaning.

ExaMPLE 3.3. Consider a BCK-algebra (X, 0), where X = {eq, e1, €2, €3,€e4} and
a binary operation “x” is given by Table 1 (see [10])).

Wy ”

TABLE 1. Tabular representation for the operation “x

* ‘ €o €1 €9 €3 €4
€0 €o €o €o €0 €0
€1 €1 €o €1 €0 €0
€9 €9 €9 €0 €0 €
€3 €3 €3 €3 €0 €o
€4 €4 €3 €4 €1 €o

Define a fuzzy set h in X as follows:

0.76 if y = e,
0.69 if y=eq,
h:X —[0,1], y— < 0.63 if y=ey,
0.57 if y = es,
0.42 if y=ey.
Given ¢ := 0.59, the e-Lukasiewicz fuzzy set Lj of h in X is given as follows:
0.35 if y = ey,
0.28 if y =ey,
L : X = [0,1], y— ¢ 0.22 if y = ey,
0.16 if y = es,
0.01 if y =ey.

It is routine to verify that LS is an (o, €)-Lf-subalgebra of (X, 0), for all a € (0,0.01].

THEOREM 3.4. Every e-Lukasiewicz fuzzy subalgebra is an («, €)-Lf-subalgebra for
all v € RT.

Proof. The proof is straightforward. O

COROLLARY 3.5. If h is a fuzzy subalgebra of (X, 0),, then its e-Lukasiewicz fuzzy
set L5 is an («, )-Lf-subalgebra of (X,0), for all « € R™.

From the perspective of Theorem 3.4, we can say that the (o, €)-Lf-subalgebra is a
more generalized concept than the e-Lukasiewicz fuzzy subalgebra.

The following example shows that there exists @ € RT such that an («a,e)-Lf-
subalgebra may not be an e-Lukasiewicz fuzzy subalgebra. Also, the converse of
Corollary 3.5 may not be true.

(132

EXAMPLE 3.6. Let X = {0, e, e9,€3,€e4} be a set in which a binary operation “x
is given by Table 2.
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Wy ”

TABLE 2. Tabular representation for the operation “x

ES ‘ €0 €1 €2 €3 €4
€o €o €o €2 €3 €4
€1 €1 €o €2 €3 €4
€2 €2 €2 €o €4 €3
€3 €3 €3 €4 €0 €2
€4 €4 €4 €3 €2 €o

Then (X,0), is a BCI-algebra (see [3]). Define a fuzzy set h in X as follows:

0.73 if x = ey,
0.69 if z = ey,
h:X —[0,1], x— ¢ 0.62 if x = ey,
0.58 if = = e;3,
0.56 if x = ey.
Given € := 0.64, the e-Lukasiewicz fuzzy set Lj of h in X is given as follows:
0.37 if = ey,
0.33 if z =eq,
L, : X —[0,1], x— ¢ 0.26 if x = ey,
0.22 if x =e;3,
0.20 if x =ey.

It is routine to verify that L is an (o, €)-Lf-subalgebra of (X, 0), for all a € (0,0.2].
But L5 is not an e-Lukasiewicz fuzzy subalgebra of (X, 0), because of

L5 (ea * e3) = L7 (e4) = 0.20 # 0.22 = min{Lj (es), L5 (e3)}.
Also, h is not a fuzzy subalgebra of (X,0). because of
h(es * e3) = h(eq) = 0.56 % 0.58 = min{h(es), h(es)}.

THEOREM 3.7. Consider «, 3 € RT. If « > 3, then every («, )-Lf-subalgebra of
(X,0). is a (B, e)-Lf-subalgebra of (X, 0),.

Proof. Let «, 8 € RT be such that « > 3, and let LS be an («, ¢)-Lf-subalgebra
of (X,0).. Let z,y € X and t4,t, € (0,1] be such that (z/t,) € L5 and (y/ts) € L7.
Then ((z * y)/min{t,, ts, a}) € L5 by Definition 3.1, and thus

L; (z * y) > min{t,, ts, a} > min{t,, ty, 8},
that is, ((z % y)/min{t,, tp, 5}) € L. This shows that
(z/ta) € L, (y/te) € Li, BERT F ((wxy)/min{ta, to, B}) € L}
for all z,y € X and t,,t, € (0,1]. Therefore L5 is a (3, €)-Lf-subalgebra of (X,0),. O

In Example 3.6, the e-Lukasiewicz fuzzy set L5 is an («, €)-Lf-subalgebra of (X, 0).
for all @ € (0,0.2]. If we take § = 0.3, then @ < . Note that (e2/0.26) € L3,
(e3/0.22) € L and 8 € (0.2,1] CR™. But {(ez x e3)/min{0.26, 0.22, 8}) €L5, that is,

(e2/0.26) € L5, (e3/0.22) € L5, B € (0.2,1] C R+
¥ {(ez * e3)/min{0.26, 0.22, 5}) € L5



224 S. S. Ahn, Y. J. Seo, and Y. B. Jun

Hence Lj is not a (8, €)-Lf-subalgebra of (X, 0).. This shows that if & < 3, then any
(e, e)-Li-subalgebra may not be a (3, ¢)-Lf-subalgebra.

LEMMA 3.8. Every («,¢)-Lf-subalgebra L5 of (X,0), satisfies

(3) (x/t) € £5, a € (0,1] - (0/min{t,a}) € £5
for allz € X and t € (0, 1].
Proof. The combination of (I3) and (2) induces (3). O
PROPOSITION 3.9. Every («,¢)-Lf-subalgebra L, of a BCl-algebra (X, 0), satisfies
(4) (x/t)y € L5, a € (0,1] F {(0*x)/min{t,a}) € L;.

for all z,y € X and t € (0, 1].

Proof. Let x € X and «,t € (0, 1] be such that (z/t) € L5. Since (0/L5(0)) € L5,
we have

((0* z)/min{t, a}) = ((0 x z)/min{¢, L7 (0),a}) € L;,
by Definition 3.1 and Lemma 3.8. Hence (4) is verified. O

The combination of Lemma 2.3 and Theorem 3.4 induces the following corollary.

COROLLARY 3.10. If h is a fuzzy subalgebra of a BCl-algebra (X,0)., then its
e-Lukasiewicz fuzzy set Lj in X satisfies (4).

PrRoOPOSITION 3.11. If h is a fuzzy subalgebra of a BCI-algebra (X,0),, then its
e-Lukasiewicz fuzzy set L; in X satisfies

(x/ty) € L5, (y/ty) € L5, o € (0,1]
F((z* (0% y))/min{a, tq, ts}) € Lj,

for all x,y € X and t4,t, € (0,1].

Proof. Assume that h is a fuzzy subalgebra of a BCl-algebra (X,0),. Let z,y € X
and tq,tp, o € (0, 1] be such that (z/t,) € Lj and (y/tp) € L;. Then Lj(x) > t, and
L5 (y) > ty. Hence

Li (2% (0% y)) = max{0, h(z* (0xy)) +c — 1}

> max{0, min{h(x), h(0xy)} +c — 1}
= max{0, min{h(x),h(y)} + ¢ — 1}
= max{0, min{h(x) + ¢ —1,h(y) + —1}}
= min{max{0, h(x) + ¢ — 1}, max{0, h(y) + & — 1}}
= min{L; (), Lj,(y) }
> min{t,, tp} > min{a, t4, ts },

that is, ((z % (0 *y))/min{a, t4, tp}) € L5. This completes the proof. O

We provide conditions for an e-Lukasiewicz fuzzy set to be an (o, €)-Lf-subalgebra.

THEOREM 3.12. For every fuzzy set h in X, if its e-Lukasiewicz fuzzy set L; satisfies
(5) (y/te) € L5, (z/t.) € L, a € RT F ((z x y)/min{ty, t.,a}) € £

for all ty,t. € (0,1] and x,y,z € X with z < z, then Lj is an («,¢)-Lf-subalgebra of
(X,0)..



Generalized Lukasiewicz fuzzy subalgebras of BCI-algebras and BCK-algebras 225

Proof. Let a« € RY, z,y € X and t4,t € (0,1] be such that (z/t,) € L5 and
(y/ty) € L. Since x < x for all x € X, it follows from (5) that

((z * y)/min{t,, ty,a}) € L.
Therefore, L3 is an (a, €)-Lf-subalgebra of (X, 0),. O
We discuss the characterization of an («, €)-Lf-subalgebra.

THEOREM 3.13. An e-Lukasiewicz fuzzy set L; in X is an («,€)-Lf-subalgebra of
(X,0). if and only if it satisfies
(6) Ly (x xy) = min{L; (z), £, (y), a}
for all z,y € X and o € R™.

Proof. Assume that LS is an (a,e)-Lf-subalgebra of (X,0).. Let z,y € X and
a € R*. Note that (z/Lj(z)) € Lj and (y/L;(y)) € L;. Hence

(2 +y)/min{kj (z), Lj(y), o}) € L

by Definition 3.1, and so L (z * y) > min{L; (z), L5 (y), a}.

Conversely, suppose that L satisfies (6). Let a € R*, z,y € X and t4,t, € (0, 1]
be such that (x/t,) € L; and (y/ty) € L. Then L;(x) > t, and L (y) > t, and thus
5 (2 ) > min{L5(2), L (9), 0} > min{ta, fo, 0}
by (6). Hence ((x * y)/min{t,, ts, a}) € L5, which shows that (2) is valid. Thereore,
L$ is an (o, €)-Lf-subalgebra of (X, 0).. O

THEOREM 3.14. If an e-Lukasiewicz fuzzy set L; in X is an («a,¢)-Lf-subalgebra
of (X,0)., then the Lukasiewicz €-set (L, t)c of L is a subalgebra of (X,0), for all
a € R andt e (0,1] witht < a.

Proof. Let a € RT and and t € (0,1] be such that ¢t < a. If z,y € (L5, ), then
(x/t) € L§ and (y/t) € L§. It follows from (2) that

((zxy)/t) = ((x * y)/min{t, a}) € Lj,
ie,zxy € (L5, t)e. Thus (L5, )c is a subalgebra of (X, 0).,. O
We now consider the converse of Theorem 3.14.

THEOREM 3.15. Let a € R*. Given an e-Lukasiewicz fuzzy set Li in X, if its
Lukasiewicz €-set (L, t)e is a subalgebra of (X,0), for all t € (0,1] with t < «, then
LS is an (o, ¢)-Lf-subalgebra of (X, 0)..

Proof. Let x,y € X and t,,t, € (0,1] be such that (z/t,) € L5 and (y/t,) € L;.
If t, < aand t, < a, then z € (L5,%,)e C (L5, min{tq,ts})ec and y € (L5, ts)e C
(L5, min{tq, ts})e. Since min{ty, tp} < a, (L5, min{t,, tp})e is a subalgebra of (X, 0).
by assumption. Hence

xxy € (L, min{ty, ts})e C (L5, min{t,, ty, a})e,
and so ((x * y)/min{t,, ts,a}) € L5. Therefore, L; is an («,e¢)-Lf-subalgebra of
(X,0).. O

THEOREM 3.16. If an e-Lukasiewicz fuzzy set L; in X is an («,¢)-Lf-subalgebra
of (X,0)., then the Lukasiewicz q-set (L;,,t), of L; is a subalgebra of (X,0), for all
a € Rt and t € (0,1] witht + a > 1.
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Proof. Let € RT and and ¢ € (0,1] be such that t +a > 1. If 2,y € (L5,1),, then
(x/t)qL5 and (y/t) qL;, that is, Lj(z) +¢ > 1 and L5 (y) +¢ > 1. It follows from
Theorem 3.13 that

L; (z xy) > min{L; (z), L} (y),a} > min{l —t,a} =1 — 1.
Hence ((z x y)/t) qL5, and so z xy € (L5,t),. Therefore, (L7, ), is a subalgebra of
(X,0).. O

PROPOSITION 3.17. Given an («a, €)-Lf-subalgebra L, of (X,0),, if its Lukasiewicz
€-set (L5, t)e is a subalgebra of (X,0). for all « € Rt and t € (0.5,1] with ¢t < «,
then the following inequality is valid:

(7) max{L; (z * y),0.5} > min{E; (), E;,(y), o}
for all x,y € X.

Proof. Assume that (L5, t)c is a subalgebra of (X, 0), for all « € RT and ¢ € (0.5, 1]
with ¢ < . If (7) is not valid, then there exist ¢ € (0,1] and a,b € X such that

max{L; (a*b),0.5} <t < min{L;(a),L;(b), a}.

Then ¢t € (0.5,1], ¢t < a, (a/t) € L5 and (b/t) € L5. Hence a,b € (L§,t)c, and
soaxb € (L5,t)e. It follows that ¢ < L5(a % b) = max{L;(a xb),0.5}. This is a
contradiction, and therefore L satisfies the inequality (7). ]

The combination of Theorems 3.14 and 3.15 induces the following corollary.

COROLLARY 3.18. If an e-Lukasiewicz fuzzy set L;, in X is an («, €)-Lf-subalgebra
of (X,0)., then it satisfies the inequality (7).

Now, we discuss the converse of Proposition 3.17.

THEOREM 3.19. If an e-Lukasiewicz fuzzy set Lj in X satisfies the inequality (7)
for all « € R™ and z,y € X, then its Lukasiewicz €-set (L;,t)c Is a subalgebra of
(X,0), for all t € (0.5,1] with t < .

Proof. Let t € (0.5,1] and z,y € X be such that t < « and z,y € (L},t)c. Then
L5 (z) >t and L5 (y) > t. Thus (7) induces
max{Lj (z *y),0.5} > min{L; (z), L} (y),a} > min{t,a} =1t

and so L5 (z *y) > ¢ since t > 0.5. Hence z xy € (L5,t)c, and thus (L5,t)c is a
subalgebra of (X, 0),. O

THEOREM 3.20. If an e-Lukasiewicz fuzzy set L; in X is an («,¢)-Lf-subalgebra
of (X,0), for all a(# 0) € R, then its Lukasiewicz O-set O(L5) is a subalgebra of
(X,0)..

Proof. Assume that L5 is an (a, e)-Lf-subalgebra of (X,0), for all a(# 0) € R*.
If z,y € O(L5), then h(z) + e —1 > 0 and h(y) + € — 1 > 0. Hence Theorem 3.13
induces

hzxy)+e—1=max{0,h(zxy)+e—1} =Lj(zxy)
> min{Lj, (2), Ly (y), o}
= min{h(x) +¢—1,h(y) +e—1,a} >0,
and so x x y € O(L5). Therefore, O(L}) is a subalgebra of (X, 0).,. O
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THEOREM 3.21. Let o € RT be such that o +¢ < 1. If an e-Lukasiewicz fuzzy set
L; in X satisfies

(8) (x/ty) € £, (y/ty) € £5, a € RT + ((z * y)/max{t,, ty,a}) ¢ L;

for all z,y € X and t,,t, € (0,1], then its Lukasiewicz O-set O(L;) is a subalgebra of
(X,0)..

Proof. Assume that Lj satisfies (8) for all z,y € X and t,,t, € (0,1]. Let 2,y €
O(Ls5). Then h(z)+e—1> 0 and h(y) + —1 > 0. If we take ¢, := Lj(z) and
ty := L (y), then (z/t,) € L5 and (y/ty) € L. Thus

((x *y)/max{tq, ts,a}) qL;,
by (8). If zxy ¢ O(L5), then L5 (z xy) = 0 and so

L; (z * y) + max{t,, ty, o} = max{t,, ts,a}

= max{Lj(2), Lj(y), o}
<max{h(xz)+e—1,h(y) +e—1,1—¢}.

It follows that L§ (z * y) + max{t,, tp,a} <1—ec<1or

L5 (z * y) + max{t,, ty,a} < max{h(z)+e—1,h(y) +e—1}
= max{h(z),h(y)}+e—-1<14+ec—-1=ec<1.

This is a contradiction, and thus = x y € O(L}). Therefore, O(L;) is a subalgebra of
(X,0).. O

COROLLARY 3.22. (see [6, Theorem 3.21)) If an e-Lukasiewicz fuzzy set L, in X
satisfies (8) for all & < max{t,, ts}, then its Lukasiewicz O-set O(L;,) is a subalgebra
of (X,0)..

THEOREM 3.23. If an e-Lukasiewicz fuzzy set Lj in X satisfies
(9) (w/ta) Ly, (y/te) a1y, a« €RT F (2 xy)/max{ts, to, a}) € L}

for all z,y € X and t4,t, € (0,1], then its Lukasiewicz O-set O(L;) is a subalgebra of
(X,0)..

Proof. Let a« € R* and x,y € O(L5). Then h(z) +e—1>0and h(y) +e—1> 0.
Thus L5(z) +1 = h(z) +e—1+1 = h(z)+e > 1and L5(y) +1 = h(z) + ¢ —
14+ 1 =h(y)+¢e > 1, that is, (x/1)¢L5 and (y/1)¢L5. It follows from (9) that
((z * y)/max{t,, to,a}) € L5. Hence Ly (z x y) > max{t,, ty,a}, and so Ly(z xy) >
max{ty, ty} > 0 or Ly(z*xy) > a > 0. Thus x xy € O(L5) and O(L5) is a subalgebra
of (X,0),. O

COROLLARY 3.24. (see [6, Theorem 3.22|) If an e-Lukasiewicz fuzzy set L; in X
satisfies (9) for all &« < max{t,, tys}, then its Lukasiewicz O-set O(L;) is a subalgebra
of (X,0),.
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4. Conclusion

Lukasiewicz (fuzzy) logic, which is the logic of the Lukasiewicz t-norm, is a non-
classical and many-valued logic. It was originally defined in the early 20th century
by Jan Lukasiewicz as a three-valued logic BCK/BCl-algebras originally defined by
K. Iséki and S. Tanaka in [5] to generalize the set difference in set theory. Using
the idea of Lukasiewicz t-norm, Jun constructed the concept of Lukasiewicz fuzzy
sets based on a given fuzzy set and applied it to BCK-algebras and BCl-algebras.
For the purpose of considering the generalization of Lukasiewicz fuzzy subalgebras
in BCK/BClI-algebras, we defined («,¢)-Lukasiewicz fuzzy subalgebras using fuzzy
points and provided examples to illustrate it. We investigated several properties aris-
ing from («,¢)-Lukasiewicz fuzzy subalgebras, and discussed the relation between
Lukasiewicz fuzzy subalgebras and («, €)-Lukasiewicz fuzzy subalgebras. We explored
the characterizations of («, )-Lukasiewicz fuzzy subalgebras, and examined the con-
ditions under which the e-Lukasiewicz fuzzy set to be an (a,¢)-Lukasiewicz fuzzy
subalgebra. We found conditions for the Lukasiewicz €-set, Lukasiewicz ¢-set and
Lukasiewicz O-set to be subalgebras.

The ideas and results obtained in this paper can be applied to various forms of
logical algebras in the future.
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