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HYERS-ULAM STABILITY OF FUZZY HILBERT C∗-MODULE

HOMOMORPHISMS AND FUZZY HILBERT C∗-MODULE

DERIVATIONS

Sajjad Khan and Choonkil Park∗

Abstract. In the present paper, we introduce the notion of a fuzzy Hilbert C∗-
module and study the Hyers-Ulam stability of fuzzy Hilbert C∗-module homomor-
phisms and fuzzy Hilbert C∗-module derivations in fuzzy Hilbert C∗-modules using
the fixed point method.

1. Introduction and preliminaries

The field of fuzzy theory holds substantial importance in mathematics and applied
sciences, where Zadeh’s concept of fuzzy sets [42] has been widely adopted across
various mathematical disciplines (see [6, 22, 24, 26, 35, 40]). George and Viramani [15]
contributed new insights by modifying existing definitions, and Bag and Samantha [7]
introduced a novel approach to fuzzy norms. Further advancements in fuzzy norm
concepts were later achieved by Saadati and Vaezpour [38] and Ameri [5].

Definition 1.1. [7, 11] Let Ξ be a linear space. A fuzzy set N is considered a
fuzzy norm on Ξ × (0,∞) such that the following conditions hold: For all x, y ∈ Ξ
and α, β > 0,

1) N (x, α) > 0;

2) N (x, α) = 1, iff x = 0;

3) N (ax, α) = N
(
x,

α

|a|

)
, ∀a ̸= 0;

4) N (x+ y, α+ β) ≥ min{N (x, α),N (y, β)};
5) N (x, ·) is continuous for each x ∈ Ξ;

6) lim
α→∞

N (x, α) = 1.

The pair (Ξ,N ) is called a fuzzy normed space.

Recently, Chaharpashlou et al. [10] introduced the notion of fuzzy inner product
A-modules, which can be viewed as an enhancement of the fuzzy inner products
and fuzzy Hilbert spaces presented in [34]. For more information on fuzzy inner
products and fuzzy Hilbert spaces, see [13, 16]. The concept of a Hilbert C∗-module
is a generalization of the concept of Hilbert space, was introduced by Kaplansky [19].
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Before further definitions, it is important to introduce some notations here. Let A be
a C∗-algebras. An element ι ∈ A is said to positive if it is self adjoint and has a non-
negative spectrum. We will denote the set of all positive elements of A by A+. A can
be considered with the partial order: For any ι, κ ∈ A, ι ≥ κ if and only if ι−κ ∈ A+.
The absolute value for each ι ∈ A can be introduced as |ι| = (ιι∗)

1
2 [25, 30].

Definition 1.2. [25] Let A be a C∗-algebra and Ξ be a complex linear space
equipped with a compatible left A-module action (i.e., λ(ιx) = (λι)x = ι(λx) for
x ∈ Ξ, ι ∈ A, λ ∈ C). The mapping ⟨·, ·⟩ : Ξ × Ξ −→ A is called an (left) inner
product if for all x, y, z ∈ Ξ, α, β ∈ C, ι ∈ A,

(i) ⟨αx+ βy, z⟩ = α⟨x, z⟩+ β⟨y, z⟩;
(ii) ⟨ιx, y⟩ = ι⟨x, y⟩;
(iii) ⟨x, y⟩∗ = ⟨y, x⟩;
(iv) ⟨x, x⟩ ≥ 0 and ⟨x, x⟩ = 0 if and only if x = 0.

If on Ξ the mapping ⟨·, ·⟩ is an inner product, then Ξ is called a (left) pre-Hilbert
A-module or (left) inner product A-module. Ξ is called a Hilbert C∗-module over A
if it is complete with the induced norm introduced by ∥x∥ := ∥⟨x, x⟩∥ 1

2 for x ∈ Ξ.

As an example, it is easy to see that every complex Hilbert space is a Hilbert C∗-
module over C, with its inner product. Moreover, every C∗-algebra A can be regarded
as a Hilbert C∗-module over A, where

⟨ι, κ⟩ := ικ∗, (ι, κ ∈ A).

Definition 1.3. [10] Let A be an arbitrary C∗-algebra. A mapping f : A+ →
ball(A+) = {ι ∈ A+ : ∥ι∥ ≤ 1} is considered vanish at infinity if for every ε > 0
the set of {ι ∈ A+ : ∥f(ι)∥ ≥ ε} is compact. Also, F0(A+) is the notation used to
represent the set of all mappings which are vanish at infinity.

Notice that if A = C, then we obtain

F0(A+) = {f : R+ → [0, 1] : lim
α→∞

f(α) = 0}.

Definition 1.4. [10] Let Ξ be a complex linear space, A be a unital C∗-algebra
and µ represent a fuzzy set from Ξ×Ξ×A to ball(A+). Then the pair (Ξ, µ) is called
a fuzzy inner product A-module if the following hold:

(FIPA1) µ(x, x, ι) = 0, ∀x ∈ Ξ, ∀ι ∈ A \ A+;

(FIPA2) µ(x, x, ι) = 1A, ∀ι ∈ A+ iff x = 0;

(FIPA3) µ(αx, y, ι) = µ(x, y,
ι

|α|
), ∀x, y ∈ Ξ, ∀ι ∈ A, ∀α ∈ C \ {0};

(FIPA4) µ(x, y, ι∗) = µ(y, x, ι), ∀x, y ∈ Ξ, ∀ι ∈ A;

(FIPA5) µ(x+ y, z, |ι|+ |κ|) ≥ min{µ(x, z, |ι|), µ(y, z, |κ|)},
∀x, y, z ∈ Ξ, ∀ι, κ ∈ A;

(FIPA6) µ(x, x, ·) : A+ → ball(A+), x ∈ Ξ, is left continuous

and µ(x, x, ·)− 1A ∈ F0(A+);

(FIPA7) µ(x, y, |ικ|) ≥ min{µ(x, x, |ι|2), µ(y, y, |κ|2)}, ∀x, y ∈ Ξ, ∀ι, κ ∈ A.
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Definition 1.5. [10, Theorem 2.9] Let (Ξ, µ) be a fuzzy inner product A-module
such that (A+,≤) is totally ordered. Then a mapping N : Ξ × A+ −→ ball(A+),
given by

N (x, ι) = µ(x, x, |ι|2) (x ∈ Ξ, ι ∈ A+),

is a fuzzy norm on Ξ.

The stability problem of functional equations was arose from a question posed
by Ulam [41] during his talk before a Mathematical Colloquium at the University
of Wisconsin in 1940. Specifically, the question was: Let (G1, ∗) be a group and
(G2, ⋄, d) be a metric group with the metric d. For a given ϵ > 0, does there exist a
δ > 0 such that if f : G1 → G2 satisfies d(f(x ∗ y), f(x) ⋄ f(y)) < δ for all x, y ∈ G1,
then a homomorphism h : G1 → G2 exists with d(f(x), h(x)) < ϵ for all x ∈ G1?
In 1941, Hyers [18] provided the first affirmative answer for approximately additive
mappings in the context of Banach spaces. In 1978, Rassias [36] generalized the
Hyers’ result for linear mappings. Gǎvruţa [14] introduced a general control function
and further extended the Rassias’ results. The stability problems of various functional
equations, functional inequalities and differential equations have been widely explored
by numerous researchers (see [8, 17,20,21,29,33]).

In 2008, Mirmostafaee and Moslehian [28] introduced the idea of generalized Hyers-
Ulam-Rassias stability in the fuzzy sense by introducing three different versions of
fuzzy approximate additive function in fuzzy normed spaces. In 2009, Park [32] stud-
ied the fuzzy stability of a functional equation associated with inner product spaces.
Since then, the stability of functional equations in fuzzy normed spaces has attracted
the attention of scholars (see [23, 37]). The main objective of this paper is to in-
vestigate the fuzzy Hyers-Ulam stability of homomorphisms and derivations in the
framework of fuzzy Hilbert C∗-modules.

Following Definition 1.5 we introduce the idea of limit in the framework of fuzzy
inner product A-modules. Throughout the paper we will denote the set of strictly
positive elements of A by A+

>0.

Definition 1.6. Let (Ξ, µ) be a fuzzy inner product A-module.
(1) A sequence {xn} in Ξ is said to be convergent to x ∈ Ξ if for all ι ∈ A+

>0

lim
n→∞

N (xn − x, ι) = 1A.

(2) A sequence {xn} in Ξ is said to be Cauchy if for every ϵ > 0 there exists p in N
such that N (xn+p − xn, ι) > 1A − ϵ, for all ι ∈ A+

>0.
(3) (Ξ, µ) is called a complete fuzzy inner product A-module or fuzzy Hilbert A-
module or simply a fuzzy Hilbert C∗-module if every Cauchy sequence converges in
(Ξ, µ).

Definition 1.7. Let A be a unital C∗-algebra with unit 1A and B be a unital C∗-
algebra with unit 1B, and Ξ be a fuzzy Hilbert A-module and ∇ be a fuzzy Hilbert
B-module.
(1) H : ∇ → Ξ is called a fuzzy Hilbert C∗-module homomorphism if

H(⟨x, y⟩ z) = ⟨H(x), H(y)⟩H(z)

for all x, y, z ∈ ∇.
(2) D : Ξ → Ξ is called a fuzzy Hilbert C∗-module derivation if

H(⟨x, y⟩ z) = ⟨H(x), y⟩ z + ⟨x,H(y)⟩ z + ⟨x, y⟩H(z)
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for all x, y, z ∈ Ξ.

We recall a fundamental result in the fixed point theory.

Theorem 1.8. [9] Let (X, d) be a complete generalized metric space and J : X →
X be a strictly contractive mapping with Lipschitz constant L < 1. Then, for all
x ∈ X, either

d(Jnx, Jn+1x) = ∞
for all nonnegative integers n or there exists a positive integer n0 such that

(1) d(Jnx, Jn+1x) < ∞ for all n ≥ n0;
(2) the sequence {Jnx} converges to a fixed point y∗ of J ;
(3) y∗ is the unique fixed point of J in the set Y = {y ∈ X : d(Jn0x, y) < ∞};
(4) d(y, y∗) ≤ 1

1−L
d(y, Jy) for all y ∈ Y .

Using the fixed point method, many authors have studied the Hyers-Ulam stability
of functional equations and differential equations (see [1–4]).

The paper is organized as follows: In Section 2, we prove the Hyers-Ulam stability
of fuzzy Hilbert C∗-module homomorphisms (for Hilbert C∗-module homomorphisms,
see [39]) in fuzzy Hilbert C∗-modules using the fixed point method. In Section 3, we
establish the Hyers-Ulam stability of fuzzy Hilbert C∗-module derivations (for Hilbert
C∗-module derivations, see [12]) on fuzzy Hilbert C∗-modules by employing the fixed
point method.

Throughout the paper, Ξ denotes a fuzzy Hilbert C∗-module, A denotes a unital
C∗-algebra and A+

>0 denotes the set of strictly positive elements of A.

2. Hyers-Ulam stability of fuzzy Hilbert C∗-module homomorphisms in
fuzzy Hilbert C∗-modules

We need the following lemma for our main results.

Lemma 2.1. [31] Let X and Y be complex linear spaces and f : X → Y be an
additive mapping such that f(µx) = µf(x) for all x ∈ X and all µ ∈ T = {z ∈ C :
|z| = 1}. Then the mapping f is C-linear.

Theorem 2.2. Let f : ∇ → Ξ be a mapping and assume that there exists a
function φ : ∇3 → [0,∞) such that

(1) N (f(µx+ y)− µf(x)− f(y), ι) ≥
(

∥ι∥
∥ι∥+ φ(x, y, 0)

)
1A,

(2) N (f(⟨x, y⟩z)− ⟨f(x), f(y)⟩f(z), ι) ≥
(

∥ι∥
∥ι∥+ φ(x, y, z)

)
1A

for all x, y, z ∈ ∇, ι ∈ A+
>0 and all µ ∈ T. If there exists 0 ≤ L < 1 such that

φ(x, y, z) ≤ 2Lφ(x
2
, y
2
, z
2
) for all x, y, z ∈ ∇, then there exists a unique fuzzy Hilbert

C∗-module homomorphism H : ∇ → Ξ such that

(3) N (f(x)−H(x), ι) ≥
(

(2− 2L)∥ι∥
(2− 2L)∥ι∥+ φ(x, x, 0)

)
1A

for all x ∈ ∇ and ι ∈ A+
>0.
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Proof. Consider the set S = {g : ∇ → Ξ}, and define the generalized metric on S:

d(g, h) : = inf{c ∈ (0,∞) : N (g(x)− h(x), cι)

≥
(

∥ι∥
∥ι∥+ φ(x, x, 0)

)
1A,∀x ∈ ∇, ι ∈ A+

>0}.

It can easily be shown that (S, d) is a complete metric space (see [27]).
Now, consider the linear mapping J : S → S such that

(Jg)(x) :=
1

2
g(2x).

for all x ∈ ∇.
Let d(g, h) = ϵ for any g, h ∈ S. Then

N (g(x)− h(x), ϵι) ≥
(

∥ι∥
∥ι∥+ φ(x, x, 0)

)
1A

for all x ∈ ∇ and ι ∈ A+
>0. Then

N (Jg(x)− Jh(x), Lϵι) =N
(
1

2
g(2x)− 1

2
h(2x), Lϵι

)
=N (g(2x)− h(2x), 2Lϵι) (by (FIPA3) and Definition 1.5)

≥
(

2L∥ι∥
2L∥ι∥+ φ(2x, 2x, 0)

)
1A ≥

(
2L∥ι∥

2L∥ι∥+ 2Lφ(x, x, 0)

)
1A

≥
(

∥ι∥
∥ι∥+ φ(x, x, 0)

)
1A

for all x ∈ ∇ and ι ∈ A+
>0. So d(g, h) = ϵ implies that d(Jg, Jh) = Lϵ. This shows

that J is strictly contractive with the Lipschitz constant L < 1.
Letting x = y, µ = 1 in (1), we obtain

(4) N (f(2x)− 2f(x), ι) ≥
(

∥ι∥
∥ι∥+ φ(x, x, 0)

)
1A

for all x ∈ ∇ and ι ∈ A+
>0.

By (FIPA3), the above inequality implies that

N
(
f(x)− 1

2
f(2x),

1

2
ι

)
≥
(

∥ι∥
∥ι∥+ φ(x, x, 0)

)
1A

for all x ∈ ∇ and ι ∈ A+
>0. Hence d(f, Jf) ≤ 1

2
.

By Theorem 1.8, there exists a mapping H : Ξ → Ξ which is a fixed point of J
such that

(5) H(2x) = 2H(x)

for all x ∈ ∇. Also lim
n→∞

d(Jnf,H) = 0. This implies that

(6) lim
n→∞

f(2nx)

2n
= H(x)

for all x ∈ ∇. Notice that H is the unique fixed point of J in the set

U = {g ∈ S : d(g, f) < ∞}.
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This implies that H is the unique fixed point satisfying (5) such that there exists
c ∈ (0,∞) satisfying

N (f(x)−H(x), cι) ≥
(

∥ι∥
∥ι∥+ φ(x, x, 0)

)
1A

for all x ∈ ∇ and ι ∈ A+
>0.

Applying Theorem 1.8 once again, we obtain d(f,H) ≤ 1
1−L

d(f, Jf) ≤ 1
2−2L

. This
implies that

N (f(x)−H(x), ι) ≥
(

(2− 2L)∥ι∥
(2− 2L)∥ι∥+ φ(x, x, 0)

)
1A

for all x ∈ ∇ and ι ∈ A+
>0. Thus (3) holds.

Now we show that H is C-linear. From the assumption φ(x, y, z) ≤ 2Lφ(x
2
, y
2
, z
2
)

for all x, y, z ∈ ∇, it follows that

(7) 0 ≤ lim
n→∞

1

2n
φ(2nx, 2ny, 2nz) ≤ lim

n→∞

2nLn

2n
φ(2nx, 2ny, 2nz) = 0.

In (1), replacing x by 2nx, y by 2ny respectively, using (FIPA3) and dividing both
sides by 2n, letting n → ∞, using (7), by Definition 1.6 and applying (6), we obtain

(8) H(µx+ y) = µH(x) +H(y)

for all µ ∈ T and all x, y ∈ ∇. For µ = 1, (8) implies that H is additive and so
H(0) = 0, together with these, Lemma 2.1 implies that H is C-linear.

Replacing x, y, z by 2nx, 2ny, 2nz respectively in the left hand side of (2), we obtain

N (f(⟨2nx, 2ny⟩ 2nz)− ⟨f(2nx), f(2ny)⟩ f(2nz), ι) .
Applying (2), we obtain

N
(
f(23n ⟨x, y⟩ z)− ⟨f(2nx), f(2ny)⟩ f(2nz), 23nι

)
≥
(

23n∥ι∥
23n∥ι∥+ φ(2nx, 2ny, 2nz)

)
1A.

This further implies that

N
(
2−3nf(23n ⟨x, y⟩ z)−

〈
f(2nx)

2n
,
f(2ny)

2n

〉
f(2nz)

2n
, ι

)
≥
(

23n∥ι∥
23n∥ι∥+ φ(2nx, 2ny, 2nz)

)
1A

=

(
∥ι∥

∥ι∥+ 2−3nφ(2nx, 2ny, 2nz)
∥
)
1A

≥
(

∥ι∥
∥ι∥+ 2−3n8nLnφ(x, y, z)

∥
)
1A

for all x, y, z ∈ ∇ and all ι ∈ A+
>0, since φ(x, y, z) ≤ 2Lφ(x

2
, y
2
, z
2
) ≤ 8Lφ(x

2
, y
2
, z
2
) for

all x, y, z ∈ ∇.
Taking the limit as n → ∞, for all ι ∈ A+

>0, using (7), by Definition 1.6 and
applying (6), we obtain

N (H(⟨x, y⟩ z)− ⟨H(x), H(y)⟩H(z), ι) ≥ 1A

for all x, y, z ∈ ∇ and ι ∈ A+
>0. By (FIPA2), we obtain

H(⟨x, y⟩ z) = ⟨H(x), H(y)⟩H(z)

for all x, y, z ∈ ∇. Thus H is a fuzzy Hilbert C∗-module homomorphism.
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The following corollary gives us the Hyers-Ulam-Rassias stability of fuzzy Hilbert
C∗-module homomorphisms.

Corollary 2.3. Let p ∈ (0, 1), θ ≥ 0 and f : ∇ → Ξ be a mapping such that

N (f(µx+ y)− µf(x)− f(y), ι) ≥
(

∥ι∥
∥ι∥+ θ(∥x∥p + ∥y∥p)

)
1A,

N (f(⟨x, y⟩z)− ⟨f(x), f(y)⟩f(z), ι) ≥
(

∥ι∥
∥ι∥+ θ(∥x∥p + ∥y∥p + ∥z∥p)

)
1A

for all x, y, z ∈ ∇, ι ∈ A+
>0 and all µ ∈ T. Then there exists a unique fuzzy Hilbert

C∗-module homomorphism H : ∇ → Ξ such that

N (f(x)−H(x), ι) ≥
(

(2− 2p)∥ι∥
(2− 2p)∥ι∥+ 2θ∥x∥p

)
1A

for all x ∈ ∇ and ι ∈ A+
>0

Proof. The proof follows from Theorem 2.2 by taking φ(x, y, z) := θ(∥x∥p+ ∥y∥p+
∥z∥p) and L = 2p−1.

Theorem 2.4. Let f : ∇ → Ξ be a mapping and assume that there exists a
function φ : ∇3 → [0,∞) such that

(9) N (f(µx+ y)− µf(x)− f(y), ι) ≥
(

∥ι∥
∥ι∥+ φ(x, y, 0)

)
1A,

(10) N (f(⟨x, y⟩z)− ⟨f(x), f(y)⟩f(z), ι) ≥
(

∥ι∥
∥ι∥+ φ(x, y, z)

)
1A

for all x, y, z ∈ ∇, ι ∈ A+
>0 and all µ ∈ T. If there exists 0 ≤ L < 1 such that

φ(x, y, z) ≤ L
8
φ(2x, 2y, 2z) for all x, y, z ∈ ∇, then there exists a unique fuzzy Hilbert

C∗-module homomorphism H : ∇ → Ξ such that

(11) N (f(x)−H(x), ι) ≥
(

(2− 2L)∥ι∥
(2− 2L)∥ι∥+ Lφ(x, x, 0)

)
1A

for all x ∈ ∇ and ι ∈ A+
>0.

Proof. Consider the linear mapping J : S → S such that

(Jg)(x) := 2g(
x

2
)

for all x ∈ ∇.
Let d(g, h) = ϵ for any g, h ∈ S. Then by (4) we have

N (g(x)− h(x), ϵι) ≥
(

∥ι∥
∥ι∥+ φ(x, x, 0)

)
1A
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for all x ∈ ∇ and ι ∈ A+
>0. Thus

N (Jg(x)− Jh(x), Lϵι) =N
(
2g
(x
2

)
− 2h

(x
2

)
, Lϵι

)
=N

(
g
(x
2

)
− h

(x
2

)
,
L

2
ϵι

)
≥

(
L
2
∥ι∥

L
2
∥ι∥+ φ(x

2
, x
2
, 0)

)
1A ≥

(
L
2
∥ι∥

L
2
∥ι∥+ L

2
φ(x, x, 0)

)
1A

≥
(

∥ι∥
∥ι∥+ φ(x, x, 0)

)
1A

for all x ∈ ∇ and ι ∈ A+
>0, since φ(x, y, z) ≤ L

8
φ(2x, 2y, 2z) ≤ L

2
φ(2x, 2y, 2z) for all

x, y, z ∈ ∇. So d(g, h) = ϵ implies that d(Jg, Jh) = Lϵ. This shows that J is strictly
contractive with the Lipschitz constant L < 1.

From (4) and (FIPA3), it follows that

N
(
f(x)− 2f

(x
2

)
,
L

2
ι

)
≥
(

∥ι∥
∥ι∥+ φ(x, x, 0)

)
1A

for all x ∈ ∇ and ι ∈ A+
>0. Thus d(f, Jf) ≤ L

2
.

By Theorem 1.8, there exists a mapping H : ∇ → Ξ which is a fixed point of J
such that

(12) H
(x
2

)
=

1

2
H (x)

for all x ∈ ∇. Also lim
n→∞

d(Jnf,H) = 0. This implies that

(13) lim
n→∞

2nf
( x

2n

)
= H(x)

for all x ∈ ∇. Notice that H is the unique fixed point of J in the set

U = {g ∈ S : d(g, f) < ∞}.

This implies that H is the unique fixed point satisfying (12) such that there exists
c ∈ (0,∞) satisfying

N (f(x)−H(x), cι) ≥
(

∥ι∥
∥ι∥+ φ(x, x, 0)

)
1A

for all x ∈ ∇ and ι ∈ A+
>0.

Applying Theorem 1.8 once again, we obtain d(f,H) ≤ 1
1−L

d(f, Jf) ≤ L
2−2L

. This
implies that

N (f(x)−H(x), ι) ≥
(

(2− 2L)∥ι∥
(2− 2L)∥ι∥+ Lφ(x, x, 0)

)
1A

for all x ∈ ∇ and ι ∈ A+
>0. Thus (11) holds.

Now to show thatH is C-linear. From the assumption that φ(x, y, z) ≤ L
8
φ(2x, 2y, 2z) ≤

L
2
φ(2x, 2y, 2z) for all x, y, z ∈ ∇, it follows that

(14) lim
n→∞

2nφ
( x

2n
,
y

2n
,
z

2n

)
= 0.
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In (9), replacing x by x
2n
, y by y

2n
respectively, using (FIPA3) and multiplying both

sides by 2n, letting n → ∞, using (14), by Definition 1.6 and applying (13), we obtain

(15) H(µx+ y) = µH(x) +H(y)

for all x, y ∈ ∇ and µ ∈ T. For µ = 1, (15) implies that H is additive and so H(0) = 0,
together with these, Lemma 2.1 implies that H is C-linear.

Replacing x, y, z by x
2n
, y
2n
, z
2n

in the left side of (10), we obtain

N
(
f
(〈 x

2n
,
y

2n

〉 z

2n

)
−
〈
f
( x

2n

)
, f
( y

2n

)〉
f
( z

2n

)
, ι
)
.

Applying (10), we obtain

N
(
f
(〈 x

2n
,
y

2n

〉 z

2n

)
−
〈
f
( x

2n

)
, f
( y

2n

)〉
f
( z

2n

)
, 2−3nι

)
≥

(
2−3n∥ι∥

2−3n∥ι∥+ φ
(

x
2n
, y
2n
, z
2n

)) 1A.

This further implies that

N
(
23nf

(〈 x

2n
,
y

2n

〉 z

2n

)
−
〈
2nf

( x

2n

)
, 2nf

( y

2n

)〉
2nf

( z

2n

)
, ι
)

≥

(
2−3n∥ι∥

2−3n∥ι∥+ φ
(

x
2n
, y
2n
, z
2n

)) 1A

≥

(
∥ι∥

∥ι∥+ 23nφ
(

x
2n
, y
2n
, z
2n

)) 1A

≥
(

∥ι∥
∥ι∥+ 23n2−3nLnφ (x, y, z)

)
1A.

Taking the limit as n → ∞, for all ι ∈ A+
>0, using (14), by Definition 1.6 and applying

(13), we obtain
N (H(⟨x, y⟩ z)− ⟨H(x), H(y)⟩H(z), ι) ≥ 1A

for all x, y, z ∈ ∇ and ι ∈ A+
>0. By (FIPA2), we obtain

H(⟨x, y⟩ z) = ⟨H(x), H(y)⟩H(z)

for all x, y, z ∈ ∇. Thus H is a fuzzy Hilbert C∗-module homomorphism.

Corollary 2.5. Let p > 3, θ ≥ 0 and f : ∇ → Ξ be a mapping such that

N (f(µx+ y)− µf(x)− f(y), ι) ≥
(

∥ι∥
∥ι∥+ θ(∥x∥p + ∥y∥p)

)
1A,

N (f(⟨x, y⟩z)− ⟨f(x), f(y)⟩f(z), ι) ≥
(

∥ι∥
∥ι∥+ θ(∥x∥p + ∥y∥p + ∥z∥p)

)
1A

for all x, y, z ∈ ∇, ι ∈ A+
>0 and all µ ∈ T. Then there exists a unique fuzzy Hilbert

C∗-module homomorphism H : ∇ → Ξ such that

N (f(x)−H(x), ι) ≥
(

(2p − 2)∥ι∥
(2p − 2)∥ι∥+ 2θ∥x∥p

)
1A

for all x ∈ ∇ and ι ∈ A+
>0.

Proof. The proof follows from Theorem 2.4 by taking φ(x, y, z) := θ(∥x∥p+ ∥y∥p+
∥z∥p) and L = 21−p.
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3. Hyers-Ulam stability of fuzzy Hilbert C∗-module derivations on fuzzy
Hilbert C∗-modules

In this section, we prove the Hyers-Ulam stability of fuzzy Hilbert C∗-module
derivations on fuzzy Hilbert C∗-modules.

Theorem 3.1. Let f : Ξ → Ξ be a mapping and assume that there exists a
function φ : Ξ3 → [0,∞) such that

N (f(µx+ y)− µf(x)− f(y), ι) ≥
(

∥ι∥
∥ι∥+ φ(x, y, 0)

)
1A,

(16)

N (f(⟨x, y⟩z)− ⟨f(x), y⟩z − ⟨x, f(y)⟩z − ⟨x, y⟩f(z), ι) ≥
(

∥ι∥
∥ι∥+ φ(x, y, z)

)
1A

for all x, y, z ∈ Ξ, ι ∈ A+
>0 and all µ ∈ T. If there exists 0 ≤ L < 1 such that

φ(x, y, z) ≤ 2Lφ(x
2
, y
2
, z
2
) for all x, y, z ∈ Ξ, then there exists a unique fuzzy Hilbert

C∗-module derivation D : Ξ → Ξ such that

(17) N (f(x)−D(x), ι) ≥
(

(2− 2L)∥ι∥
(2− 2L)∥ι∥+ φ(x, x, 0)

)
1A

for all x ∈ Ξ and ι ∈ A+
>0.

Proof. From Theorem 2.2, there exists a unique C-linear mapping D : Ξ → Ξ
satisfying (17) such that

(18) lim
n→∞

f(2nx)

2n
= D(x)

for all x ∈ Ξ.

We show that D is a Hilbert C∗-module derivation. Replacing x, y, z by 2nx, 2ny
and 2nz in the left side of (16), we obtain

N (f(⟨2nx, 2ny⟩ 2nz)− ⟨f(2nx), 2ny⟩ 2nz − ⟨2nx, f(2ny)⟩ 2nz − ⟨2nx, 2ny⟩ f(2nz), ι) .
Applying (16), we have

N
(
f(23n ⟨x, y⟩ z)− ⟨f(2nx), y⟩ z − ⟨x, f(2ny)⟩ z − ⟨x, y⟩ f(2nz), 23nι

)
≥
(

23n∥ι∥
23n∥ι∥+ φ(2nx, 2ny, 2nz)

)
1A

for all x, y, z ∈ Ξ and all ι ∈ A+
>0. So we have

N
(
2−3nf(23n ⟨x, y⟩ z)−

〈
f(2nx)

2n
, y

〉
z −

〈
x,

f(2ny)

2n

〉
z − ⟨x, y⟩ f(2

nz)

2n
, ι

)
≥
(

∥ι∥
∥ι∥+ 2−3nφ(2nx, 2ny, 2nz)

)
1A

≥
(

∥ι∥
∥ι∥+ 2−3n8nLnφ(x, y, z)

)
1A

for all x, y, z ∈ Ξ and all ι ∈ A+
>0, since φ(x, y, z) ≤ 2Lφ(x

2
, y
2
, z
2
) ≤ 8Lφ(x

2
, y
2
, z
2
) for

all x, y, z ∈ Ξ.
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Taking the limit as n → ∞, for all ι ∈ A+
>0, using (7), by Definition 1.6 and

applying (18), we obtain

N (D(⟨x, y⟩ z)− ⟨D(x), y⟩ z − ⟨x,D(y)⟩ z − ⟨x, y⟩D(z), ι) ≥ 1A

for all x, y, z ∈ Ξ and ι ∈ A>0. By (FIPA2), we obtain

D(⟨x, y⟩ z) = ⟨D(x), y⟩ z + ⟨x,D(y)⟩ z + ⟨x, y⟩D(z)

for all x, y, z ∈ Ξ. Thus D is a fuzzy Hilbert C∗-module derivation.

The following corollary gives us the Hyers-Ulam-Rassias stability of fuzzy Hilbert
C∗-module derivations.

Corollary 3.2. Let p ∈ (0, 1), θ ≥ 0 and f : Ξ → Ξ be a mapping such that

N (f(µx+ y)− µf(x)− f(y), ι) ≥
(

∥ι∥
∥ι∥+ θ(∥x∥p + ∥y∥p)

)
1A,

N (f(⟨x, y⟩z)− ⟨f(x), y⟩z − ⟨x, f(y)⟩z − ⟨x, y⟩f(z)ι) ≥
(

∥ι∥
∥ι∥+ θ(∥x∥p + ∥y∥p + ∥z∥p)

)
1A

for all x, y, z ∈ Ξ, ι ∈ A+
>0 and all µ ∈ T. Then there exists a unique fuzzy Hilbert

C∗-module derivation D : Ξ → Ξ such that

N (f(x)−H(x), ι) ≥
(

(2− 2p)∥ι∥
(2− 2p)∥ι∥+ 2θ∥x∥p

)
1A

for all x ∈ Ξ and ι ∈ A+
>0.

Proof. The proof follows from Theorem 3.1 by taking φ(x, y, z) := θ(∥x∥p+ ∥y∥p+
∥z∥p) and L = 2p−1.

Theorem 3.3. Let f : Ξ → Ξ be a mapping and assume that there exists a
function φ : Ξ3 → [0,∞) such that

N (f(µx+ y)− µf(x)− f(y), ι) ≥
(

∥ι∥
∥ι∥+ φ(x, y, z)

)
1A,

N (f(⟨x, y⟩z)− ⟨f(x), y⟩z − ⟨x, f(y)⟩z − ⟨x, y⟩f(z), ι)

≥
(

∥ι∥
∥ι∥+ φ(x, y, z)

)
1A(19)

for all x, y, z ∈ Ξ, ι ∈ A+
>0 and all µ ∈ T. If there exists 0 ≤ L < 1 such that

φ(x, y, z) ≤ L
8
φ(2x, 2y, 2z) for all x, y, z ∈ Ξ, then there exists a unique fuzzy Hilbert

C∗-module derivation D : Ξ → Ξ such that

(20) N (f(x)−D(x), ι) ≥
(

(2− 2L)∥ι∥
(2− 2L)∥ι∥+ Lφ(x, x, 0)

)
1A

for all x ∈ Ξ and ι ∈ A+
>0.

Proof. By Theorem 2.4, there exists a unique C-linear mapping D : Ξ → Ξ satis-
fying (20) such that

(21) lim
n→∞

2nf
( x

2n

)
= D(x)

for all x ∈ Ξ.
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To show D is a derivation, replacing x, y, z by x
2n
, y

2n
and z

2n
in the left side of (19),

we have

N
(
f
(〈 x

2n
,
y

2n

〉 z

2n

)
−
〈
f
( x

2n

)
, y
〉
z −

〈
x, f

( x

2n

)〉
z − ⟨x, y⟩ f

( z

2n

)
, ι
)
.

Applying (19), we obtain

N
(
f
(〈 x

2n
,
y

2n

〉 z

2n

)
−
〈
f
( x

2n

)
, y
〉
z −

〈
x, f

( x

2n

)〉
z − ⟨x, y⟩ f

( z

2n

)
, 2−3nι

)
≥
(

2−3n∥ι∥
2−3n∥ι∥+ φ( x

2n
, y
2n
, z
2n

)
1A

for all x, y, z ∈ Ξ and all ι ∈ A+
>0. So we have we obtain

N
(
23nf

(〈 x

2n
,
y

2n

〉 z

2n

)
−
〈
2nf

( x

2n

)
, y
〉
z −

〈
x, 2nf

( x

2n

)〉
z − ⟨x, y⟩ 2nf

( z

2n

)
, ι
)

≥
(

∥ι∥
∥ι∥+ 23nφ( x

2n
, y
2n
, z
2n

)
1A

≥
(

∥ι∥
∥ι∥+ 23n8−nLnφ(x, y, z)

)
1A

for all x, y, z ∈ Ξ and all ι ∈ A+
>0.

Taking the limit as n → ∞, for all ι ∈ A+
>0, using (14), by Definition 1.6 and

applying (21), we obtain

D(⟨x, y⟩ z) = ⟨D(x), y⟩ z + ⟨x,D(y)⟩ z + ⟨x, y⟩D(z)

for all x, y, z ∈ Ξ. Thus D is a fuzzy Hilbert C∗-module derivation.

Corollary 3.4. Let p > 3, θ ≥ 0 and f : Ξ → Ξ be a mapping such that

N (f(µx+ y)− µf(x)− f(y), ι) ≥
(

∥ι∥
∥ι∥+ θ(∥x∥p + ∥y∥p)

)
1A,

N (f(⟨x, y⟩z)− ⟨f(x), y⟩z − ⟨x, f(y)⟩z − ⟨x, y⟩f(z)ι) ≥
(

∥ι∥
∥ι∥+ θ(∥x∥p + ∥y∥p + ∥z∥p)

)
1A

for all x, y, z ∈ Ξ, ι ∈ A+
>0. Then there exists a unique fuzzy Hilbert C∗-module

derivation D : Ξ → Ξ such that

N (f(x)−H(x), ι) ≥
(

(2p − 2)∥ι∥
(2p − 2)∥ι∥+ 2θ∥x∥p

)
1A

for all x ∈ Ξ and ι ∈ A+
>0.

Proof. The proof follows from Theorem 3.3 by taking φ(x, y, z) := θ(∥x∥p+ ∥y∥p+
∥z∥p) and L = 21−p.

4. Conclusion

In this paper, we introduced the idea of fuzzy Hilbert C∗-modules. Furthermore,
we proved the Hyers-Ulam stability of fuzzy Hilbert C∗-module homomorphisms and
fuzzy Hilbert C∗-module derivations on fuzzy Hilbert C∗-modules, using the fixed
point method.
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