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DYNAMIC MODE DECOMPOSITION BASED PREDICTION
METHOD FOR DIFFUSIVE LOTKA-VOLTERRA EQUATION

DonGgHYUN KiMm

ABSTRACT. In this work, we propose a dynamic mode decomposition (DMD) based
prediction method for diffusive Lotka-Volterra equations. To accommodate the
multi-species structure of the model, we concatenate the solutions of all species
into a single snapshot. Once the DMD modes are extracted, we can separate the
modes of each species easily. While each species exhibits distinct mode shapes, they
share identical eigenvalues, indicating that interspecies interactions are captured.
Snapshot data are first generated using a finite difference method, and long-term
predictions are then obtained via the DMD reconstruction. From these predictions,
we reconstruct the species dominance indicator function, which classifies the domi-
nant species at each spatial location. Numerical experiments demonstrate that the
DMD based predictions for dominance indicator function achieves high accuracy
while effectively reducing computational cost.

1. Introduction

The Lotka-Volterra (LV) equation, which describes the dynamics of predator-prey
interactions, plays an important role in ecology and biology [1-4]. The populations (or
density) of variables of species in LV equation is under the effects of the inter-species
limiting effects described by nonlinear reaction terms. Since predator-prey interaction
model can be applied in various situations, there have been many researches of apply-
ing LV equation in other areas, for example competition models in economics [5] and
technology adoption model in ecosystem [6]. Given their versatility, various exten-
sions of the original LV equations have been developed to address specific scenarios.
Among them, a practical modification is to include the spatial diffusion term in the
LV model [7,8], which results in a reactive LV equation [9,10]. Using these model,
one can study the spatiotemporal patterns in predator-prey model.

Due to the significance in understanding complex dynamic across the species, var-
ious numerical methods for solving diffusive LV model have been developed. For
example, finite difference/element method (FDM/FEM) based approaches were de-
veloped in [11-14] while finite volume method (FVM) based version can be found
n [15]. One of the difficulties in solving diffusive LV-type equations is the nonlinear
term. When employing forward Euler type methods, people usually employ Runge-
Kutta methods (RK) [19]. However, one needs to be careful about the stability
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conditions. On the other hand, implicit methods like the backward Euler scheme re-
sults in relatively stable numerical solutions since in each time step equilibrium must
be satisfied. However, those methods require certain linearization techniques such as
the Newton-Raphson method, which often include computationally expensive matrix
solving steps. Therefore, alternative approaches are required to efficiently solve the
diffusive LV model.

Meanwhile, dynamic mode decomposition (DMD) has emerged as a data-driven
algorithm for analyzing partial differential equations (PDEs) [16-18]. The main idea
of DMD is to approximate the operator of the PDEs using the the snapshot type
of dataset. By extracting certain number of modes and corresponding eigenvalues,
one can determine the growing or decreasing factors inside the solution sets. One
key advantage of using (small) number of modes is the natural suppression of high-
frequency noises possibly obtained in measurement. By representing the snapshot
solutions in the linear combinations of modes, DMD methodology can be used to
provide long-term prediction of the unseen solutions. Due to its simple and robust
methodology, DMD has also been applied in various areas, for example in epidemiology
for predicting infectious diseases [20], in neuroscience for analyzing brain activity [21],
and in ecological systems for understanding species interactions over time [16].

In this study, we propose a DMD based prediction method for diffusive LV systems.
While we need to consider multi-variable solutions in diffusive LV systems, standard
DMD algorithm are mostly designed for single-variable datasets. To remedy this, we
slightly modified conventional DMD by concatenating the solutions of each species in
a single snapshot. This modification allows us to generate DMD modes for all species
simultaneously, effectively capturing the coupled dynamics of the system. We remark
that while each species exhibits distinct DMD mode shapes, they share identical eigen-
values. We may conclude that interspecies interactions are effectively encapsulated
within the shared eigenvalues. The predictive capability of our approach is demon-
strated by reconstructing the dominance indicator function, achieving an accuracy
exceeding 92 percent for predictions extending 150 seconds into the future. In terms
of computational efficiency, the DMD-based predictions require only approximately 5
percent of the CPU time needed for generating solutions using FDM. This reduction
in computational cost highlights the practicality of the DMD approach for efficient
analysis of multi-species diffusive systems. As far as the author acknowledges, this
work is the first successful application of DMD for the diffusive type LV systems.

The rest of the section is organized as follows. In Section 2, the DMD based
prediction method for diffusive LK system is proposed. In Section 3, we give numerical
results. Conclusion follows in Section 4

2. Method

2.1. Governing equation. In this work, we describe the spatial diffusive LV model
[14]. For the convenience’s sake, we consider three interacting species in a bounded
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F1GURE 1. Description of overall process.

domain © = [0, M]? C R% The governing equation is described as follows:

0
(1) % — e Auy = ajuy (1 — o 1uy — agous — g 3u3)  on €2 X R,
6“2 +
(2) 5 €2AUy = agus(l — Uy — oty — i gug) on  x RT,
Jugy +
(3) Frle e3Auz = azuz(l — az1u; — azouy — azzuz) on  x RT.

where the primary variable u;(x,t) stands for the density of the species i. The pa-
rameters ¢; denotes the diffusion rate of each species, a; the natural growth of species,
and o ; the competition. Specifically, ; ; quantify the limiting effects of species j on
species 7. In the presence of large values of o; ;, species j has a more significant com-
petitive effect on species i. For the well posedness of the problem we need boundary
and initial value conditions.

(4) (;;1:: =0, on JN
(5) wi(x,0) = gi, on Q.

THEOREM 2.1. [22] The equations (1)-(5) determine the unique solution.
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2.2. FDM based methods for generating dataset. To be able to apply DMD,
we need to first numerically solve the governing equations. Also, suppose AT is used
for the timestep. We use the notation u;(t = nAT) = u?, i =1,2,3 and

12 e 0 L
u :[U17U2,U3]7 €20’17""

We first describe the time discretization. Crank Nicolson type is employed to obtain
the accurate solutions:

ﬂ+1 o U;L

u; 1
(6) AT 2

where

3 1
[R(u",u"h); = §aiu?(1 — Zai,juy) - iaiu;-%l(l - Zai,ju;"*l), i=1,2,3.
J J

(eiAuTH_l + EZAU?> + [R(una un_l)]i7 1=1,2,3,

(2

Then, it remains to describe the spatial discretization. We only briefly describe the
FDM implementation, since it is already well known. Suppose the domain is dis-
cretized with uniform grid of size h resulting in m x m number of nodes. Then, u; and
u has m? and 3m? number of degrees of freedom respectively. Suppose A denotes the
m? x m? matrix arising from the FDM implementation of Poisson equation, —Au = f,
in the uniform grids. Then, (6) can be compactly written as:

AT AT
(7) (I + TD) u"tt = u" — = Du" + ATR(u", u Y, i=1,2,3,
where
€1A 0 0
D= 0 eA 0
0 0 €3A

We note that, to obtain u! from above, we need u=! which is unavailable. Therefore,
u'! is obtained by first order Euler backward method:
(8) (I + ATD)u' = u’ — ATDu’ + ATR(u’, u").

Let us summarize the FDM method for obtaining solutions up to time t = NAT.

Algorithm 1: FDM for diffusive LV equation

1. Set u° = g where g = (g1, g2, 93) ;
2. Solve (8) to obtain u' ;
forn=1,---,N—1do

| Solve (7) to obtain u"*! ;
end

Before closing this section, we describe the construction of the data set. First, we
need to choose snapshots from the FDM generated solutions u”, (n =0, ..., N) using
the rule

S;=ut i=0,...,q.

Obviously, ¢ is the smallest integer such that gL > N and each S; has 3m? number
of entries. We define the data set in matrix form as S = [Sp| -+ - | S,].
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FiGURE 2. Construction of the snapshot type dataset from the FDM
generated solutions.

2.3. DMD based prediction of the diffusive LV system. In this subsection, we
describe DMD based prediction method for diffusive LV systems. The main idea of
DMD is to analyze the mode of the operator satisfying

(9) ASz:Serl; ZZO,,q—l
Once we find A, the unseen data can be predicted easily by applying A¢ to last
snapshot:

DL~ Adyal
Also, by finding the eigenvectors and eigenvalues of A, the governing equation can
be analyzed. Although it is hard to find operator A which exactly satisfy (9), one

can alternatively define operator as the minimizer of the least square of || X — AY||p
where

|- | |
X=1|8 - S|, Y= - &

We remark that the size of X is 3m? x ¢, when the number of nodes in meshgrid is
m x m. Here, || - || is the Frobenius norm. Suppose X is decomposed by truncated
SVD (singular value decomposition) with rank r:

X~ U5V
where U, € C3**7 % € C™", and V, € CT 1", The operator A can be expressed
using the pseudo inverse of X,
Ar~YXt=yVSiior,

However, computation above for obtaining A is demanding, since it includes the ma-
trix multiplications of dense matrices of large size. In DMD methodology, modes of A
is obtained alternatively using the reduced matrix A := U;k AU,, which is the projected
operator on the column space of U,.

LEMMA 2.2 ( [16]). The projected operator A is computed by
A=y i
Next, we diagonalize 4, i.e.,
AW =WA

where columns of W are eigenvectors of A and A is diagonal matrix. Finally, we relate
the eigenvectors of A and A.
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LEMMA 2.3 ( [16]). The eigenvectors of A are given by
O =YV, S W
and the below relation holds:

AP = PA.

The columns i-th of ® are the i-th DMD modes, which we denote ®®. Also, denote
A; the i-th diagonal entry of A. Let us summarize the process of finding DMD modes.

Algorithm 2: DMD modes and eigenvalues of A
1. Compute A = U*YV, 5" ;
2. Diagonalize A, i.e., AW = WA ;
3. Compute DMD modes as ® = YV, 51 ;

In our version, the typical snapshot S™ contains the population of three species, that
is, S™ = (upl, ug‘L, ui*). Once modes ®9), (j = 1,...,7) are computed by Algorithm
2, we decompose them as

so that each <I> ) has m? entries. Then, ®; represents the spatiotemporal patterns of
the populatlon of i’th species. In this way, spatiotemporal patterns of each species
are extracted simultaneously. Let us remark that \; is a shared eigenvalue associated

with Cng ), CIDg ), and @éj ). Since same eigenvalue is shared among three species, DMD
analysis for the diffusive LV equation efficiently captures the interdependent dynamics
between them.

Now, let us turn to the DMD based prediction of the diffusive LV equation for
the unseen data. Since our version of DMD is devoted for multivariable-type dataset,
there should be some modifications in the prediction also. First, we will project S9,
which is the last snapshot data observed, to the DMD mode space. Formally, it
suffices to find coefficients of the linear combination of DMD modes to reconstruct S
: find g = (f4, ..., Br) such that minimize

(10) 15, =Y 8@

k=1
Once the coefficients § are determined, then S, is alternatively written as
(11) Sy~ Y Be®

k=1

By multiplying A? to the both sides, we obtain the prediction of the d times ahead
unseen data :

Syra & Z Al @® =3 " faie®
k=1
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Using the definitions of S, and ®;, the approximated population of each species can
be written as

(12) w3 gl i=1,2,3.
k=1

Let us briefly discuss the error estimates for the DMD prediction. In [23], error
bounds for DMD predicted solutions for parabolic PDE were analyzed. The study
shows that increasing the number of snapshots reduces the prediction error. On the
other hand long-time predictions tend to exhibit growing errors as target prediction
time increases. Although our model is multivariable case, we expect similar error
behavior. In generating FDM solutions, the number of snapshots is influenced by the
time step size AT. Therefore, choosing a reasonably small AT is useful for achieving
robust DMD prediction.

20

FiGUure 3. Mlustration of the initial condition. The domain is parti-
tioned into disjoint sub-regions €2y, €25, and 3. €2; is occupied by i-th
species.

0 5 10 15 20 0 5 10 15 20 0 5 10 15 20

@) laom(t =1) (b) Igom(t = 50) (©) Igom(t = 100)

20 0 5 10 15 20
(d) Iaom (t = 150) (€) Iyom(t = 200)

FiGURE 4. Illustration of initial condition. The domain is partitioned
into disjoint sub-regions 21, 29, and 3. €); is occupied by i-th species.
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FiGURE 6. Comparison between the exact dominance indicator func-
tion and predicted indicator function.

3. Results

We now present some numerical example on domain Q = [0,20]*>. The intrinsic
growth rates are set to a; = 1 for ¢ = 1,2,3. The diffusion parameters are ¢; = 0.7,
eo = 0.2, and e3 = 0.6, respectively, reflecting heterogeneous mobility across the
species. To induce cyclic dominance behavior in population dynamics, we set the
competition coefficients as:

(13) a=

— o
W =
— =

This configuration promotes a rock—paper—scissors type of cycle interaction pattern,
where each species dominates and is dominated by one of the others. To describe
the the initial condition, we partition the domain into three disjoint subregions, i.e.,
Q = QU UQ3, as illustrated in Figure 3. The initial boundary conditions are given
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ui(x,t =0) = xo,(x), i=1,2,3,

where x4 is the usual characteristic function on A. As time evolves, the density of
each species is under effects of diffusion and nonlinear-inter terms. The dynamics of
three species are captured efficiently by dominance indicator function

Liom(x,t) = arg max w;(x,1).

1=1,2,

The function /4., (x) shows which species dominate on each locationx. Since we have

imposed different diffusion rates ¢;, the solution 4, exhibits asymmetric patterns.
The experiments were conducted on Intel(R) Core (TM) i9-10900X CPU.

Now, let us describe the generation of the solutions by FEM methods. The uniform
grid with 401 x 401 number of nodes is used to discretize the spatial domain, resulting
in meshsize h = 0.05. Since we are using Crank Nicolson type algorithm, we can
assign AT = O(h). In our version, we choose AT = h = 0.05. Following Algorithm
1. The FDM generated solutions at t = 1, 50, 100, 150, 200 are depicted in Figure 4.
Clearly, we observe cyclic behavior of the regions dominated by each species.

Next, to generate the dataset S, a sampling interval of L = 20 is chosen, corre-
sponding to a temporal gap of 1 second between between S; and S;,;. Empirically,
at least 100 snapshots are required to achieve reasonably small reconstruction errors.
With the choice of sampling interval L = 20, we were able to obtain 200 number of
snapshots.

Using Algorithm 2, we generate r = 41 number of DMD modes. The choice of
parameter » = 41 will be justified at the end of this section. Figure 5 shows the first
six modes of each species. We can observe that cyclic patterns appear in the DMD
modes, which is inherent to the predefined competing coefficient a.

Finally, let us present the long time-prediction of the unseen data. We first repre-
sent solution u;(t = 200) by the linear combinations of DMD modes as in (11). Then,
prediction of w; is obtained using (12). The dominance indicator is then reconstructed
as Liom(X,t) = argmax;—; 23 U;(x,t). Figure 6 compares the true dominance indica-
tors with the reconstructed dominance indicator at ¢ = 250, 300, and 350. We observe
that overall the reconstructed solution matches the true solution. The accuracy was
97.28%, 94.47%, and 94.59% at t = 250, 300, and 350. Notably, the DMD-based pre-
dictions are computationally efficient, requiring only 4.9 seconds to generate solution
at t = 350. In contrast, computing the FDM solutions from ¢ = 200 to t = 350 takes
1,943 seconds. Thus, the DMD approach uses only approximately 0.25% of the CPU
time required by the FDM method.

Before closing this section, let us provide the justification for choosing the number of
DMD modes. Table 1 shows the prediction accuracy for I, (x,t) with various choice
of r. If too small number of DMD modes are used (r = 5,11), we have low accuracy
(< 90%). However, increasing r does not always lead to better accuracy. Therefore,
we may conclude that choosing excessively large value for r does not capture the
spatiotemporal patterns. Based on Table 1, we choose the parameter » = 41, which
yields the highest accuracy when ¢ = 350 seconds.
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TABLE 1. Prediction accuracy of I4,,, by DMD for various values of r.

7 | Taom(t = 250)  Laom (t = 300) Laom(t = 350)
5 50.85% 1258 % 3.89 %

11 89.45% 87.77 % 81.56 %
21 94.03% 94.02 % 91.64 %
41 97.28% 94.47 % 94.59 %
61 97.43% 96.60 % 92.80 %
101 97.29% 96.55 % 92.92 %

4. Conclusion

In this work, we propose DMD based mode prediction method for diffusive LV

equation. Since we need to consider multi variable solutions in diffusive LV systems,
we define the snapshot data by concatenating the solutions of each species. One
of the advantages of our frameworks is that different species shares the identical
eigenvalues, indicating that ineterspecies interactions are effectively captured. In the
numerical section, we provide some example. While achieving reasonable accuracy,
the computational costs in DMD process was significantly reduced. The time costs
used in DMD prediction was less than 5%
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