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A HOPF BIFURCATION OF MULTIDIMENSIONAL
ATTRACTION-REPULSION CHEMOTAXIS SYSTEM WITH
NONLINEAR SENSITIVE FUNCTIONS

YOONMEE HAM

ABSTRACT. This paper is concerned with a multi-dimensional attraction-repulsion
chemotaxis system with nonlinear sensitive functions. A corresponding free bound-
ary problem is derived, and proved the existence of stationary solutions and Hopf
bifurcation which are essentially determined by the competition of attraction and
repulsion.

1. Introduction

The following an attraction-repulsion chemotaxis system have been extensively
studied in [6,8,15,19]:

oeU; = &2 V2U — eV - (rUVX(V)) + eV - (ko UVEW)) + F(U, ay),
(1) DV, =V*V +uU -V,
DW,=V*W+U+V —-W —sy, t>0, x€R"

where U(x,t) is a cell density, V(x,t) and W (x,t) represent the concentration of an
attractive cue and of repulsive signal, respectively. The parameters ¢, o, k1, Ko, i, So
are positive constants, and x (V') and £(W) are the chemical sensitivity functions of the
chemical attractant and repulsive. The parameters x; and ko measure the strength
of the attraction and repulsion, respectively. The nonlinear term F(U, ay) models
characterizing the chemical growth and degradation.

In this paper, we study the system (1) with the case where ag is a function of W
(see [9])

(2) a(W) = %(1 + tanh(kW + ag)),

where k, ag are positive constant and k is the intensity of WW.

The linear system characterized by x(V) =V, (W) =W, with F =0 and € = 1,
was introduced in [9,13] to model the aggregation behavior of microglial cells observed
in Alzheimer’s disease. A similar formulation was also employed in [15] to investigate
quorum-sensing mechanisms in chemotactic processes. In the one-dimensional setting,
the system is globally well-posed provided that the condition ks — ux; > 0 holds, as
demonstrated in [7,11]. In higher dimensions, the well-posedness of the system is
fundamentally determined by the interplay between attractive and repulsive effects,
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encapsulated by the sign of ko — pkq, as discussed in [10,16]. Moreover, it has been
established in [10,17] that the system remains globally well-posed under the same
condition, even when F' = 0 and D = 0 (or D = 1). Further developments include
the work in [1], where it was shown that if F = 0, ¢ = 1, x(V) = InV, and {(W)
is constant, then the model (1) is capable of reproducing propagating wave patterns
observed in experimental settings.

We consider a free boundary problem of the attraction-repulsion nonlinear system
of (1) in the multi-dimensional case, specifically under the conditions x'(V') > 0 and
(W) > 0.

Suppose that there exists a unique (n — 1) -dimensional hypersurface 7(t), which is
simply single closed curve within the domain in such a way that R™ = Qq(t) Un(t) U
Qo(t), where Qi(t) = {x € R* : U(x,t) > a(W)} and Q(t) = {x € R" : U(x,t) <
a(W)}. The equation of 7(t) is given by (see [12,14,18]):

dn(t) 1 oV oW

— V= E<C’(vi) + KX (V) - Y k&' (W) - E>’ x € n(t),

where v; is the value of V' on the interface n(t) and v is the outward normal vector
on 7(t). The velocity of the interface C(-) is a continuously differentiable function
defined on an interval I := (—a(W),1 — a(W)) and thus it can be normalized by

1 =2V —2a(W)
VIV +aW)1 —a(W)-V)

An analysis of the dynamics of this process has been shown (see example [3,9]) to
lead a free boundary problem consisting of the initial-boundary value problem

( V=V —(u+ 1DV 4pu, t>0, x€ Q)
Vi=V2V — (p+ 1)V, >0, x € Q)

(3) V(n(t) —0,t) = V(n(t) +0,t),

&V () —0,t) = LV(n(t) +0,1),

limx| oo V(x,2) =0

C(V;a(W)) =

and
(W, = VW —W 4+ 1—55, t>0, x€ ()
W, =V2W —W —sg, t>0, x€ Q)

(4) W(n(t) —0,t) =W(n(t) +0,t),

FWn(t) —0,8) = ZW(n(t) +0,1),

limyx| 00 W(x, 1)

L —S0-

The organization of the paper is as follows: In section 2, we introduces a change
of variables that regularizes problem (3) and (4), allowing results from the theory
of nonlinear evolution equations to be applied. This transformation ensures that the
solution has sufficient regularity for a bifurcation analysis. In section 3, we establishes
the existence of equilibrium solutions for (3) and (4), and presents the linearization
of these problems under the condition ko (W) — purix' (V) > 0. The last section 4
examines the conditions on a(W) and £(W) that guarantee the existence of periodic



A Hopf bifurcation of multidimensional attraction-repulsion chemotaxis system 287

solutions. Additionally, it investigates the bifurcation of the interface problem as the
parameter ¢ varies in both two and three dimensions.

2. Regularization of the interface equation

We now search for an existence problem of radially symmetric equilibrium solutions
of (3) and (4) with |x| = r, (n = 1,2, 3), where the center and the interface are located
at the origin and r = 7, respectively. The problem is given by :

(V= 2V 1V (1), > 0,7 € Qu(t),

T

Vi=2¥ 42100 (it 1)V, £> 0,7 € Qot),

T

82(0,t) =0, lim V(r,t) =0, t >0,

(5) § Wy, =2W 4 o loW _yy ] 5y, t>0,7€ (),
W, =ZW 4y n-10W _p7 g t>0, e Qt),
GV(0,t) =0, lim W(r,t) = —so, t>0,

r—00

Q

[ o7/ (1) = C(V(n); a(W(n))) + rax' (V) Vi(n, 1) — o' (W)W (1, £), 7(0) = 70,
where Q(t) ={r : 0 <r <n(t)} and Qo(t) = {r : n(t) <r < oo}.

As a first step we obtain more regularity for the solution by semigroup methods,
considering W (r,t) = W(r,t) + so. Let A be an operator defined by A := —& —
n=19 1 i+1 with domain D(A) = {V € H**((0,0)) : A%—Z(o,t) = 0,1im, 00 V (r,t) =
0}. Let Ag := — 25 —"=1.2 41 with domain D(Ag) = {W € H>?((0,00)) : D¥(0,1) =

. Or2 roor 7
0, lim, oo W(r,t) = 0} with W (r,t) = W(r,t)+so. In order to apply semigroup theory
to (5), we choose the space X := Ly(0,00) with norm || - ||2.

To get differential dependence on initial conditions, we decompose V' in (5) into
two parts: u, which is a solution to a more regular problem and g, which is less regular
but explicitly known in terms of the Green’s function G of the operator A. Namely,
we define ¢ : [0,00) x [0,00) = R, by

g@m%zA”wH(—mwﬁZuAmG@wﬂﬂn—w%h

where G : [0,00) x [0,00) — R is a Green’s function of A satisfying the Neumann
boundary conditions;

Jim cosh(ry/T+p)e Vi 0 <r <z

G(r,z) =
(r2) ﬁe‘vlwrcosh(z\/l—i-u), z<r (n=1),
2Ko(z/T+p) Lo(ry/T+p), 0<r<z
G(r,z) =

2lo(2/T+p) Ko(ry/14+p), z<r  (n=2),

where Iy and K, are modified Bessel functions and

—zy/T+p sinh(rv/I+u)
rv/1+p

zsinh(zy/1+ p) %, z<r (n =13),

ze , 0<r<z

G(r,z) =
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and v : [0,00) = R,

v(n) == g(n,m).
If we take a transformation u(t)(r) = V (r,t)—g(r,n(t)), we have (u,)(t)(r) = V,.(r,t)—
gr(r,n(t)). Since G,.(r, n) is discontinuous, we cannot obtain one step more regular than

that of (5).
To overcome this difficulty, let p(r,t) = V,(r,t) and define g : [0, 00) x [0,00) — R,

o) = A~ (ud(- — m)(@)) = / " Gl )80 — ) dy,

where G : [0,00) x [0,00) — R is a Green’s function of A satisfying the Dirichlet
boundary conditions, and 4 : [0, 00) — R,

A(n) = g(n,m).
We define j : [0,00) x [0,00) — R,

o0

Jrm) = AZYH (- — n)(r) = / J(,y)H(n — ) dy

0
and « : [0,00) — R,
a(n) = j(n,n).
Here J : [0,00)? — R is a Green’s function of Ay satisfying the boundary conditions.
Define w(t)(r) = W (r,t)—j(r,n(t)), q(r,t) = W,(r,t) and define j : [0, 00) x [0, 00) —
R,

o0
~ A

§rm) = AT (6 — n)(r)) = / J(r,y) 8(n — ) dy,

0

where J : [0,00) x [0,00) — R is a Green’s function of A, satisfying the Dirichlet
boundary conditions and & : [0, 00) — R,

a(n) = j(n,m).
Applying the transformations u(t)(r) = V(r,t) — g(r,n(t)), v(t)(r) = p(r,t) —

)
g(r,n(t)) and w(t)(r) = W(r,t) = j(r,n(t)), s(t)(r) = q(r,t) = j(r,n(t)), then (5)

becomes
( Uy + Au = —%/LG(T, W)R(Ua w, 7])
v + Av = %%GA<7,7 U)R(Ua w, 77)
(6) wy + AOw = _i‘](rv ﬁ)R(Ua w, 77)

S¢ + AOS = O-Lnj(rv W)R(% w, 7])

n'(t) = LR(u,w,n), t>0

\

vy?e)r)e R(u,w,n) = Clu(n) +7(n); a(w(n) +an) = so)) + ri(v(n) +7(n)) = wa(s(n) +
a(n)).

Thus, we obtain an abstract evolution equation equivalent to (6) :

(7) { %(uvvawasan) + g(u,v,w,s,n) = %f(uav7w73777),

(u7 v, w, s, 77) (O) = (uo(x), UO(JJ), wO(‘r)7 SO(x)a 770)7
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where A is a 5 x 5 matrix where (1,1) and (2,2)-entries are an operator A, (3,3) and
(4,4)-entries are an operator Ay and all the others are zero. The nonlinear forcing
term f is

fi(n) - (far(u, v,w,8,m) + fao(u, v, w,8,m) — 23(u v, W, 5,1))

fa(n) - (f 1(vasn)+f22(uvwsn) 3(“1110577))
f(uvvawasan) = (77) ( (U v w75777) +f22(u v w75777) 3(U v w75777)) 3

fa(n) - (le(u v,w, 8,1) + falu,v,w,s,m) — fa(u,v,w,s,m))

for(u,v,w, 8,m) + foa(u,v,w,s,1n) — faz(u,v w,s,n)

where fi @ (0,00) = X, filn)(r) == —pG(r,n), f2 + (0,00) = X, fa(n)(z) =
%G(r,n), fs 1 (0,00) = X, fs(n)(r) == —=J(r,n), f1: (0,00) = X, fa(n)(r) =
sJrm), fa 0 Y = C, fa(u,v,w,s,m) == Clu(n) + v(n)ia(w(n) + a(n) — so)),
fa2 1Y = €, faa(u,v,w, 8,m) == waX' (w(n) +v(0)(v(n) +5(n)), fas(u,v,w,s,m) =
k2 (w(n) + a(n))(s (77) + 04(77)) and Y := {(u,v,w,s,m) € C'(0,00) x C'(0,00) x
010, 00) x C1(0,00) x (0,00) - () € 1 o) +5(0) € Lwlo) + o) €

) +
I, s(n)+ a(n) € I} Copen CH(R) X C’l(R) x CHR) x C'(R) x R.
The well-posedness of solutions of (7) is shown in [5, 8, 18] with the help of the
semigroup theory using domains of fractional powers 6 € (3/4,1] of A, Ay and 4
Moreover, the nonlinear term f is a continuously differentiable function from ¥ N X 0
to X, where X := D(A) = D(A) x D(A) x D(Ap) x D(Ap) X R, X% :=D(A% ; X§ =
D(A%) and XY := D(A%) = X% x X? x X x X§ x R.
The velocity of n is written by
(8)
Clu(n) +~(n); alw(n) + an) — s0))
_ 1 —2(u(n) +v(n) + a(w(n) + a(n) — s))
Vv (u(n) +7(n) + alwn) + aln) — s0))(1 = (u(n) + (1) + alw(n) + a(n) — o))

where a(w(n) + a(n) — so) = 3 (1 + tanh(k(w(n) + a(n) — so) + ao)).
The derivative of f can be obtained from the following in [4]:

Y

LEMMA 2.1. The functions G(-,1) : (0,00) = X, G(-,n) : (0,00) = X, J(-,n) :
(0,00) = X, J(-,n) : (0,00) = X, C(:): Y = Cand f: Y — X xR are continuously
differentiable with derivatives given by

D for (u, v, w, s,m)(@, 0,w, 8,7) = C'(u(n) +v(n); a(w(n) + a(n) — s))
(u' ()i} + () + 7 (n)n +a'(w(n) + a(n) = s0)) (W' ()7 + @ (n) + /(1))
7(n

u(n) + (v (
+/f1>< ( (77) ( )W (n )77+U( )+v’(n)ﬁ)(v(n)+@(n)
w(n ) (

= (f21(Uaan73ﬂ7) + f22(Uaan73ﬂ7)) ) (f{(n)afé(”)vfé(”)?fi(ﬁ)?o)ﬁ

+(D for(u,v,w, 8,m) + D foa(u,v,w, s,1) — D foz(u,v,w, s,n)) (@, 0,0, §,7)
(f1(n), f2(n), f3(n), fa(n), 1).
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3. Equilibrium solutions and Linearization of the interface equation

In this section, we shall examine the existence of equilibrium solutions of (7). We
assume that x'(v) > 0 for all v and &'(w) > 0 for all w.

We look for (u*,v*,w*, s*,n*) € D(ﬁ) NY satisfying the following equations:
(Au' = — 2 uG(-,n")P(n")
Avt = o puG(nt) P(n)

(9) Agw* = =2 J(-,n*)P(n")
Aos* = = J () P(n")
( 0=P(n")

with «*(0) = 0 = u(o0), v*(0) = 0 = v*(c0), w*'(0)

0 = s*(c0) and P(n) = C(u*(n*) +v(n"); a(w*(n*) + a(y”

Y )@ () + (")) = K28 (w (*)+0z(n*))(8*(n*)+d )
) K

s0))) + mx (W (n) +

C'(y (77)
a(a(n) — so))d' (a(n) — so) — ka&"(a(n)) < 0 for all n > 0. Furthermore, assume

kso > ao, Th + tanh(k(3 — so) + ap) > 0 and k2 &' (a(n)) > priX'(v(n)) for all n > 0.
Then equation (7) has at least one equilibrium solution (0,0,0,0,7), n* € (0,00).
The linearization of f at the stationary solution (0,0,0,0,n*) is

_MG<7 77*) Q(ﬁ'7 'ﬁv UA/, §7 ﬁ)
'&* é(a 77*) Q(ﬁa @7 ﬁ), §7 ﬁ)

n

AAAAA

where Q(it, 0,1, 8,7) = (—4+rX"(y() (")) (@(n*)+' (n*)i) +r1x' (v(0*)) (0(") +

¥ ()n) — (Fézf”( ()& (n*) +4a’(a(n*) = 50)) (W (0*) + o/ (17°)7) — #2€"(a(*)) (3(n*) +

&' (n*)R). The pair (0,0, 0,0,1*) corresponds to a unique steady state (V*, V* W* W*, n*)
(r)

0 ) T
of (5) for o # 0 with V*(r) = g(r,n"), V7 (r) = g(r,n"), W*(r) = j(r,") — so and
W, (r) = j(r.n").

Proof. From the system of equations (9), we have v* = 0,v* = 0,w* = 0 and
s* = 0. In order to show existence of n*, we define

['(n) := C(5(0,0,1)) + k1 X' (v(m)¥(n) — K& (a(n))&(n)

c(s
where S(u,w,n) = u(n) + v(n) + a(w(n) + a(n) — so). We shall show that I'(n) < 0
for all n > 0 and then I'(n) = 0 is solvable with n* if I'(0) > 0 and I'(c0) < 0 for all
n > 0.

I'(n) = C"(5(0,0,m) (7' (n) + a'(a(n) — so))a’ (n) + rax"(v(n) ¥(n) 7' (1)

+rx' (v(n)y ’(n)—mf’(a(n))@( )—@6”( (m)a’(n) a(n))

= (C'(5(0,0,m)) + rax"(v(n) ¥ () 7' +%1X’(v(77))’7(77) ka8’ (a(n))& (n)
+(C"(8(0,0,m)) a'(a(n) — s0)) = ffzf” a(n)) o' (n).

)
r
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) > k1px'(v(n)) holds for all n > 0, we obtain the inequal-
ity 10X (v(1)7' (1) — K28 (eu(n) 07( ) < (wpx(v(n)) — w28 () &'(n) < 0O since
0 < ¥'(n) < ud(n) for all n > 0. This implies that I''(n) < 0 for all > 0 under the
assumptions. Moreover, I'(0) = C(v(0)) > 0 is satisfied if 1 —2v(0) — 2a(«(0) — s¢) =
— tanh(k(a(0) — sg) + ag) > 0 which is equivalent to the condition ksy — ag > 0. Also,

lim T'(n) = lim C(S(0,0,7)) 4+ w1 X' (v(n)5(n) — m2€'(a(n))é(n)

n—oo n—oo

< lim (C(S(0,0.m) + (5 — Dot (alm)) ).

n—0o0

Assuming that k28 (a(n)) >
(a(n
>

Thus, lim I'(n) < 0 if the following inequality holds:

n—oo

5 — lim (v(n) — a(a(n) — s)) <0,

N—00

which is equivalent to the condition if £ + tanh(k(3 — s0) + ao) > 0.

Furthermore, the formula for D f(0, 0, O7 0,n*) follows from the relation C’(S(0,0,7n*))
= —4, and the corresponding steady state (V*, p*, W*, ¢*, n*) for (5) is derived via the
transformation and Theorem 2.1 in [4]. O

4. A Hopf bifurcation

In this section, we establish that a Hopf bifurcation occurs along the curve of
equilibrium points parameterized by o + (0,0, 0,0, n*, 7%). First, let us introduce the
following relevant definition.

DEFINITION 4.1. Under the assumptions of Theorem 3.1, define (for 1 > 6 > 3/4)
the linear operator B from X? to X by

B = Df<07 07 07 07 T]*> °

We then define (0,0,0,0,7*) to be a Hopf point for (7) if and only if there exists an
€0 > 0 and a C'-curve

(—eo+ 7", 7"+ €) = (A1), 6(1)) € C x Xc

(Yo denotes the complexification of the real space Y') of eigendata for — A+ 7B with

(i) (~A+7B)(8(7) = A1)b(r), (—A+7B)(6(7)) = \(7) 6(7);
(i) AN(7*) =if with g > 0; N
(73i) Re (N\) # 0 for all A in the spectrum of (—A + 7*B) \ {£if};
(iv) Re N (7*) # 0 (transversality);

where 7 =1/0.
Next, we check (7) for Hopf points. For this, we solve the eigenvalue problem:

—Z(u,v,w, 8777) + TB(U,U,U),S,??) = )\[5(U,’U,U),S,T]),
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where 5 is an 5 x 5 identity matrix. This is equivalent to:

(((A+Nu=T1uG(-,n*)R(u,v,w,s,1),
(A+MNv=—71 nﬂ é(, n*) R(u,v,w, s,n),

(Ag+ A)s = —Tn% j(, n*)R(u,v,w,s,n),

| A n=TR(u,v,w,s,n),

where R(u,v,w,z,n) = —4(u(n*) + v (n*)n) + rkidz(u(n®) +~'(n*)n )+ ridi(v(n*) +
WW@—W%+@(@) )X()+M*m—mﬂﬁm+ (")), di =
X' (), d2 = X" (v(n*)7(n*), d f"( (n) 5(U*2 nd dy = (C¥( )-

a *)
Henceorth, we set d, = ' (y(1)),db = "(x(7)A(r). ds = € o)), dy =
&(a(n*)), and assume d; > 0 and dy > 0

We shall show that an equilibrium solution is a Hopf point.

THEOREM 4.2. Suppose that ksy > ao, 74 + tanh(k;(— —S0) +ag) > 0, kedy >
pridy, 4 — kide > 0 and 4a’(a(n) — so) + Kods > @n—*. Additionally, suppose the
operator —A+ 7B has a unique pair {+if}, f > 0 of purely imaginary eigenvalues
for some 7" > 0. Then, (0,0,0,0,n*,7*) is a Hopf point for (7).

Proof. We assume without loss of generality that 5 > 0, and ®* is the (normalized)
eigenfunction of — A+ 7B with eigenvalue i/3. We have to show that (®*,i5) can be
extended to a C'-curve 7 — ((7), (1)) of cigendata for —A+ 7B with Re(N (7*)) #
0.

For this, let ®* = (1)g, vg, wo, S0, Mo) € D(A) x D(A) x D(Ag) x D(Ag) X R. First,
we note that no # 0. Otherwise, by (10), (A + i)Yy = pifny G(-,n*) = 0 and
(A+iB)vy = —n% i o é(~,n*) = 0, which is not possible given A is symmetric. So,
without loss of generality, let ny = 1. Then E(t)y, vo, wy, So, 15, 7") = 0 by (10), where

E:D(A)c x D(A)c x D(Ap)c X D(Ap)e X C xR — X X X¢ X Xe X Xe x C,

(A+Nu—7pG(n")Q (")
(A+No+TLG(,7)Q ()
E(u,v,w,s,\,7) := | (Ao +Nw —7J(-,n*)Q*(1n*)
(Ao + N)s + 73 (, %) Q° (")
A—T1Q" (1)
where Q* () = (=4 + r1d2)(u(n") + ¥ (1%)) + srda(v(n*) + 7' (7)) — r2da(s(n™) +
&' (n")) — (Kads +4a’(a(n*) — 50))(w(n™) + /(")) The equation E(u,v,w,s,\,7) =0
is equivalent to A being an eigenvalue of —A + 7B with eigenfunction (u,v,w,s,1).
We shall apply the implicit function theorem to E to check that E is of C'— class
and that

(11) D(u,v,w,s,)\)E(w()aUvam 8072'B7T*) € L<<D<A)C)2 X (D(AO)C>2 x C x Rv Xé X C)
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is an isomorphism. In addition, the mapping

where Q*(1*) = (=4 + rada) (@(n*) + 7' (1)) + rada (B(n*) + 7' (7)) — rada(3(7°) +
&' (n*)) — (kads + 4d’(a(n*) — s0))(W(n*) + &'(n*)) is a compact perturbation of the
mapping

(i, 0,10,3,8) — ((A+ip)i, (A+iB)o, (Ao + i), (Ao +iB)3, A)
which is invertible. Thus, Dy w5 E (10, vo, wo, 0,953, 7*) is a Fredholm operator of
index 0. Therefore, in order to verify (11), it suffices to show that the system of
equations

D(u,v,w,z,)\)E(d}m Vo, Wo, S0, 257 T*)(fb, @7 uAju §7 )‘) =0

which is equivalent to

(12)

necessarily implies that « = 0, 0 = 0, w = 0, § = 0 and A =0 If WeAdeﬁne
¢ = wO - /“LG(7T]*>7 =1 + nﬂ* G( 77]*)7p = Wo — J(;Tl*) and C =50 + ni* J(?U*)a
then (12) becomes
(13) (A+if)a+ Ao =0,
(14) (A+iB)0 + A =0,
(15) (Ao +iB)id + Ap =0,
(16) (Ao +iB)3 + X =0,

;\ ~ * ~ * ~ * Al %
(17) — = (4 + rid2)a(n") + k1d19(n") — (Kads + 4a’(e(n) — s0)W(N") — Kadas(n”)
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On the other hand, since E(vy, vy, wo, So,i3,7*) = 0, ¢, &, p and ¢ are solutions to the
equations, we have:

(18) (A4i810 = oty =)
(19) (A+iB)E = Lsn ),
(20) (A0+iB)p =-ﬂx .
(21) (Ao +iB)C = il — )
(22) » - (4+HMﬂW()—uGWﬁW)+YWﬂ)

+r1di(E(n") + o é(ﬁ*, n) + ("))
—(kads + 4a'(a(n") = s0)) (p(n") = J(0",n") + o' (7))
i CO) + o ") + 8.

Multiplying (14) and (19) by 7"~'¢, and (13) and (18) by r"~'¢ and subtracting
one from the other, we now obtain

(23) a(n*) =-n v(n ), w(n") = —n"8(n"),
(24) o) =—n" &), p(n") = —n* C(n").
Multiplying (18) by "¢ we now obtain

(25) Bllr* T gl = —u(n)"Im(p(")).

The imaginary part of (22) is given by

n—1 n—1 n—1
B I (8 e T e A N [t
+iu(ads + da’(a(n”) — so))llr = plf*.

Multiplying (13) by (=4 4 s1dy)r" ¢, (14) by —n*kidir™ '€, (15) by —pu(kads +
4a’(a(n*) — so))r"~'p and (16) by un*redsr™~'¢ and adding the resultants to each, we
now obtain

(27)
pnt ((—4 + K1da)Up — " Ky d10E — pkads + 4a’ (a(n*) — s0))Wp + un*@d@f) =0

by (26).

Now, multiplying (13) by (—4+r1dy) "' (18) by —n*k1dy v 10, (15) by —pu(kods+
4a’ (a(n*) — s¢)) "L and (16) by un /<a2d4r 5 and adding the resultants to each,
we now obtain the imaginary part
(28)

n-1 . . no1, . a1
0 = (=44 rada)||lr=al[> = ridi[[r = 0[] — p(kads + 4d'(a(n”) — s0))[|r = @[

S Rady| " 8|
= (4 = mady + S8 |12 0|2 4 pu(rads + 4 (a(n*) — so) — 2% ||z

galls
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. n—1 . n—1 . .
since ||r 2 a||? = (n*)?||r = 9|>. By assumptions, 4 — k1dy > 0 and 4a’(a(n) — so) +
Kods > /{27”7!—3 we have & = 0 and @ = 0 and so, v = 0 and § = 0. By (17), we have
A=0. O

THEOREM 4.3. Under the same condition as in Theorem 4.2, (0,0,0,0,n*, 7*) sat-
isfies the transversality condition. Hence, it is a Hopf point for (7).

Proof. By implicit differentiation of E(¢o(7),vo(T), wo(T), So(7), A(T),7) = 0, we

find that
D(u,,,s. 0 E (0, v0, wo, s0, 48, 77) (b (77), v (77), w (77), s6(77), X'(77))
—p GG ) P(n)
LGP
= —JCn)Pm) |,
L ()P ()
P(n)

where P(1") = (=4 + r1dy) (to(n") +7'(%)) + K1 di(vo(n”) +7'(17)) = Kada(so(n* ) +
&' (")) — (Kads +4a’(a(n*) — s0))(wo(n™) +’(n*)). This means that the functions @ :
(1), U= vi(7"), W = wy(7*), § 1= s((7*) and A := N(7%) satisfy the equations
( <A+w@a+%m+fmacmwﬁm>:—me 1P,
(A+iB)o+ Ao — 7% G ) P(n") = £ G0 ) )
(29) (Ao +iB)i0 + Apo + 75T (") P") = ( )P (),

(
(Ao +iB)3+ Mo — 7= J (") P(") = & T (o) P(n)
| A =mP@) =Py,

where P(*) = (—4+r1dz)u(n")+r1d10(n*) = (Kads+4a’ (a(n*) = s0) )W (") — Kadys(n").
By lettlng ¢ = w0+NG(7 77*)7 g = UO_:_*G('u 77*)7 p = w0+‘]('7 7]*) andC = SO_J('u 77*>
as before, we obtain

(30) (A+iB)i+ Ao =0,
(31) (A+iB)o+ A =0,
(32) (Ag+iB)i 4+ Ap =0,
(33) (Ag +iB)5 4+ X = 0,
(34) A — T*((—4 + Kkido)u(n*) + K1d10(n*) — ﬁ2d4§(n*))

) (
~(Rads + 4a (") — so))i()) = 2.

Multiplying (30) by (—4 + k1d2)r" ', (31) by —n*kydir" €, (32) by —pu(kads +
4a’(a(n*) — so))r"'p and (33) by un*raedsr"~'¢ and adding the resultants to each, we
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now obtain
(=4 + mado) ()" a(n*) — kadap (") 10 (n*) — p(kads + 4a’((n*) = s0)) (n*)"
() + i reada ()" L5 (7) + M(—4 + rada) |75 ¢l = " kach [ (€]
—pu(rads + 4a’ (") = s0))[[7"% pl[? + pm*rada] 7= C]|?)
+2iB [ (=4 + kido)@d — 91 di O — p(kads + 4d' ((n*) — $0)) W P
+un*kadi3 C) = 0.

From (26) and (34), the above equation implies that
(35)
po )"t
(T*)2

2 [rnt ((—4 + ki dy) i — 0" Ky dy 0 — p(rads + 4a’ (e(n*) — s0))w P + l“7*’<02d4=§z>

Multiplying (30) by (=44 k1d2)a, (31) by —n*k1d10, (32) by —p(keds+4d’ (a(n*) —
So)w and (33) by un*k2dss and adding the resultants to each, and applying (35), we
now obtain

Mo = (4= mdo) |[|AV2 T 0|2 + s dy || Y27 )

+p1(Rads + 4a(a(n”) — 50)) | Ay "2 @2 — i rada|| Ay *r 5 52

i ((4 = md)|[r Tl + n*ad |5 92
Fialrads + 4a (o) = so)) r T 0l 2 — o ads 7T 5.

The real part of the above is given by
-1

(36)
sizRed = (4 — kady)[[AV2P7T ]| + 7 ada || AV 02
1/2, n-1

pa(rads + 4 (a(n*) — so))|| Ay *r T @]|> — i rada] | Ay 27 3]

Now, multiplying (30) by 2i8r" '@ and (31) by 7 'A\& and subtracting resultants
from each other, we now obtain

[AV2 5P = (o P AV 0P and ("2 al P = (") |17 0],
Thus (36) implies that

#(272:2:;2_11%65\ = (4—Iild2+%)||A1/2Tn771ﬂ||2—|—,u(E2d3+4al(&(7’]*)—80)—/{2$—:) |A(1)/2r%zb||2

which is positive since 4 — k1dy > 0 and kods + 4d/(a(n*) — so) > ﬁz—;‘. We have
ReX (7*) > 0 for 5 > 0, and thus, by the Hopf-bifurcation theorem in [2], there exists

a family of periodic solutions which bifurcates from the stationary solution as 7 passes
T*. O

We now establish the existence of a unique 7% > 0 for which the point (0, 0,0, 0, n*, 7*)
corresponds to a Hopf bifurcation point; thus 7* is the origin of a branch of nontrivial
periodic orbits.

LEMMA 4.4. Suppose that 4 — ”71]—? > 0 and kads + 4a’(a(n*) — so) > I‘i%. Let Gg

and G 3 be Green functions of the differential operator A+ i satistying (15) and (19),
respectively. Then, the expression (—4 + k1ds) Re (Gg(n*,n*)) — %Re (Gs(n*,m"))
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and —(kods + 4d' (a(n*) — so))Re(Jz(n*, n*)) + Z—‘jRe(jﬁ(n*, n*)) are strictly increasing
in 8> 0 with

Re Go(n*,n*) = G(n",n"), ﬁlggoReGﬁ(n*,n*) =0.
Moreover,
(=4 + r1do) ImGa (", ") — 28 Im G (7, 1)

—(ady + 4/ () — so))Im(Js (0", 7)) + radalm(Gs T (0", 77))
is positive for § > 0.
Proof. First, we have (A+if)~! = (A—z'ﬁ)(AQ—l—ﬁQ)_ soif L(B) := Re (A+i8)!,
then L(3) = A(A? + 8%)~!. Moreover, L(8) — Al as 8 — 0 and L(8) — 0 as
B — oo, which results in the corresponding limiting behavior for Re (Gs(n*,77)).

Now to show that 5 +— ((—4+ k1da) Re (Gs(n*,n*)) — ’“dl Re (Gs(n*, ")) is strictly

decreasing, define 1(8)(r) := (—4+r1dz) Ga(r,n") =" G ( )= (—4+r1ds) G(r,n")+
"“;—fl G(r,n*). Then (in the weak sense initially)

(37) (A+iB)h(B) = iB(4 — kids) G-, n") + iBZEG (", 7).

As a result h(B) € D(A)c and h : Rt — D(A)c is differentiable with ih(8) + (A +
iB)h' () = —i G(-,n*), therefore

(A+ i)' (8) = i((4 = k1ds) Ga(-, ") = BEGs(, "))

Thus, we get
|Ar T W(B)IP = B|1"= W(B)II” dr + 2iB||AV*r"= 1 ()]
=i ((4 = widy + =) (B) ().
From (38) it follows that
(4= kudy + 29 Re (W(B8) (7)) = 26]| A% 1/ (B)||?
and thus Re (1/(5)(n*)) > 0if 4—k1dy > 0. In order to show (—4+r1d2) Im(Gg(n*, n*))—
”717—? Im( Gs(n*,n*)) > 0 for 8 > 0, we multiply (37) by r"~'h(3)(r) and integrate the
resulting equation, then we have:
—i B((—4 + ridy) — =L)A(B) (") )—HAh( B)I? +iB||AV2h(B)IP,

which implies that ((4—k1d2) + d L Imh(8)(n*) = [ |AR(B)|*> > 0. Since (4—k1ds) >
0, we have Imh(8)(n*) > 0 for > 0.

We define k(8)(r) := —(kods + 4d'(a(n*) — s0)) Jz(r,n*) + ”127?4 Ja(r,n*) + (kaods +
4a'(a(n*) — so) J(r,n*) — ””f?—f“ J(r,n*). Then

(38)

(Rads + da’(a(°) = s0) = w2 Re (K (8) (1)) = 2611 4K (B)]?

B((r2ds + da'(a(n*) — s0) — k2t )Imk(B) (") = || Aok (B)]|*.
If rods + 4a’(a(n*) — sg) > /ﬁ?gd—4 we have Rek/(5)(n*) > 0 and Imk(8)(n*) > 0 for
B > 0. Thus, (—4 + k1ds) ImGﬁ(n*,n*) - ’"‘;fl Im Ga(n*,n*) — (kods + 4a'(a(n*) —
so))Im(Jg(n*, n*)) + @Z—ﬂm(jg(n*,n*)) > 0 for B > 0if 4 — kidy > 0 and kads +

7 N ~~
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da'(a(n*) — so) > “127?4. Similarly, (—4 + k1d2) Re (Gg(n*,n*)) — “717111 Re (Ga(n*, %)) —
rodsRe(Jg(n*,n*)) + ”254 Re(Js(n*,n*)) is a strictly increasing function of § > 0 if

4 — KldQ > 0 and Hgdg + 4a/(06(7’]*) _ SO) > 1{72154'

]

THEOREM 4.5. Under the same condition as in Theorem 4.2, for a unique critical
point 7" > 0, there exists a unique, purely imaginary eigenvalue A\ = i3 of (10) with
5> 0.

Proof. To complete the argument, it suffices to show that the function (u, v, w, s, 5, 7)
— F(u,v,w,s,if,T) possesses a unique root for which f > 0 and 7 > 0. This
is equivalent to solving the system of equations given in (10) with A = i, u =
V+ MG(»U*)> UV=p— -77% G(777*)7 w=W+ '](’ 7]*> and s = q— ni*‘]<777*)>

([ (A+iB)V = —pd(n* =),

(A+if)p=Lo(n' —r),

(Ao +iB)W = —d(n* — ),

(Ao +iB)q = ;=0(n" — 1),

B = (—4+mdo)(V (") = pG (%) + 7 (n ))+f~€1d1(p(77*)+#@(n*,n*)Jr?’(n*))
—(Kads + 4d’(a(n )—80))( (77) J(",m) + o' (7))
+hada(q(n*) + T (") + & (7).

The real and imaginary parts of the above equation are given by

= (4 md)Im(uGa (7, n") — Ho Im(Ga (', n%)
—(kads + 4a’ (a(n )—So))l m(J5(", 1)) + = Im(—J5 (0", "))

(39) 7

and

0= (—4+ rds)(Re(uGs(n*, n"))

iy (Re(—£Cig(i17)) + Gl i) +7/(r)
—(kads + 4d'(a(n") — s0))(Re(Js(n", n")) — J (", ") + ("))
+hady(Re(— = Js(n", ")) + = J (%, 0") + & ("))

There is a critical point 7* provided the existence of § since the right hand side of
(39) is positive by Lemma 4.4.
We now define

T(B) = (=4 + r1da) (Re(uG (", ")) — pG (7", %) + 7/ (")) + wada (Re(= &Gy (", 1))
LG, 1) + 4 (7)) + rada(Re(— s Js (0, 0")) + =T (7 ) + & (1))
—(Kads + 4d'(a(n") — so))(Re(Js(n", ")) — J (", ") + /("))

Using Lemma 4.4, we have T"(3) > 0 for § > 0 and

T(0) = (=4 + k1d2)y'(n") + k1diY' (n") — (k2ds + 4a(a(n”) — s0))a’ (") + K2dad (77)
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which is negative by Theorem 3.1. Moreover,
Jim T(B) = (=4 + mado)(=pG (", 07) + /(")) S (07) + s1dry (n7)
—(kads + 4a’(a(n*) — s0) — ) (=T (1 ) +a/ (7)) + k2dad (")

= (VI+ — r1dy) + H;dl) (n*) + fﬁdﬂ( ")
+ (ko d3 — )+ 4d'(a(n*) — s0))a(n*)) + Kadsd! (n*)
since puG(n*, ") 7(77) = VI+pi(n*) and o'(n*) — J(n*,n*) = &(n*). Hence

n
5lim T(5) > 0 under the assumptions 4+% > 0 and kods+4a' (a(n*)—s¢) > k%, [
—00

The following theorem summarizes the results above. We now summarize the foregoing
developments in the form of the following theorem.

THEOREM 4.6. Suppose that ksy > ag, ﬁjttanh(k:(%—sf))—l—ao) >0, prax' (7(n)) <

k2 &' (a(n)), C"(v(n); ale(n)—so))+r1xX" (v(n)) ¥(n) < 0 and C'(y(n); ala(n)—so))a’(a(n)
— 50) — ko&"(a(m)) < 0 for all n > 0. Then (7) and (5) have at least one stationary
solution (u*,v*, w*, s*,n*) where u* = v* = w* = s* = 0 and (V*, p*, W*, ¢*,n*) for all
T, respectively. Moreover, assume that 4 > k1 x"(v(n*)) 4(n*) and 4a’(a(n*) — so) +
Iigf”( (n*)) > ”25’( (n*)). Then there exists a unique 7 such that the linearization

— A+ 7B has a purely imaginary pair of eigenvalues. The point (0,0,0,0,n*,7*) is
then a Hopf point for (7), and there exists a C°-curve of nontrivial periodic orbits for
(7) and (5), bifurcating from (0,0, 0,0,n*, 7%) and (V*, p*, W* ¢*,n*, "), respectively.

We proved the existence of stationary solutions and Hopf bifurcation under the
above assumptions. Specially, the condition urix'(7(n)) < k2 &' (a(n)) is fundamen-
tally governed by the interplay between attraction and repulsion.
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