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DEDUCTIVE ENERGETIC SETS IN EQUALITY ALGEBRAS

YouNG JoOo SEO

ABSTRACT. To contribute to the development of algebraic semantics, the concept of
deductive energetic set in equality algebras is introduced, and several properties are
investigated. The conditions under which a subset becomes deductive energetic in an
equation algebra are explored, and its characterization is also obtained. The union
and intersection of deductive energetic sets are examined. Equality homomorphic
(pre) images and direct product of deductive energetic sets are addressed.

1. Introduction

The equality algebra was introduced by Jenei [2] as a new structure with two
connectives, a meet operation and an equivalence, and a constant. It was motivated
by the need for algebraic semantics in fuzzy type theory. Jenei identified equivalential
equality algebras are term equivalent with BCK-algebras with meet. Jenei-Kérddi [3]
explored the concept of filters and congruence in equality algebras underlying algebraic
semantics. Developing or exploring new substructures that can be used as the basis
for algebraic semantics will be a meaningful task for the development of algebraic
semantics. To this end, this paper introduces the concept of deductive energetic set
in equality algebras, and investigates several properties. We explore conditions for a
subset to be deductive energetic in equality algebras, and obtain its characterization.
We look at the union and intersection for deductive energetic sets. We deal with
equality homomorphic (pre) images and direct product of deductive energetic sets.

2. Preliminaries

DEFINITION 2.1. ( [2]) By an equality algebra, we mean an algebraic structure &
= (E, A, ~, 1) satisfying the following conditions:
(E1) (E,A,1) is a commutative idempotent integral monoid, that is, meet semilattice
with the top element 1,
(E2) The operation ~ is commutative,
(E3) (Vae€ E)(a~a=1),
(E4) (Va e E)(a~1=uqa),
(E5) (Va,b,ce E)(a<pb<pc = a~c<gb~c¢, a~c<gpa~b),

Received June 30, 2025. Revised October 7, 2025. Accepted November 15, 2025.

2010 Mathematics Subject Classification: 06B10, 03G25, 06F35.

Key words and phrases: equality algebra, filter, deductive energetic.

(© The Kangwon-Kyungki Mathematical Society, 2026.

This is an Open Access article distributed under the terms of the Creative commons Attribu-
tion Non-Commercial License (http://creativecommons.org/licenses/by-nc/3.0/) which permits un-
restricted non-commercial use, distribution and reproduction in any medium, provided the original
work is properly cited.



42 Y. J. Seo

(E6) (Va,b,c € E)(a~b<p(aAc)~ (bAc)),
(E7) (Va,b,c € E)(a~b <g(a~c)~ (b~r)),

where a <g b if and only if a A b = a.

In an equality algebra £ := (E, A, ~, 1), we define two operations — and <+ on FE
as follows:

(2.1) a—b:=a~(aAb),
acb:=(a—=>b)A(b—a)

The operations A, ~, — and <> are called meet, equality operation, implication and
equivalence operation, respectively.

PROPOSITION 2.2. ( [2,6]) Let £ := (E, A, ~, 1) be an equality algebra. Then the
following assertions are valid: For all a,b,¢c € F,

a—>b=1< a<gh,
l—2a=a,a=>1=1=a—aq,
a<p(a—b)—b,
a~b<pasb<pa—b,
a<p(a~b)~b,
a~b<ga~(aAb).

~~ o~ o~~~ —~
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DEFINITION 2.3. ( [3]) A subset D of E is called a filter (or deductive system) of €
if it satisfies

(2.9) 1eD,
(2.10) (Va,be E)(ae D,a<pb = beD),
(2.11) (Va,be E)Y(ae D,a~beD = beD).

LEMMA 2.4. ([1,2]) Let € be an equality algebra. A subset D of E is a filter of £
if and only if it satisfies (2.9) and

(2.12) (Va,be E)Y(ae D,a—beD = beD,).

DEFINITION 2.5. ( [4]) Let £ := (E, A, ~, 1) and G := (G, A, ~, 1) be equality
algebras. A mapping ¥ : E — G is called an equality homomorphism if two operations
A and ~ in E are preserved under ¥ that is, ¥ satisfies

(2.13) (Va,b € E) ((b A a) = ¥(b) AP(a), T(b ~ a) = T (b) ~ ¥(a)).

If £ and G are bounded equality algebras, we say that the equality homomorphism
¥ is bounded.

Note that every equality homomorphism ¥ preserves the operation — from FE
up to G, that is, ¥(b — a) = ¥(b) — W¥(a) for all b,a € E. Also, ¥(1) = 1
and ¥(—b) = —¥(b) for all b € E when ¥ is a bounded equality homomorphism
(see [4, Lemma 4.1]).
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3. Deductive energetic sets

In what follows, let £ := (E, A, ~, 1) be an equality algebra unless otherwise
specified.

DEFINITION 3.1. A nonempty subset D of F is said to be deductive energetic in €
if it satisfies

(3.1) Vz,ye E)(ye D = {z,z—y}ND#0).

EXAMPLE 3.1. Let F := {&,&1,&., &} be a set with the Hasse diagram and the
equality operation — given by Figure 1 and Table 1, respectively. Then & = (E, A,
—, &1) is an equality algebra (see [5]). It is routine to verify that D; = {&, .} and
Dy = {&, &} are deductive energetic in £.

F1GURE 1. Hasse Diagram

€1
fa gb
)

TABLE 1. Cayley table of the equality operation —

_>‘£0 ga gb él
S| & & & o
S| & &1 S S
& [&a & & &
51 50 ga gb 51

PROPOSITION 3.2. If a deductive energetic set D in £ does not contain the top
element 1, then it satisfies

(3.2) Ve,ye E)(ye D, x<py = x€D).
Proof. Let v <p y for x € F and y € D. Then z — y = 1 by (2.3), and so
{z,1}ND={z,2—=y}ND#0D
by (3.1). Hence x € D since 1 ¢ D. O

THEOREM 3.3. If a nonempty subset D of E does not contain the top element 1,
then it is deductive energetic in £ if and only if it satisfies

(3.3) (Vz,y,z€ E)(z€ D, <py—z = {z,y}ND#0).

Proof. Assume that D is deductive energetic in £ and let z,y, z € E be such that
z€ Dand x <gpy — z. Then {y,y = 2} N D # () by (3.1), and so y € D or
y — 2z € D. Tt is clear that if y € D, then {z,y} N D # 0. If y — z € D, then

{z,1}ND={z,z—= (y—=2)}ND#D
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by (2.3) and (3.1). Since 1 ¢ D, it follows that © € D. Hence {x,y} N D # (), and
therefore (3.3) is valid.

Conversely, suppose that D satisfies (3.3) and let y € D. Since z <g (z = y) = y
for all x € E by (2.5), we have {x,x — y} N D # () by (3.3). Hence D is deductive
energetic in &. [

THEOREM 3.4. If a nonempty subset D of E satisfies
(3.4) (Ve,y,z€ E)(y—=2€D = {2z, 2= (y—= (y—x)}ND#0),

then D is deductive energetic in £.
Proof. Let z € D. Then 1 — x =z € D by (2.4), and thus
{z,iz=2}nND={z,z—>(1—=>1—=2)}ND#0
for all z € E by (2.4) and (3.4). Hence D is deductive energetic in £. O

THEOREM 3.5. If D is a subset of E, then E'\ D is deductive energetic in £ if and
only if D satisfies the condition (2.12).

Proof. Assume that E\ D is deductive energetic in £ and let x,y € E be such that
re€Dandx -y e D. Ify ¢ D, then {z, x — y} N (E\ D) # 0 by (3.1). Thus
x € E\Dorxz—y € FE\D, which is a contradiction. Hence y € D and consequently
D satisfies the condition (2.12).

Conversely, suppose that D satisfies the condition (2.12) and let y € E\ D. If

{z,2 = y}N(E\D)=10

for some x € E, then v € D and v — y € D. It follows from (2.12) that y € D. This
is a contradiction, and so {z,x — y} N (E \ D) # 0 for all z € E. Therefore E'\ D is
deductive energetic in £. O

COROLLARY 3.6. If a deductive energetic set E'\ D in £ does not contain the top
element 1, then D is a filter of £.

Proof. The proof is straightforward. m

ProPOSITION 3.7. If a deductive energetic set D in £ does not contain the top
element 1, then it satisfies

(3.5) Vz,ye EY\(yeD = {z,x~ytND#0D).

Proof. Let D be deductive energetic in £ that does not contain the top element 1.
Then E \ D is a filter of £ by Corollary 3.6. Let y € D. If {x, x ~y} N D =0 for
some z € E, thenz € E\ D and x ~y € E\ D. Hence y € E\ D by (2.11), which is
a contradiction. Therefore {z, x ~ y}ND # () for all z € F, that is, (3.5) is valid. [

THEOREM 3.8. If Dy and Dy are deductive energetic in £, then so is their union.

Proof. Assume that D; and Dy are deductive energetic in £ and let y € Dy U Ds.
Then y € Dy or y € Dy, and so {x,x — y} N Dy # 0 or {x,x — y} N Dy #  for
all x € E. Hence x € D1, x — y € D1, x € Dy, or x — y € Dy. It follows that
x € DiUDyorx — y € Dy UD,. Thus {z,x — y} N (D U Dy) # 0, and therefore
Dy U D, is deductive energetic in &. O
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In Example 3.1, Dy = {&, &} and Dy = {&o, &} are deductive energetic in €. Note
that {&a, & = S0} N{&0} = {&u, & N{&} = 0. Hence DiNDy = {&} is not deductive
energetic in £. This shows that in general the intersection of deductive energetic sets
is not deductive energetic in &.

We consider homomorphic (pre) images of energetic sets.

THEOREM 3.9. Let ¥ : E — G be an equality homomorphism of equality algebras
E:=(E, N ~,1)and G := (G, A, ~, 1). For every nonempty subset D of G, if D is
deductive energetic in G, then ¥—1(D) is deductive energetic in &.

Proof. Let D be deductive energetic in G. Then G\ D satisfies the condition (2.12)
by Theorem 3.5. Let z,a € F be such that x - a € E\¥ (D) and x € E\¥? (D).
Then ¥(z) € G\ D and

U(x) > ¥(a)=V¥(r —a) e G\ D.

Hence ¥(a) € G\ D by (2.12), and so a € ¢"1(G\ D) = E\ ¢ 1(D), that is,
E\ V(D) satisfies the condition (2.12). Therefore ¥~!(D) is deductive energetic in
& by Theorem 3.5. O

THEOREM 3.10. Let ¥ : E — (G be an onto and one-to-one equality homomorphism
of equality algebras € := (E, N\, ~, 1) and G := (G, A, ~, 1). For every nonempty
subset B of E, if E'\ B is deductive energetic in €, then ¥(E\ B) is deductive energetic
ingG.

Proof. If E'\ B is deductive energetic in &, then B satisfies the condition (2.12)
by Theorem 3.5. Let y,b € G be such that y € ¥(B) and y — b € ¥(B). Then
there exist z,a € FE such that ¥(x) = y and ¥(a) = b since ¥ is onto. Hence
U(r) =y € ¥(B) and ¥(z — a) = ¥(x) - ¥(a) =y — b € ¥(B). Since ¥ is
one-to-one, it follows that + € B and + — a € B. Thus a € B by (2.12), and so
b = ¥(a) € ¥(B). This shows that ¥(B) satisfies the condition (2.12). Therefore
U(E\B)=¥(E)\¥(B) = G\¥(B) is deductive energetic in G by Theorem 3.5. [

4. Direct product of deductive energetic sets

We now deal with the direct product of energetic sets.
Let {& = (Es, Ni, ~4, 1;) | i € A C N} be a nonempty family of equality algebras
and let []E; consist of all vectors (z;)ien, 2; € E;. Consider a structure [[& =
ieA ieA
(HEi, A, ~, 1) where 1 = (1;);ea, and the operations A and ~ are defined by
ieA

(-fﬁi)ieA A (yi)ieA = (1’1 Ni yi)ieA and (flfi)ieA ~ (yi)ieA = (iEz ~i yi)ieAa

respectively, for all (z;)iea, (Yi)ien € [[Fi. Then [[& = (HEi,/\,N,1> is an

ieA ieA ieA
equality algebra. In this case, the implication — in [][&; is given as follows:
ieA

(V(%‘)ie/\, (Yi)iea € HEZ) ((zi)iea = (Yi)ien = (Ti =i Yi)ien)

€A
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where —; is the implication in &;. Also, if <, is the order in &;, then the order <y
in [[&; can be represented as follows:

ieA
(4.1) (z:)ien <11 Wi)ien € @ <p, y; for all i € A.

THEOREM 4.1. For every nonempty subset D; of E;, i € A, if E; \ D; is deductive
energetic in &;, then [[ E; \ [[ D; is deductive energetic in []&;.
ieA ieA ieA
Proof. Assume that E; \ D; is deductive energetic in & where i € A. Then D;

satisfies the condition (2.12) by Theorem 3.5. Let (v;)ien € [[E: \ [[D;. If
€A ieA

{(@i)ien, (@i)ien = (Yi)iea} N (HEz \ HDZ> =

i€A €A
for some (z;)ien € [] Ei, then (z;)ien € [[ D; and
€A €A
(25 =i Yi)ien = (T5)ier — (Yi)iea € HDi-
ieA
Hence x; € D; and z; —; y; € D;, and so y; € D; for all i € A by (2.12). It follows

that (v;)iea € [[ Di, a contradiction. Thus
ieA

{(@i)iens (@i)iea = (Yi)iea} N (HEZ \ HDZ> # ()

(IS €A

for all (x;)ien € [] Es, and therefore [[ E; \ [ D; is deductive energetic in [[&;. O
i€A €A ieA i€A

PROPOSITION 4.2. Let D; be be a nonempty subset of E; which does not contain
the top element 1; for alli € A. If [[ D; is deductive energetic in [[&;, then it satisfies

€A iEA
(4.2) (yi)iea € HDi7 (i)ien <17 Wi)ien = (Ti)ien € HDi
1EA i€EA
for all (xi>i€/\7 (yi>i€A € HEz
€A

Proof. It every nonempty subset D; of E; does not contain the top element 1; for

all i € A, then [[D; does not conain the top element 1. Let (z;);en € []E; and

(IS 1€EA
(Yi)iea € [1D; be such that (2;)iea <p1 (¥:)ica- Then

ieA
(2.3) & (4.1)

(73)iea = (Wi)iea = (Ti =i Yi)iea = (1i)iea = 1,

and so

{(@i)iea, 1} N HDi = {()ien, (Ti)ie = (i)iea} N HDZ' # ().

1€EA 1€EA

Since 1 ¢ [] D;, it follows that (z;)ien € [[ D;. Hence (4.2) is valid. O
ieA ieA
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THEOREM 4.3. Let D; be a nonempty subset of E; which does not contain the top
element 1; for all i € A. Then []D; is deductive energetic in [[&; if and only if it

i€A ieA
satisfies
(2i)ien € HDz', (w5)iea <11 Wi)ien — (2i)ien
(43) i€A
= {(®i)iea, Wi)iea} N q\Di # ()
ic

for all (x;)ien, (Yi)ien, (2i)ien € T Es.

ieA
Proof. If every nonempty subset D; of E; does not contain the top element 1; for all
i € A, then [[D; does not conain the top element 1. Assume that [[D; is deductive

ieA ieA
energetic in [[&. Let (z;)ien, (Ui)iea, (2i)iea € [] Ei be such that (2;)ien € [[D:
ieA ieA ieA

and (;)ien <17 (i)ien — (2i)iea. Then
(@i)iea = (Yi)iea = (Zi)iea) = (@i)iea = (Yi =i Zi)ien
= (i =i (Yi =i 2))iea = (Li)iea = 1

and
{(i)iens (Wi)iea = (2i)iea} N HDi # 0,
i
and thus (y;)iea € [1Di or (¥i)iean — (2i)iea € [ Di- If (4i)iea € ] Di, then
ieA ieA ieA

{(vi)ien, (Wi)iea = (Zi)iea} N HDZ' + (.

i€A
If (yi)ien — (2i)iea € [ Di, then
iEA
{(@i)ien, 1} N ][0 = {(i)ien. (@i)iea = ((Wi)iea = (20)iea)} O] [Di # 0.
€A 1EA
Since 1 ¢ [] D;, we have (z;);en € [[ D; and thus
€A €A
{(@i)iea, (Wi)iea} N HDZ» # (.

i€
Conversely, suppose that the condition (4.3) is valid for all (z;)iea, (¥ )ien, (2i)iea €

[T1E:. Let (yi)iea € [ Di. Using (2.5), we know that z; <g, (x; —; y;) —; y; for all
€A €A

i € A. Hence (2;)ien <17 ((%)ica = (Yi)iea) = (Yi)iea, which implies from (4.3) that

{(@i)ien, (@i)ien = (Yi)iea} N HDi # 0.
I
Therefore [] D; is deductive energetic in []&;. 0
ieA =N
THEOREM 4.4. For every nonempty subsets D; of E; for i € A, if [[ D; satisfies
ieA

(4.4) {(zi)ien, (2i)ien = (i)iea = ((Wi)iea = (Ti)iea))} N HDz‘ # 0

€A
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for all (x;)icn, (Yi)iea, (2i)ien € [ Ei with (y;)ien — (@i)ien € [[D;, then [[D; is

ieA ieA ieA
deductive energetic in [[&;.
ieA
Proof. Let (z;)ien € [] D;. Since
ieA
(2.4)
(Li)iea = (@i)ien = (Li =i Ti)ien = (Ti)ier € HDi7
ieA
we have
{(2i)iens (zi)iea = (Ti)iea} N HDi
ieA
(4.4)
= {(2i)ien, (zi)ien = (Li)ien = ((Li)iea = (zi)ien))} N HDi # 0
ieA
for all (z;);en € [[ Fi. Hence [ D; is deductive energetic in []&;. O
ieA ieA ieA

PROPOSITION 4.5. Let D; be a subset of F; containing the top element 1; for all
i€ A. If E;\ D; is deductive energetic in &; for all i € A, then the following assertion
is valid.

(zi)iea N (Wi)ien € TTE: \ T1Di or (@4)iea ~ (Wi)iea € [T E: \ 11 Ds

€A 1EA €A 1EA
= {(@ien, ()i} O (HEi \ HDZ-) L0
€A 1EA

for all (x;)ien, (Yi)iea € [] Es-
iEA

Proof. Let D; be a subset of E; containing the top element 1; for all ¢ € A. If

E;\ D; is deductive energetic in &;, then D; is a filter of E; for all i € A (see Corollary
3.6). Let (x;)ien, (¥i)iean € J] E: be such that
ieA

(ivi)ieA A (yi)ieA € HEZ\ HDz' or (ifi)ieA ~ (yz')ieA € HEZ\ HDi-
i€EA i€A i€EA i€EA

Then z; \;y; € E; \ D; or x; ~; y; € E; \ D; for all i € A. If

{(mi)iEAa (yi)ieA} N (HEz \ HDz) =,

1€EA €A

then (x;)ien, (vi)iean € [[D; and so x;,y; € D; for all i € A. Since
i€A

(2.3) & (2.7)
Ti —; ((Iz ~j ?/z) ~i yi) = 1;,

e, x; <g (x; ~;y;) ~; y; for all i € A, we have
(E2)
Yi ~i (v ~iyi) = (T ~i yi) ~i yi € D;
by (2.10), and thus z; ~; y; € D; by (2.11). Since

T~ Ui <p, T~ (@ N Yi)
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by (2.8), it follows from (2.10) and (2.11) that z; A; y; € D;. This is a contradiction,

and hence {(z;)ien, (¥i)iea} N (HEZ \ HDZ) # (). This completes the proof. O
ieA i€A
PROPOSITION 4.6. Let D; be a nonempty subset of E; which does not contain the
top element 1; for all i € A. If [ D; is deductive energetic in [[&;, then it satisfies

€A €A
(Wi)ien € [[Di = {(@)ien, (@i)iea ~ Widiea} N[ D: #0
i€ ieA
for all (z;)ien, (Yi)ien € ] Ei-
ieA
Proof. Note that [ D; does not contain the top element 1. Hence [[ E; \ [[D; is
ieA ieA ieA
a filter of [[&; by Corollary 3.6. Let (y;)ien € [[D; and suppose that there exists
€A 1EA
(x:)iea € ][ Ei such that
ieA

{(xi)ieAa (xi)ieA ~ (yz‘)z‘eA} N HDi = 0.

ieA
Then (z;)ien ¢ [[D;i and (z;)iea ~ (Yi)iea ¢ [] Di, and so
ieA ieA
(zi)iea € [1E: \ [1Ds and (z:)ien ~ (vi)iea € T1E: \ [1Ds.
ieA €A €A €A
It follows from (2.11) that (y;)iea € [[ Ei \ [ Ds, which is a contradiction. Therefore
€A i€A
{(@i)ien, (®i)ien ~ (i)iea} N [ D; # 0 for all (x;)ien € [ Ei- O
ieA €A
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