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NORMALITY CRITERION LEADING TO COUNTEREXAMPLES
FOR THE CONVERSE OF BLOCH’S PRINCIPLE

VIRENDER SINGH, BANARSI LAL*, AND PRIYANKA

ABSTRACT. In this paper we establish a normality criterion related to differential
inequalities for a family of meromorphic functions which leads to some counterex-
amples to the converse of Bloch’s Principle. Further, we prove a normality criteria
concerning non homogeneous differential polynomial that gives a partial answer to
a question posed by N. Bharti and R. Kumar[Normal families concerning partially
shared functions and differential polynomials, Asian-FEuropean J. of Math., 17 12,

(2024)).

1. Introduction

It is assumed that the reader is familiar with the standard notions used in the
Nevanlinna value distribution theory such as T'(r, f), m(r, f), N(r, f), S(r, f) etc., one
may refer to [7].

The purposes of this paper is to find a suitable normality criterion for a family of
meromorphic functions that helps us to construct counterexamples to the converse of
Bloch’s principle. We denote the set of all meromorphic functions on D as M(D).
A family F C M(D) is considered to be normal in D if every sequence {f,} C F
has a subsequence { f,, } that converges spherically uniformly on compact subsets of
D to a non-constant meromorphic function or to infinity. If F is not normal at a
point zy, Montel’s three-point theorem indicates that for any open neighborhood U
of zo, there can be at most two points in Coo \ Ujcp f(U) (where Cy is the extended
complex plane). Additionally, if f# represents the spherical derivative of the function
f, Marty’s theorem suggests that JF is normal on D if the family { f#; f € F} is locally
uniformly bounded on D. For more detailed insights, one may refer to [13]. Notably,
Marty’s theorem highlights a link between differential inequalities and normality. In
2012, Grahl and Nevo [6] demonstrated the counterpart for cases where the spherical
derivatives are bounded away from zero. Since then, numerous differential inequalities,
as well as those with the opposite inequality symbol that imply normality, have been
explored by various authors.
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DEerFINITION 1.1. Let £ € N and ng,nq,--- ,n; be non-negative integers, not all
zero. Let f € M(D). Then the product

(1) M(f] = a- ]9y

J=0

is called a differential monomial of f, where a(# 0,00) € M(D). If a = 1, then M|f]
is said to be a normalized differential monomial of f. The quantities

k k
(2) d(M) =Y "njandw(M):=Y (j+1)n
j=0 Jj=0
are called the degree and weight of the differential monomial M|f], respectively.

For 1 <7< m, let

k
) Milf) = a T
=0
be m differential monomials of f having degree d; and weight w;. Then the sum
(4) Pf]:=  a;M;[f]

i=1
is called a differential polynomial of f and the numbers
=max{d; : 1 <i<m}; dy:=min{d; : 1 <i<m}and w:=max{w; : 1 <i<m}

are respectively called the degree, the lower degree and the weight of the differential
polynomial P[f]. If d = dy = --- = d,,,, then P[f] is said to be a homogeneous
differential polynomial.

The starting point of this paper is the following result of J.F. Chen [4]:

THEOREM 1.2. Let F be a family of meromorphic functions in a domain D, all
of whose poles are of multiplicity at least 3 and S = {1, as, a3} be a set of three
distinct complex numbers. If for every f € F, |f (z)| < M whenever f(z) € S, where
M is a positive constant, then F is normal in D.

By considering the linear differential polynomial

L(f) = fP2) + ar1 (2) &V (2) + - + ao(2) f(2),

where k € N and ag(z), - -, ax—1(2) are fixed holomorphic functions, T. Manket and
S. Nevo [9] examined the relationship between a new type of linear differential in-
equalities involving L(f) and normality, demonstrating the following result:

THEOREM 1.3. Let C' > 0 be a constant and F be a family of holomorphic functions
on a domain D, all of whose zeros have multiplicity at least k such that

|L(f)| < C, for all f € F and z € D.

Then F is normal in D.
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In this paper, we investigate such differential inequalities that imply normality es-
pecially to the case involving the families of meromorphic functions and set of complex
values. More precisely, we prove the following variation of Theorem 1.2 and Theorem
1.3:

THEOREM 1.4. Let C' > 0 be a constant and let F be a family of meromorphic
functions on a domain D whose poles are of multiplicity at least 3 and S = {ay, ag, az }
be a set of three distinct complex values such that

(5) f(z) € S implies |L(f)| < C for all f € F andk =1,2,--- ,p (p € N).
Then F is normal in D.

The following examples show that certain conditions in Theorem 1.4 are necessary
and cannot be omitted.

EXAMPLE 1.5. Consider the family 7 = {nz : n € N} on the unit disk D and let
S ={0,—1,1}. It is evident that F is not normal in D, and we have f,(0) =0 € 5,
while | f(0)+ f,,(0)] = oo as n — oo. This indicates that the condition 5 in Theorem
1.4 is essential.

ExXAMPLE 1.6. [4] Consider the family F = {%e"* + 21e™* : n € N} on
D with S = {—1,1}. Clearly, F is not normal on D. For all f, € F, we have
n?[f2(z) — 1] = [f/(2)]> — 1. Note that whenever f,(z) € S, it follows that f’(z) € S,
which means |f],(z)| < 1. Consequently, f,(z) € S implies |f; (2) + fn(z)| < 2. Thus,
the cardinality of S cannot be reduced in Theorem 1.4.

By taking the set S of ¢-distinct complex values, we can prove the following more
general result:

THEOREM 1.7. Let C' > 0 be a constant and let F be a family of meromorphic func-
tions on a domain D whose poles are of multiplicity at least 3 and S = {«ay, g, - a,}
be a set of ¢ (> 3) distinct complex values such that

f(z) € Simplies |L(f)| < C forall f € F andk =1,2,--- ,p (p € N).
Then F is normal in D.

Bloch’s principle serves as a useful heuristic in the study of normal families. No-
tably, Abraham Robinson [11] highlighted it in 1973 as one of the twelve mathematical
problems that warranted further investigation. Bloch’s principle asserts that “a fam-
ily of meromorphic functions satisfying a property P in a domain D is likely to be a
normal family if the property P reduces every meromorphic function on C to a con-
stant.” However, this principle is not universally applicable; examples can be readily
found in [12].

The converse of Bloch’s principle states that “if any family of meromorphic func-
tions satisfying a property P on an arbitrary domain is necessarily normal, then a
function that is meromorphic in C and possesses property P must reduce to a con-
stant.” Like Bloch’s principle, the converse is not generally true, with several coun-
terexamples documented in the literature, as noted in [2,3,8,10,12].

Interesting, the most fascinating thing in the field of normal families is to establish
such normality criteria that helps us to construct examples and counterexamples to
the Bloch’s principle and its converse. Here in this paper, we provide the following



168 V. Singh, B. Lal, and Priyanka

counterexamples to the converse of Bloch’s principle as an application of Theorem
1.4:

e The function f(z) = €* is non-constant in C. If we consider L(f) = f"(z) +
f'(z) + f(z) and S = {0, —1,1}, then for C' = 4, we have
|L(f)| = |3¢*| =3 < C whenever f(z) € S.
e The trigonometric function f(z) = sin z is non-constant in C. If we take L(f) =
f"(z)+ f'(2) + f(2) and S = {0,1, —1}, then for C' = 2, we have
|L(f)]=|—sinz+cosz +sinz| =1 < C whenever f(z) € S.

e The function f(z) = % is non constant. Taking S = {0,1, -1} and L(f) =
f'(z) + f(z),we find that for C' = 5,

IL(f)] =1f'(2) + f(2)] =2 or 4 < C whenever f(z) € S.

In the similar way, we can check for cosz, e??, also provide the counterexamples to
the converse of Bloch’s principle.

In 2024, N. Bharti and R. Kumar [1] obtained some results by which normality
can be transferred from one family of functions to another. For the linear differential
polynomials L(f), they proved the following result:

THEOREM 1.8. Let F ,G C H(D) be two families such that all zeros of each f € F
have multiplicities at least k+ 1, where k > 1 is an integer. Suppose that for each f €
F, there exist a;y € H(D) (i=1,2) such that min{o (0, a;¢(2)), 0(00, vif(2)), o(if(2), ap(2))} >
¢ for some real number € > 0 and 1 < i # j < 2. Assume that G is normal in D and
for each f € F, there exists g € G such that

L(f)(z) = aif(z) =0 = g(z) —aiy(z) =0, i =1,2.

Then F is normal in D.

They also proved meromorphic analogue of Theorem 1.8 as follows:

THEOREM 1.9. Let F ,G C M(D) be two families such that all zeros of each f € F
have multiplicities at least k+ 1, where k > 1 is an integer. Suppose that for each f €
F, there exist a;y € H(D) (i=1,2,3) such that min{o (0o, a;f(2)), o(vif(2), jp(2))} >
e for some real number € > 0 and 1 < i # j < 3. Assume that G is normal in D and
for each f € F, there exists g € G such that

L(f)(z) —aif(2) =0 = ¢g(2) —aif(2) =0, i =1,2,3.

Then F is normal in D.

In the same paper [1], authors proved that by imposing the condition
M; M

(6) w( ) < UJ( 1)

where a; € H(D), 1 < i < m, with a;(z) # 0, Theorem 1.8 and Theorem 1.9

remains valid even for the general differential polynomial P[f], and posed the following
problem:

for 2 < s <m, and ng, > 2, ng, > 1,

Problem: Do Theorem 1.8 and Theorem 1.9 remain valid if the differential poly-
nomial L[f] is replaced by the differential polynomials P|f] when the condition (6) is
dropped?
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In this paper, we give the partial answer to this problem by considering non-
homogeneous differential polynomial of the form

(7) Q) = ag(F)™ + aga (F7H)® + -+ am(FMW,
where a,,, -, a, are complex numbers such that a,,,a, # 0 and ¢ > m > k + 1.

More precisely, we prove the following result:

THEOREM 1.10. Let F ,G C M(D) be two families on a domain D and q,m,k
be positive integers with ¢ > m > k + 1. Suppose Q(f) be differential polynomial
defined in (7). If for each f € F, there exist a;y € H(D) (i = 1,2,3) such that

min{o (00, a;f(2)), o (air(2), ajr(2))} = €

for some real number € > 0 and 1 < i # j < 3. Assume that G is normal in D and for
each f € F, there exists g € G such that

Then F is normal in D.

Note that the condition in equation (6) does not hold for the differential polynomial
Q(f)-

The following example shows that the condition m > k 4 1 is sharp.

ExAMPLE 1.11. Consider two families of functions F and G on unit disk D given
by
F ={fu(z) =nz, ne N}and G={g.(2) =—1,n € N}
Clearly, F is not normal in D and G is normal in D. If we take oy, := 0, agy, := —1,
asf, = —3, then a;p, € H(D) for i = 1,2,3,. Also, for Q(f,) = f, (that is, we take
m =k = 1), we have

Q(fn) — aif, =0 = gn(2) — aiy, = 0.
Therefore, the condition m > k + 1 is sharp.

The next example illustrates the condition “min{o (oo, a;(2)), o(if(2), ajr(2))} >
€’ is essential.

ExAMPLE 1.12. Consider two families of functions F and G on unit disk D given

by
F=A{fu(z) =e" neN}
and
G = {gn(2) = ¢, ¢ be a non-zero complex number}.

Then for each n, f,(z) # 0 and the family G is normal in D.
If we take aup, == 0, oy, = €¥%/2, agy, = ¢, then ayy, € H(D) for i = 1,2,3 and
o(00, a9y, (2)) = 0asn — oo for all z € DN {z : Re(z) > 0}. Let Q(f.) = (f3)" =
9n2e3"*. Then clearly,

Q(fn) —aip, =0 = gn(2) — us,(2) =0fori=1,2,3.

However, F is not normal in D.



170 V. Singh, B. Lal, and Priyanka

2. Proof of the main results

We need the following results for the proof of our main results:

LEMMA 2.1. [14] Let F be a family of meromorphic functions in D all of whose
zeros have multiplicity at least m and all of whose poles have multiplicity at least p.
Then, if F is not normal at a point zy € D, there exist, for each o : —p < a < m,

(i) a real number r : r < 1,

(i) points z, : |z,| <7,

(ili) positive numbers p,, : p, — 0,

(iv) functions f,, € F such that g,(() = p,* fu(zn + pn() converges locally uniformly
with respect to the spherical metric to g(¢), where g(¢) is a non constant meromorphic
function on C and g#(¢) < g#(0) = 1.

LEMMA 2.2. [5] Let F C (M(D))? be a family of pairs of meromorphic functions
in D and let € > 0. If, for each (a,b) € F and each z € D, o(a(z),b(z)) > ¢, then the
families a : (a,b) € F and b: (a,b) € F, are normal in D.

Proof. [Proof of Theorem 1.7] Suppose F is not normal at zg € D. Then by Lemma
2.1, there exist functions {f,} C F, z, — zo and p,* — 0 such that

(8) Fn(C) = fn(zn + pnC) — F(C) in C,

where F' is non-constant meromorphic on C, all of whose poles are of multiplicity at
least 3 such that F#(¢) < F#(0) =1 for all  in C
On differentiating equation (8) k times, we get

EP(C) = pufP (20 + paC) = FP(C) in C\ Pr,

where Prp denotes the set of poles of F. Clearly F assume at least one value of
S, otherwise g becomes constant by Picard’s theorem. Let (j in C be such that
F(Co) — o = 0 (Z = 1,2, ,q)

Since F(() # «;, by Hurwitz theorem, there exist a sequence ¢, — (o such that for
large values of n,

Fn(Cn) = fn(zn + pnCn) =q; € S.
By hypothesis, for every f € F, f(z) € S implies
’f(k)(z) + kal(z)f(kfl)(z) + - tao(2)f(2)] < C,
it follows that
(9)

Since «; is not a pole of F' and F({y) = «, there exist a nbd of (5 in which F is
analytic. Therefore

CLm(zn + pngn)F(m)(Cn) — am(ZO)F(m)(CO) S Casn — oo form = 07 17 e ,k’ —1

n

so that
k—1
(10) FSC) 4+ o (2 + puCa) ES™(Gr) = F®(Go) asn — oo

m=0
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For sufficiently large n,and k=1,2,---,p

Cn + Z Pn Zn + pn(n)F(m (Cn)|

= /3 (20 + puCa) +Zp (2 + puGa) O F (2 + o)

= pnlfn (2n + PnCn) + ak*1<zn + p?lCﬂ)fr(Lkil)(zn + PnCn)
<pfC —0asn— oo
Thus equation (10) implies F®)(¢y) = 0 for all K = 1,2,--- ,p, and hence (; is a

zero of F(¢) — «; of multiplicity at least p + 1. By Second Fundamental Theorem of
Nevanlinna,

(¢q—1D)T(r, F) <ZN< _a)+N(T,F)+S(T,F)

q
1 1 1
< —N<, ) SN(r, F)+ S(r, F
S22 rF—ocz- +3 (r, ')+ S(r, F)

<4 T(rF)+;T( F)+ S(r, F)

p+1
B <3q—|—p+1
3(p+1)

which is a contradiction. Thus F is normal. O

>T(r, F)+ S(r, F)

Proof. [Proof of Theorem 1.10] Suppose F is not normal at zy € D. Then by
Lemma 2.1 (with o = k/m < 1), there exist functions {f,} C F, z, — 2o and p,*
0 such that

(11) EFu(€) = p, " fulzn + pn) = F(C) in C,
where F' is non-constant meromorphic on C.

By hypothesis, there exist a corresponding subsequence {g,} C G such that g, — ¢
locally uniformly in D.

Since
(12) am[F (O™ = am[F™(0))W

n

on compact sets of C disjoint from the poles of F, we have
an E(O1 = 077 am (£ (20 + pu)
= [an (i)™ (20 + puC) + amar (S (20 + paC)
+ o ag () Gz + pa)] = [ag ()™ (20 + pu)
+ am+1(fm+1)(k (2 + pnCQ)]
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Now,
aq(fnq>(k)(zn + pn€) + -+ am—l—l(fgwl)(k)(zn + pn()
(13) = g [FAON™ + - 4 ol ™ g  [F ()W

Since p, — 07 and ¢ > m, the term on the right side of equation (13) goes to 0
uniformly on compact sets of C disjoint from the poles of F'.
From equation (12), we have

Q(fn)(zn + pnC) — am{Fm(O](k)
uniformly on compact subsets of C.
Since a,, # 0, we may assume that a,, = 1.
Again, since min{o (00, a;¢(2)), o(if(2), jf(2))} > €, in view of Lemma 2.2, we
assume a;r(z) = a;(2), i = 1,2, 3, where o;(2) # aj(2), 1 <i#j <3.
Since [F™(¢)]* is non-constant meromorphic function (as m > k + 1), [F™(¢)]™

assume at least two values from {aq(2g), aa(20), as(z0)}, say ai1(zp) and as(zp).

Let [F™(¢1)]™ = a1(z) and [F™((2)]™ = aa(2). Then by Hurwitz theorem, there
exist two sequences (1, ,C2n : Cin — ¢ and (a2, — (2 such that

Q(fn)(zn + pnCin) — a1p(zn + puCin) = 0
and

Q(fn)(zn + pulan) — azp(2n + pnlan) =0,
for sufficiently large values of n.

From the given hypothesis, we get
gn(zn + pnCl,n) - alf(zn + pn(l,n) =0
and
gn(Zn + pnC2,n> - a2f<zn + pnCQ,n) =0.

Letting n — oo, we get g(z0) = a1(z0) and g(z9) = aa(zp), which leads to a
contradiction. Thus, F is normal in D. O
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