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T̄ -CURVATURE AND C̄-BOCHNER CURVATURE ON

LP-SASAKIAN MANIFOLDS ADMITTING A GENERAL

CONNECTION

Murat Altunbaş∗ and Ayşe Karanlık Akpınar†

Abstract. In the present work, it is proved that LP-Sasakian manifolds which
are T̄ -flat, quasi-T̄ -flat, ξ-T̄ -flat, ϕ-T̄ -flat, T̄ -semi-symmetric, ϕ-T̄ -Ricci recurrent,
C̄-Bochner flat, or satisfy T̄ · S̄ = 0, are generalized η-Einstein manifolds. The
T̄ -curvature and C̄-Bochner curvature tensors are defined with respect to a general
connection ∇̄ which includes the quarter-symmetric metric, Schouten–van Kampen,
Tanaka–Webster, and Zamkovoy connections.

1. Introduction

The idea of contact geometry has developed from the mathematical conceptualiza-
tion of classical mechanics [6]. One of the most significant classes of contact mani-
folds is the class of Sasakian manifolds [3]. Sasakian manifolds were introduced by
Sasaki [12] in 1960, and they can be described as odd-dimensional counterparts of
Kähler manifolds. Para-Sasakian manifolds were defined by T. Adati and K. Mat-
sumoto [1] by considering them as special cases of an almost paracontact manifold
introduced by I. Sato [13]. The notion of Lorentzian almost paracontact manifolds
was developed by K. Matsumoto [9]. Briefly, Lorentzian para-Sasakian manifolds are
called LP-Sasakian manifolds. The investigation of LP-Sasakian manifolds is of great
importance due to their admissible applications in the general theory of relativity.

It is well-known that the Levi-Civita connection is the unique torsion-free met-
ric connection on a (pseudo-)Riemannian manifold. Besides the Levi-Civita con-
nection, S. Golab introduced the notion of quarter-symmetric connections in [7].
The Schouten–van Kampen connection was introduced in [14] for the study of non-
holonomic manifolds. The Tanaka–Webster connection is the canonical affine con-
nection defined on a non-degenerate pseudo-Hermitian CR-manifold [16]. S. Tanno
defined the Tanaka–Webster connection on contact metric manifolds [17]. Zamkovoy
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defined a connection on a paracontact metric manifold so that its torsion is the ob-
struction for the paracontact manifold to be para-Sasakian. It is now known as the
Zamkovoy connection and seems to be the paracontact analogue of the (generalized)
Tanaka–Webster connection [20].

In 2019, Biswas and Baishya [2] introduced a new connection, the so-called general
connection, on an n-dimensional Sasakian manifold M as follows:

(1.1) ∇̄UV = ∇UV + a[(∇Uη)(V )ξ − η(V )∇Uξ] + bη(U)ϕV

for all U, V ∈ χ(M), where a, b ∈ R, η is a 1-form, ξ is a vector field, ϕ is a tensor
field of type (1, 1), χ(M) is the set of all vector fields on M , and ∇ is the Levi-Civita
connection.

The connection ∇̄ includes all four connections mentioned above. In fact:

(i) if a = 0 and b = −1, then (1.1) reduces to the quarter-symmetric metric con-
nection;

(ii) if a = 1 and b = 0, then (1.1) reduces to the Schouten–van Kampen connection;
(iii) if a = 1 and b = −1, then (1.1) reduces to the Tanaka–Webster connection;
(iv) if a = 1 and b = 1, then (1.1) reduces to the Zamkovoy connection.

In a recent paper, the general connection ∇̄ was studied on LP-Sasakian manifolds
by Kumar et al. [8]. In that paper, the authors computed the projective curvature
tensor, conharmonic curvature tensor, and quasi-conharmonic curvature tensor with
respect to this connection. They also provided an application in the context of the
general theory of relativity.

It is well established that, besides the Riemannian curvature tensor, there exist
several types of curvature tensors. The Riemannian geometry of manifolds can be
explored by employing curvature tensors characterized by both algebraic and differen-
tial properties. The (quasi-)conformal, conharmonic, concircular, (pseudo-)projective,
M -projective, and Wi (i = 1, . . . , 9) curvature tensors are some examples of such cur-
vature tensors. Taking into account this concept, Tripathi and Gupta [18] introduced
a new curvature tensor T to unify all these curvature tensors as follows:

T (U, V )W = a0R(U, V )W + a1S(V,W )U + a2S(U,W )V + a3S(U, V )W(1.2)

+ a4g(V,W )QU + a5g(U,W )QV + a6g(U, V )QW

+ a7r(g(V,W )U − g(U,W )V ),

for any vector fields U, V,W onM , where R, Q, S, and r are the Riemannian curvature
tensor, the Ricci operator, the Ricci tensor, and the scalar curvature, respectively,
and ai ∈ R (i = 0, . . . , 7). Denoting T (U, V,W,X) = g(T (U, V )W,X), we express the
curvature tensor T given by (1.2) in its (0, 4)-tensor form as follows:

T (U, V,W,X) = a0R(U, V,W,X) + a1S(V,W )g(U,X)

+ a2S(U,W )g(V,X) + a3S(U, V )g(W,X)(1.3)

+ a4g(V,W )S(U,X) + a5g(U,W )S(V,X)

+ a6g(U, V )S(W,X) + a7r
(
g(V,W )g(U,X)− g(U,W )g(V,X)

)
,

where R(U, V,W,X) = g(R(U, V )W,X). From (1.2), we have

ST (U, V ) =
(
a0 + (n− 1)a1 + a2 + a3 + a5 + a6

)
S(U, V )(1.4)

+
(
a4 + (n− 2)a7

)
rg(U, V ),
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where ST (U, V ) is the T -Ricci tensor. Equation (1.2) implies that

QTU =
(
a0 + (n− 1)a1 + a2 + a3 + a5 + a6

)
QU(1.5)

+
(
a4 + (n− 2)a7

)
rU,

where QTU is the T -Ricci operator (see [11,15,19]).
On the other hand, in [4], Bochner introduced a Kähler analogue of the Weyl

conformal curvature tensor by purely formal considerations, which is now recognized
as the Bochner curvature tensor. Later, Matsumoto and Chuman [10] constructed the
C-Bochner curvature tensor from the Bochner curvature tensor by using the Boothby–
Wang fibration [5].

The C-Bochner curvature tensor is given by

B(U, V )W = R(U, V )W +
1

n+ 3

[
S(U,W )V − S(V,W )U + g(U,W )QV − g(V,W )QU

+ S(ϕU,W )ϕV − S(ϕV,W )ϕU + g(ϕU,W )QϕV − g(ϕV,W )QϕU(1.6)

+ 2S(ϕU, V )ϕW + 2g(ϕU, V )QϕW − S(U,W )η(V )ξ + S(V,W )η(U)ξ

− η(U)η(W )QV + η(V )η(W )QU
]
− τ + n− 1

n+ 3

[
g(ϕU,W )ϕV

− g(ϕV,W )ϕU + 2g(ϕU, V )ϕW
]
− τ − 4

n+ 3

[
g(U,W )V − g(V,W )U

]
+

τ

n+ 3

[
g(U,W )η(V )ξ − g(V,W )η(U)ξ + η(U)η(W )V − η(V )η(W )U

]
,

where S is the Ricci tensor, Q is the Ricci operator, τ = n+r−1
n+1

, and r is the scalar
curvature of M .

In this paper, we study the T̄ -curvature and C̄-Bochner curvature tensors on LP-
Sasakian manifolds with respect to the general connection defined by (1.1). The
paper is organized as follows: After the introduction in Section 1, we provide a brief
account of LP-Sasakian manifolds in Section 2. In Section 3, we present our main
results, showing that LP-Sasakian manifolds which are T̄ -flat, quasi-T̄ -flat, ξ-T̄ -flat,
ϕ-T̄ -flat, T̄ -semi-symmetric, ϕ-T̄ -Ricci recurrent, C̄-Bochner flat, or satisfy T̄ · S̄ = 0,
are generalized η-Einstein manifolds. Finally, concluding remarks are given in Section
4.

2. Preliminaries

An n-dimensional differentiable manifold M is said to be an LP-Sasakian manifold
if it admits a 1-form η, a vector field ξ, and a tensor field ϕ of type (1, 1) which satisfy
the following conditions:

η(ξ) = −1, η ◦ ϕ = 0, ϕξ = 0, ϕ2U = U + η(U)ξ,(2.1)

g(ϕU, ϕV ) = g(U, V ) + η(U)η(V ), η(U) = g(U, ξ), g(ϕU, V ) = g(U, ϕV ),

∇Uξ = ϕU, (∇Uϕ)(V ) = η(V )U + g(U, V )ξ + 2η(U)η(V )ξ,

where ∇ denotes the covariant differentiation with respect to the Lorentzian metric
g.
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Moreover, in an n-dimensional LP-Sasakian manifold M , the following relations
hold:

η(R(U,V )W ) = g(V,W )η(U)− g(U,W )η(V ),(2.2)

R(ξ, U)V = g(U, V )ξ − η(V )U, R(ξ, V,W, ξ) = −g(ϕV, ϕW ),

R(U, V )ξ = η(V )U − η(U)V, R(ξ, U)ξ = U + η(U)ξ, S(U, ξ) = (n− 1)η(U),

Qξ = (n− 1)ξ, Qϕ = ϕQ, S(U, V ) = g(QU, V ), S2(U, V ) = S(QU, V ),

S(ϕU, ϕV ) = S(U, V ) + (n− 1)η(U)η(V )

for all U, V,W ∈ χ(M), where R, Q, and S are the Riemannian curvature tensor,
the Ricci operator, and the Ricci tensor, respectively, with respect to the Levi-Civita
connection ∇.

Definition 2.1. An LP-Sasakian manifold (M,ϕ, ξ, η, g) is said to be a generalized
η-Einstein manifold if its Ricci tensor S is of the form

S(U, V ) = f1g(U, V ) + f2g(U, ϕV ) + f3η(U)η(V ),

where f1, f2, and f3 are smooth functions on M . In particular, if f2 = 0, the manifold
is an η-Einstein manifold; if f2 = f3 = 0, it is an Einstein manifold; and if f3 = 0, it
is a special type of generalized η-Einstein manifold.

Definition 2.2. An LP-Sasakian manifold (M,ϕ, ξ, η, g) is called:

(i) T -flat if T (U, V )W = 0,
(ii) quasi-T -flat if g(T (U, V )W,ϕX) = 0,
(iii) ξ-T -flat if T (U, V )ξ = 0,
(iv) ϕ-T -flat if g(T (ϕU, ϕV )ϕW, ϕX) = 0,

for any vector fields U, V,W , and X on M .

Definition 2.3. An LP-Sasakian manifold (M,ϕ, ξ, η, g) is called T -semi-symmetric
if it satisfies the condition R(U, V ) · T = 0 for any vector fields U and V on M .

Definition 2.4. An LP-Sasakian manifold (M,ϕ, ξ, η, g) is called ϕ-T -Ricci recur-
rent if its T -Ricci operator QT satisfies the condition ϕ2((∇UQT )V ) = B(U)QTV ,
where B is a non-zero 1-form.

Furthermore, if {e1, . . . , en−1, ξ} is a local orthonormal basis on an n-dimensional
LP-Sasakian manifold M , then {ϕe1, . . . , ϕen−1, ξ} is also a local orthonormal basis.
Using (2.2), we have [15]

n−1∑
i=1

g(ei, ei) =
n−1∑
i=1

g(ϕei, ϕei) = n− 1,(2.3)

n−1∑
i=1

g(ei,W )S(V, ei) =
n−1∑
i=1

g(ϕei,W )S(V, ϕei) = S(V,W ) + (n− 1)η(V )η(W ),

n−1∑
i=1

S(ei, ei) =
n−1∑
i=1

S(ϕei, ϕei) = r − n+ 1,

n−1∑
i=1

R(ei, V,W, ei) =
n−1∑
i=1

R(ϕei, V,W, ϕei) = S(V,W )− g(ϕV, ϕW ),
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n−1∑
i=1

g(ϕei, ϕW )S(ϕV, ϕei) = S(ϕV, ϕW ),

n−1∑
i=1

g(R(ϕei, ϕW )ϕV, ϕei) = S(ϕV, ϕW )− g(ϕV, ϕW ).

3. Curvature Tensors with respect to the General Connection ∇̄ in LP-
Sasakian Manifolds

Let R̄, S̄, Q̄, and r̄ be the Riemannian curvature tensor, Ricci tensor, Ricci operator,
and scalar curvature, respectively, with respect to the general connection ∇̄. We recall
the following explicit relations from [8]:

R̄(U, V )W = R(U, V )W + (a+ ab+ b)
[
g(U,W )η(V )ξ

− g(V,W )η(U)ξ
]
+ a(a+ 2)

[
g(V, ϕW )ϕU − g(U, ϕW )ϕV

]
(3.1)

+ (ab+ b− a)
[
η(V )η(W )U − η(U)η(W )V

]
S̄(V,W ) = S(V,W ) + (ab+ b− a2 − a)g(V,W ) + a(a+ 2)λg(V, ϕW )(3.2)

+ [ab+ b− a2 − a+ (n− 1)(ab+ b− a)]η(V )η(W ),

S̄(ξ,W ) = (a+ 1)(1− b)(n− 1)η(W ),(3.3)

Q̄V = QV + [ab+ b− a2 − a]V + a(a+ 2)λϕV(3.4)

+ [ab+ b− a2 − a+ (n− 1)(ab+ b− a)]η(V )ξ,

Q̄ξ = (a+ 1)(1− b)(n− 1)ξ,(3.5)

r̄ = r − a2(n− 1) + a(a+ 2)λ2,(3.6)

R̄(U, V )ξ = (a− ab− b+ 1)
[
η(V )U − η(U)V

]
,(3.7)

R̄(ξ, V )W = (a+ ab+ b+ 1)g(V,W )ξ + 2b(a+ 1)η(V )η(W )ξ(3.8)

+ (ab+ b− a− 1)η(W )V,

for any U, V,W ∈ χ(M), where λ = trace(ϕ). Note that the Ricci tensor S̄ is sym-
metric and the curvature tensor R̄ satisfies the first Bianchi identity.

We now present our main results. In the following theorems, whenever a relation
of the form αS(U, V ) = Ag(U, V )+B g(U, ϕV )+C η(U)η(V ) is obtained, we assume
that α ̸= 0.

Theorem 3.1. An n-dimensional T̄ -flat LP-Sasakian manifold M is a generalized
η-Einstein manifold.

Proof. For a T̄ -flat LP-Sasakian manifold M , we have T̄ (U, V,W,X) = 0 from
Definition 2.2(i), for any vector fields U, V,W,X on M . From (1.3), we write

0 = a0R̄(U, V,W,X) + a1S̄(V,W )g(U,X) + a2S̄(U,W )g(V,X)

+ a3S̄(U, V )g(W,X) + a4g(V,W )S̄(U,X) + a5g(U,W )S̄(V,X)(3.9)

+ a6g(U, V )S̄(W,X) + a7r̄
(
g(V,W )g(U,X)− g(U,W )g(V,X)

)
.

Using (3.1), (3.2), and (3.6) in (3.9), we obtain

0 = a0
{
R(U, V,W,X)
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+ (a+ ab+ b)[g(U,W )η(V )η(X)− g(V,W )η(U)η(X)]

+ a(a+ 2)[g(V, ϕW )g(ϕU,X)− g(U, ϕW )g(ϕV,X)](3.10)

+ (ab+ b− a)[η(V )η(W )g(U,X)− η(U)η(W )g(V,X)]
}

+ a1
{
S(V,W )g(U,X) + (ab+ b− a2 − a)g(V,W )g(U,X)

+ a(a+ 2)λg(V, ϕW )g(U,X)

+ [ab+ b− a2 − a+ (n− 1)(ab+ b− a)]η(V )η(W )g(U,X)
}

+ a2
{
S(U,W )g(V,X) + (ab+ b− a2 − a)g(U,W )g(V,X)

+ a(a+ 2)λg(U, ϕW )g(V,X)

+ [ab+ b− a2 − a+ (n− 1)(ab+ b− a)]η(U)η(W )g(V,X)
}

+ a3
{
S(U, V )g(W,X) + (ab+ b− a2 − a)g(U, V )g(W,X)

+ a(a+ 2)λg(U, ϕV )g(W,X)

+ [ab+ b− a2 − a+ (n− 1)(ab+ b− a)]η(U)η(V )g(W,X)
}

+ a4g(V,W )
{
S(U,X) + (ab+ b− a2 − a)g(U,X)

+ a(a+ 2)λg(U, ϕX)

+ [ab+ b− a2 − a+ (n− 1)(ab+ b− a)]η(U)η(X)
}

+ a5g(U,W )
{
S(V,X) + (ab+ b− a2 − a)g(V,X)

+ a(a+ 2)λg(V, ϕX)

+ [ab+ b− a2 − a+ (n− 1)(ab+ b− a)]η(V )η(X)
}

+ a6g(U, V )
{
S(W,X) + (ab+ b− a2 − a)g(W,X)

+ a(a+ 2)λg(W,ϕX)

+ [ab+ b− a2 − a+ (n− 1)(ab+ b− a)]η(W )η(X)
}

+ a7
(
r − a2(n− 1) + a(a+ 2)λ2

)(
g(V,W )g(U,X)

− g(U,W )g(V,X)
)
.

Putting U = X = ξ in (3.10) and using (2.1) and (2.2), we obtain

a1S(V,W ) =
{
− a0(a+ ab+ b+ 1)− a1(ab+ b− a2 − a)− a4(a+ 1)(1− b)(n− 1)

− a7
(
r − a2(n− 1) + a(a+ 2)λ2

)}
g(V,W )− a1a(a+ 2)λg(V, ϕW )

+
{
− a0(a+ ab+ b+ 1)− a1

[
ab+ b− a2 − a+ (n− 1)(ab+ b− a)

]
+ (a2 + a3 + a5 + a6)(a+ 1)(1− b)(n− 1)

− a7
(
r − a2(n− 1) + a(a+ 2)λ2

)}
η(V )η(W ).

Thus, S(V,W ) = f1g(V,W ) + f2g(V, ϕW ) + f3η(V )η(W ). Hence, M is a generalized
η-Einstein manifold.

Theorem 3.2. An n-dimensional quasi-T̄ -flat LP-Sasakian manifold M is a gen-
eralized η-Einstein manifold.

Proof. For a quasi-T̄ -flat LP-Sasakian manifold M , we have g(T̄ (U, V )W,ϕX) = 0
from Definition 2.2(ii). From (1.3), replacing U with ϕU , we get

0 = a0R̄(ϕU, V,W, ϕX) + a1S̄(V,W )g(ϕU, ϕX)
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+ a2S̄(ϕU,W )g(V, ϕX) + a3S̄(ϕU, V )g(W,ϕX)(3.11)

+ a4g(V,W )S̄(ϕU, ϕX) + a5g(ϕU,W )S̄(V, ϕX) + a6g(ϕU, V )S̄(W,ϕX)

+ a7r̄
(
g(V,W )g(ϕU, ϕX)− g(ϕU,W )g(V, ϕX)

)
.

We recall that if {e1, . . . , en−1, ξ} is a local orthonormal basis of vector fields in M ,
then {ϕe1, . . . , ϕen−1, ξ} is also a local orthonormal basis. Putting U = X = ei in
(3.11) and taking the sum over i = 1 to n− 1, we evaluate the trace:

0 = a0

n−1∑
i=1

R̄(ϕei, V,W, ϕei) + a1

n−1∑
i=1

S̄(V,W )g(ϕei, ϕei)(3.12)

+ a2

n−1∑
i=1

S̄(ϕei,W )g(V, ϕei) + a3

n−1∑
i=1

S̄(ϕei, V )g(W,ϕei)

+ a4

n−1∑
i=1

g(V,W )S̄(ϕei, ϕei) + a5

n−1∑
i=1

g(ϕei,W )S̄(V, ϕei)

+ a6

n−1∑
i=1

g(ϕei, V )S̄(W,ϕei)

+ a7

n−1∑
i=1

r̄
(
g(V,W )g(ϕei, ϕei)− g(ϕei,W )g(V, ϕei)

)
.

Using (3.1), (3.2), (3.6), and the trace identities in (2.1), (2.2), and (2.3), we obtain

0 =
(
a0 + a1(n− 1) + a2 + a3 + a5 + a6

)
S̄(V,W )(3.13)

+
{
a0(a+ ab+ b+ 1) + a4

(
r̄ − (a+ 1)(1− b)(n− 1)

)
+ a7r̄(n− 2)

}
g(V,W )

+
{
a0(a+ ab+ b+ 1) + (a2 + a3 + a5 + a6)(a+ 1)(1− b)(n− 1)

− a7r̄
}
η(V )η(W ).

Using (3.2), we get

0 =
(
a0 + a1(n− 1) + a2 + a3 + a5 + a6

)
S(V,W )

+
{(

a0 + a1(n− 1) + a2 + a3 + a5 + a6
)
(ab+ b− a2 − a)

+ a0(a+ ab+ b+ 1) + a4
(
r̄ − (a+ 1)(1− b)(n− 1)

)
+ a7r̄(n− 2)

}
g(V,W )

+
(
a0 + a1(n− 1) + a2 + a3 + a5 + a6

)
a(a+ 2)λg(V, ϕW )

+
{(

a0 + a1(n− 1) + a2 + a3 + a5 + a6
)

×
(
ab+ b− a2 − a+ (n− 1)(ab+ b− a)

)
+ a0(a+ ab+ b+ 1) + (a2 + a3 + a5 + a6)(a+ 1)(1− b)(n− 1)

− a7r̄
}
η(V )η(W ).

Thus,

S(V,W ) = f1g(V,W ) + f2g(V, ϕW ) + f3η(V )η(W ).

Hence, M is a generalized η-Einstein manifold.
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Theorem 3.3. An n-dimensional ξ-T̄ -flat LP-Sasakian manifoldM is a generalized
η-Einstein manifold.

Proof. For a ξ-T̄ -flat LP-Sasakian manifold M , we have T̄ (U, V )ξ = 0. From (1.2),
taking the inner product on both sides with W , we deduce

0 = a0R̄(U, V, ξ,W ) + a1S̄(V, ξ)g(U,W ) + a2S̄(U, ξ)g(V,W )

+ a3S̄(U, V )g(ξ,W ) + a4g(V, ξ)S̄(U,W ) + a5g(U, ξ)S̄(V,W )(3.14)

+ a6g(U, V )S̄(ξ,W ) + a7r̄
(
g(V, ξ)g(U,W )− g(U, ξ)g(V,W )

)
.

Substituting V = ξ into (3.14) and evaluating the explicit terms such as R̄(U, ξ, ξ,W ) =
(ab+ b− a− 1)g(U,W ) + (a− ab− b+ 1)η(U)η(W ), we obtain

0 = a0
[
(ab+ b− a− 1)g(U,W ) + (a− ab− b+ 1)η(U)η(W )

]
(3.15)

− a1(a+ 1)(1− b)(n− 1)g(U,W ) + a2S̄(U, ξ)η(W )

+ a3S̄(U, ξ)η(W )− a4S̄(U,W ) + a5η(U)S̄(ξ,W )

+ a6g(U, ξ)S̄(ξ,W ) + a7r̄
(
− g(U,W )− η(U)η(W )

)
.

Hence,

a4S̄(U,W ) =
[
a0(ab+ b− a− 1)− a1(a+ 1)(1− b)(n− 1)− a7r̄

]
g(U,W )

+
[
a0(a− ab− b+ 1) + (a2 + a3 + a5 + a6)(a+ 1)(1− b)(n− 1)

− a7r̄
]
η(U)η(W ).

Using (3.2), we get

a4S(U,W ) =
{
a0(ab+ b− a− 1)− a1(a+ 1)(1− b)(n− 1)− a4(ab+ b− a2 − a)

− a7
(
r − a2(n− 1) + a(a+ 2)λ2

)}
g(U,W )− a4a(a+ 2)λg(U, ϕW )(3.16)

+
{
a0(a− ab− b+ 1) + (a2 + a3 + a5 + a6)(a+ 1)(1− b)(n− 1)

− a4
(
ab+ b− a2 − a+ (n− 1)(ab+ b− a)

)
− a7

(
r − a2(n− 1) + a(a+ 2)λ2

)}
η(U)η(W ).

Thus,

S(U,W ) = f1g(U,W ) + f2g(U, ϕW ) + f3η(U)η(W ).

Hence, M is a generalized η-Einstein manifold.

Theorem 3.4. An n-dimensional ϕ-T̄ -flat LP-Sasakian manifoldM is a generalized
η-Einstein manifold.

Proof. For a ϕ-T̄ -flat LP-Sasakian manifold M , we have g(T̄ (ϕU, ϕV )ϕW, ϕX) = 0.
From (1.3), we have

0 = a0R̄(ϕU, ϕV, ϕW, ϕX) + a1S̄(ϕV, ϕW )g(ϕU, ϕX)

+ a2S̄(ϕU, ϕW )g(ϕV, ϕX) + a3S̄(ϕU, ϕV )g(ϕW, ϕX)(3.17)

+ a4g(ϕV, ϕW )S̄(ϕU, ϕX) + a5g(ϕU, ϕW )S̄(ϕV, ϕX)

+ a6g(ϕU, ϕV )S̄(ϕW, ϕX)

+ a7r̄
(
g(ϕV, ϕW )g(ϕU, ϕX)− g(ϕU, ϕW )g(ϕV, ϕX)

)
.
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Setting U = X = ei and evaluating the sum from i = 1 to n− 1, we get

0 = a0

n−1∑
i=1

R̄(ϕei, ϕV, ϕW, ϕei) + a1

n−1∑
i=1

S̄(ϕV, ϕW )g(ϕei, ϕei)(3.18)

+ a2

n−1∑
i=1

S̄(ϕei, ϕW )g(ϕV, ϕei) + a3

n−1∑
i=1

S̄(ϕei, ϕV )g(ϕW, ϕei)

+ a4

n−1∑
i=1

g(ϕV, ϕW )S̄(ϕei, ϕei) + a5

n−1∑
i=1

g(ϕei, ϕW )S̄(ϕV, ϕei)

+ a6

n−1∑
i=1

g(ϕei, ϕV )S̄(ϕW, ϕei)

+ a7r̄
n−1∑
i=1

(
g(ϕV, ϕW )g(ϕei, ϕei)− g(ϕei, ϕW )g(ϕV, ϕei)

)
.

Since
n−1∑
i=1

R̄(ϕei, ϕV, ϕW, ϕei) = S̄(ϕV, ϕW ) + (a+ ab+ b+ 1)g(ϕV, ϕW ),

we obtain

0 =
(
a0 + a1(n− 1) + a2 + a3 + a5 + a6

)
S̄(ϕV, ϕW ) +

{
a0(a+ ab+ b+ 1)(3.19)

+ a4
(
r̄ − (a+ 1)(1− b)(n− 1)

)
+ a7r̄(n− 2)

}
g(ϕV, ϕW ).

Substituting S̄(ϕV, ϕW ) = S̄(V,W )+(a+1)(1−b)(n−1)η(V )η(W ) and g(ϕV, ϕW ) =
g(V,W ) + η(V )η(W ) into (3.19), we obtain

0 =
(
a0 + a1(n− 1) + a2 + a3 + a5 + a6

)
S(V,W )

+
{(

a0 + a1(n− 1) + a2 + a3 + a5 + a6
)
(ab+ b− a2 − a)

+ a0(a+ ab+ b+ 1) + a4
(
r̄ − (a+ 1)(1− b)(n− 1)

)
+ a7r̄(n− 2)

}
g(V,W )

+
(
a0 + a1(n− 1) + a2 + a3 + a5 + a6

)
a(a+ 2)λg(V, ϕW )

+
{(

a0 + a1(n− 1) + a2 + a3 + a5 + a6
)

×
(
ab+ b− a2 − a+ (n− 1)(ab+ b− a) + (a+ 1)(1− b)(n− 1)

)
+ a0(a+ ab+ b+ 1) + a4

(
r̄ − (a+ 1)(1− b)(n− 1)

)
+ a7r̄(n− 2)

}
η(V )η(W ).

Thus,
S(V,W ) = f1g(V,W ) + f2g(V, ϕW ) + f3η(V )η(W ).

Therefore, M is a generalized η-Einstein manifold.

Theorem 3.5. An n-dimensional T̄ -semi-symmetric LP-Sasakian manifold M is a
generalized η-Einstein manifold.

Proof. From Definition 2.3, if an LP-Sasakian manifold M is T̄ -semi-symmetric, it
satisfies R̄(U, V ) · T̄ = 0. Using the identity of derivations for the curvature tensor,
this expands to [15]:

0 = g(T̄ (U, V )W,U) + g(U,U)η(T̄ (ξ, V )W ) + g(U, V )η(T̄ (U, ξ)W )

− η(V )η(T̄ (U,U)W ) + g(U,W )η(T̄ (U, V )ξ)− η(W )η(T̄ (U, V )U).(3.20)
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Taking the trace of (3.20) with respect to the local orthonormal frame field {e1, . . . , en−1, ξ},
we obtain

0 =
n−1∑
i=1

g(T̄ (ei, V )W, ei) +
n−1∑
i=1

g(ei, ei)η(T̄ (ξ, V )W )(3.21)

+
n−1∑
i=1

g(ei, V )η(T̄ (ei, ξ)W )−
n−1∑
i=1

η(V )η(T̄ (ei, ei)W )

+
n−1∑
i=1

g(ei,W )η(T̄ (ei, V )ξ)−
n−1∑
i=1

η(W )η(T̄ (ei, V )ei).

Evaluating the individual sums provides

n−1∑
i=1

g(T̄ (ei, V )W, ei) =
(
a0 + (n− 1)a1 + a2 + a3 + a5 + a6

)
S̄(V,W )

+
[
a0(a+ ab+ b+ 1) + a4

(
r̄ + (a+ 1)(1− b)(n− 1)

)
+ a7r̄(n− 2)

]
g(V,W ) +

[
a0(a+ ab+ b+ 1)− a7r̄

− (a2 + a3 + a5 + a6)(a+ 1)(1− b)(n− 1)
]
η(V )η(W ),

n−1∑
i=1

g(ei, ei)η(T̄ (ξ, V )W ) = (n− 1)
[
− a1S̄(V,W )−

(
a0(a+ ab+ b+ 1)

+ a4(a+ 1)(1− b)(n− 1) + a7r̄
)
g(V,W )

+
(
(a2 + a3 + a5 + a6)(a+ 1)(1− b)(n− 1)

− a0(a+ ab+ b+ 1)− a7r̄
)
η(V )η(W )

]
,

n−1∑
i=1

g(ei, V )η(T̄ (ei, ξ)W ) = −a2S̄(V,W ) +
[
− a0(a− ab− b+ 1)

− a5(a+ 1)(1− b)(n− 1) + a7r̄
]
g(V,W )

+
[
− a0(a− ab− b+ 1)

− (a2 + a5)(a+ 1)(1− b)(n− 1) + a7r̄
]
η(V )η(W ),

−
n−1∑
i=1

η(V )η(T̄ (ei, ei)W ) = −
[
a3
(
r̄ + (a+ 1)(1− b)(n− 1)

)
+ a6(n− 1)2(a+ 1)(1− b)

]
η(V )η(W ),

n−1∑
i=1

g(ei,W )η(T̄ (ei, V )ξ) = −a3S̄(V,W )− a6(a+ 1)(1− b)(n− 1)g(V,W )

− (a3 + a6)(a+ 1)(1− b)(n− 1)η(V )η(W ),

−
n−1∑
i=1

η(W )η(T̄ (ei, V )ei) = −
[
− a0(a− ab− b+ 1)(n− 1)
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+ a2
(
r̄ + (a+ 1)(1− b)(n− 1)

)
+ a5(n− 1)2(a+ 1)(1− b)− a7r̄(n− 1)

]
η(V )η(W ).

Substituting these expressions into (3.21), we obtain

S(V,W ) = f1g(V,W ) + f2g(V, ϕW ) + f3η(V )η(W ).

Therefore, M is a generalized η-Einstein manifold.

Theorem 3.6. An n-dimensional ϕ-T̄ -Ricci recurrent LP-Sasakian manifold M is
a generalized η-Einstein manifold.

Proof. From Definition 2.4, we recall that an LP-Sasakian manifold M is ϕ-T̄ -Ricci
recurrent if ϕ2((∇̄UQ̄T )V ) = B(U)Q̄TV , for any vector fields U, V on M , where B is
a non-zero 1-form. This relation yields g(∇̄UQ̄T ξ, ϕV ) − g(Q̄T (∇̄Uξ), ϕV ) = 0, [15].
Having in mind this structure and using (3.4), (3.5), and (3.6), we deduce

0 = −(a+ 1)
(
a0 + a1(n− 1) + a2 + a3 + a5 + a6

)
S̄(ϕU, ϕV )(3.22)

+ (a+ 1)2
(
a0 + a1(n− 1) + a2 + a3 + a5 + a6

)
× (1− b)(n− 1)g(ϕU, ϕV ).

By replacing S̄(ϕU, ϕV ) = S̄(U, V )+(a+1)(1−b)(n−1)η(U)η(V ) and applying (3.2),
equation (3.22) expands to

0 = −(a+ 1)
(
a0 + a1(n− 1) + a2 + a3 + a5 + a6

)
S(U, V )

− (a+ 1)
(
a0 + a1(n− 1) + a2 + a3 + a5 + a6

)[
(ab+ b− a2 − a)g(U, V ) + a(a+ 2)λg(U, ϕV )

+
(
ab+ b− a2 − a+ (n− 1)(ab+ b− a) + (a+ 1)(1− b)(n− 1)

)
η(U)η(V )

]
+ (a+ 1)2

(
a0 + a1(n− 1) + a2 + a3 + a5 + a6

)
(1− b)(n− 1)

(
g(U, V ) + η(U)η(V )

)
.

Thus,
S(U, V ) = f1g(U, V ) + f2g(U, ϕV ) + f3η(U)η(V ).

Hence, M is a generalized η-Einstein manifold.

Theorem 3.7. An n-dimensional LP-Sasakian manifold M satisfying T̄ · S̄ = 0 is
a generalized η-Einstein manifold.

Proof. Following [15], suppose that S̄(T̄ (U, V )ξ, ξ) = 0 for any vector fields U, V
on M . By (1.2), we have

0 = a0S̄(R̄(U, V )ξ, ξ) + a1S̄(V, ξ)η(U) + a2S̄(U, ξ)η(V ) + a3S̄(U, V )S̄(ξ, ξ)(3.23)

+ a4η(V )S̄(Q̄U, ξ) + a5η(U)S̄(Q̄V, ξ) + a6g(U, V )S̄(Q̄ξ, ξ)

+ a7r̄
(
η(V )S̄(U, ξ)− η(U)S̄(V, ξ)

)
for any vector fields U, V on M . Using the components from (3.3), (3.5), and (3.7),
taking η(Q̄U) = (a+ 1)(1− b)(n− 1)η(U), the substitution yields

a3S̄(U, V ) =
[
a1 + a2 + (a4 + a5)(a+ 1)(1− b)(n− 1)

]
η(U)η(V )

− a6(a+ 1)(1− b)(n− 1)g(U, V ).(3.24)

Assuming a3 ̸= 0 and expanding S̄(U, V ) via (3.2),

a3S(U, V ) = −
[
a3(ab+ b− a2 − a) + a6(a+ 1)(1− b)(n− 1)

]
g(U, V )

− a3a(a+ 2)λg(U, ϕV ) +
[
a1 + a2 + (a4 + a5)(a+ 1)(1− b)(n− 1)

− a3
(
ab+ b− a2 − a+ (n− 1)(ab+ b− a)

)]
η(U)η(V ).
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Thus,
S(U, V ) = f1g(U, V ) + f2g(U, ϕV ) + f3η(U)η(V ).

Therefore, M is a generalized η-Einstein manifold.

Theorem 3.8. An n-dimensional C̄-Bochner flat LP-Sasakian manifold M is a
generalized η-Einstein manifold.

Proof. Let M be a C̄-Bochner flat LP-Sasakian manifold. Then B̄(U, V )W = 0 for
any vector fields U, V,W on M . By (1.6),

0 = R̄(U, V )W +
1

n+ 3

[
S̄(U,W )V − S̄(V,W )U + g(U,W )Q̄V − g(V,W )Q̄U

+ S̄(ϕU,W )ϕV − S̄(ϕV,W )ϕU + g(ϕU,W )Q̄ϕV − g(ϕV,W )Q̄ϕU

+ 2S̄(ϕU, V )ϕW + 2g(ϕU, V )Q̄ϕW − S̄(U,W )η(V )ξ + S̄(V,W )η(U)ξ

− η(U)η(W )Q̄V + η(V )η(W )Q̄U
]
− τ + n− 1

n+ 3

[
g(ϕU,W )ϕV

− g(ϕV,W )ϕU + 2g(ϕU, V )ϕW
]
− τ − 4

n+ 3

[
g(U,W )V − g(V,W )U

]
+

τ

n+ 3

[
g(U,W )η(V )ξ − g(V,W )η(U)ξ + η(U)η(W )V − η(V )η(W )U

]
.

Putting W = ξ in the above equation and using (2.1), we obtain

0 = R̄(U, V )ξ +
1

n+ 3

[
S̄(U, ξ)V − S̄(V, ξ)U + 2

(
η(U)Q̄V − η(V )Q̄U

)
− S̄(U, ξ)η(V )ξ + S̄(V, ξ)η(U)ξ

]
+

2τ − 4

n+ 3

(
η(V )U − η(U)V

)
.(3.25)

Putting U = ξ in (3.25) and taking the inner product with X, we get

0 = R̄(ξ, V, ξ,X) +
1

n+ 3

[
S̄(ξ, ξ)g(V,X)− 2η(X)S̄(V, ξ)− 2S̄(V,X)(3.26)

− 2η(V )S̄(X, ξ)− S̄(ξ, ξ)η(V )η(X)
]
+

2τ − 4

n+ 3

[
g(V,X) + η(V )η(X)

]
.

Using (3.2), (3.3), and (3.7), (3.26) reduces to

2

n+ 3
S̄(V,X) =

(
a− ab− b+ 1− (a+ 1)(1− b)(n− 1)

n+ 3
+

2τ − 4

n+ 3

)[
g(V,X) + η(V )η(X)

]
− 2(a+ 1)(1− b)(n− 1)

n+ 3
η(V )η(X).

By (3.2), we obtain

S(V,X) = f1g(V,X) + f2g(V, ϕX) + f3η(V )η(X).

Thus, M is a generalized η-Einstein manifold.

4. Conclusion

In this paper, we establish several results on the relationships between the T̄ -
curvature tensor, the C̄-Bochner curvature tensor, and the generalized η-Einstein
condition on LP-Sasakian manifolds with respect to a general connection ∇̄. Since
the T̄ -curvature tensor provides a unified framework for several well-known curvature
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tensors and the connection ∇̄ includes four different affine connections as special
cases, the results obtained here yield a broad generalization in the setting of LP-
Sasakian manifolds. The methods and results presented in this paper may also be
useful for further studies on other contact metric manifolds and related problems in
mathematical physics.
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