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ESTIMATES FOR A SUBCLASS OF STARLIKE FUNCTIONS
INVOLVING A EXPONENTIAL FUNCTION

KADHAVOOR R. KARTHIKEYAN* AND DHARMARAJ MOHANKUMAR

ABSTRACT. In this paper, a new class of analytic function is defined by using an
analytic characterization which is influenced by the multiplicative derivative. Mul-
tiplicative derivative is defined in a domain which excludes zero, so here the defined
subclass did not involve swapping the ordinary derivative with a multiplicative deriv-
ative. But we have just used the motivation behind the purpose of such a restrictive
calculus, given the circumstances that we have a more versatile calculus of New-
ton and Euler. Estimates involving the initial coefficients, inclusion and closure
properties, which belong to the defined function class are our main results.

1. Introduction and Definition

We let S to denote the subclass of A which are analytic in U= {v: |v| < 1} with
the normalization ¢(0) = ¢'(0) — 1 = 0. Let P(p) (0 < p < 1) denote the class of
Carathéodory’s functions (see [13]). Famous subclasses of S are the so-called classes
of starlike and convex function which we will denote it by &* and C respectively.
Refer to [23], for formal definitions of various subclasses of S. Lewandowski et al. [18,
Theorem 1, pg. 54] established the following inclusion

(1) Re (V;f(/g))v <<V:§/<(VV)))/)1_7 >0 = pe8, (WVWeR peA.

The class of functions ¢ € A satisfying the differential inequality in (1) is known as
gammoa starlike function and here we will denote the class of gamma starlike functions
as L. In [5], Altinkaya and Yalgin studied a class of analytic functions satisfying the
differential characterization

1 (vew) | (vew
@) fevz | %) (wu)

)7 >0, (0<vy<1),

where (V) = v+ > 0| Gmrrav™ ! and v € U. Altinkaya and Yalgin studied the
class subject to satisfying a additional stringent condition.
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1.1. Multiplicative Calculus. Bashirov et al. [7] (also see [8,9,24]) studied the
properties of Multiplicative calculus which is not adaptable to many application prob-
lems when compared with the calculus due to Newton and Euler. The multiplicative
derivative denoted by ¢* whose definition is given explicitly by

1
o*(z) = lim (M) D58 el (e R),
p(z)

where ¢'(z) is the ordinary derivative. The x-derivative of ¢ at v satisfies the same as
for the real variable but in neighborhood where ¢(v) # 0. Influenced by multiplicative
derivative, Karthikeyan and Murugusundaramoorthy in [17] (also see [11]) introduced
a class of analytic functions R(v)) satisfying the subordination condition

V2o’ (v)
ve ¢
(3) ——— <),
p(v)
where 1) € P is starlike symmetric with respect to horizontal axis and is of the form
(4) w<V):1+L1V+L2V2+L3V3+, (Ll#O,VEU)

For the detailed analysis and closure properties of the class R(v), refer to [17]. For
details of other prominent studies in univalent function theory involving exponential
and logarithm, refer to [6,12,33] and references provided therein.

1.2. Objectives: A very limited number of studies on Geometric Function The-
ory involve expressions containing exponentials of some analytic characterization, al-
though the use of other special functions is not uncommon. The main purpose of this
study is to fill this gap. We intend to study a new family of analytic functions involv-
ing a differential operator, which was defined using Mittag-Leffler function. The main
result are the coefficient inequalities, which would help us understand the geometric
and algebraic properties.

1.3. A family of differential operator. Now we will give a short introduction to
the differential operator defined by Murat et al. [22]. Mittag-Leffler function, is a
special transcendental function and it reduces to a well-known elementary functions.
Refer to Srivastava [25-27] and Srivastava et al. [28-32] for details on Mittag-Leffler
function. The generalized Mittag-Leffler three parameter function E  (w) is popu-
larly known as Prabhakar function. Explicitly,

(5) Z I ( un+% Yl (v, u, », 0 € C, Re(u) > 0),

where (x),, denotes the usual Pochhammer symbol. Motivated by Ibrahim and Darus
[15,16] and using (5), Murat et al. [22] ( [10,34]) defined an operator DZ (u, », 0)p :
U — U by

(6)

D7 (u, 5, 0)p(v) =v+ Y [” + %(1 T <—1>"“>]w r

a,v",

L(>)(0)n-
—1

(3¢ +u(n = 1)) (n = 1)!

(w,reNg={0,1,2,...}, v, u, 5, 0 € C, Re(u) > 0).
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FIGURE 1. Mapping of G(v) if |v| < 1

1.4. A new family of analytic functions. Motivated by class £, and the equation
(2), we introduce a new class influenced by the definition of multiplicative derivative.

DEFINITION 1.1. For some fixed values of 0 < v <1, w, r € Ngand w, u, », 0 € C
such that R(u) > 0, a function ¢ belongs to the class KZ (v; w, u, s, o,1) if it satisfies

1
V2 DT (u, 5, 0)¢ (v) V2DZ (u, 2, 0)0' (V) \ 7
1| ve DFw=o0e®) ve DF(u, = 0)e()

2 | D (w0 00) T\ el ety | | W)

(7)

where (v) € P is of the form (4).

REMARK 1.2. Letting u — 0, 0 = = 1 and @ = 0 in Definition (1.1), the class
KZ(v; w, u, 3, 0,1) reduces to the class R(¢) recently studied and introduced by
Karthikeyan and Murugusundaramoorthy in [17].

Letting u — 0, 0 = 1 and w = 0 in Definition (1.1), the class KZ(~v; w, u, s, 0,v)
reduces to the class

v2e (1) 2o'o) \ 7
1 ([ ve »® ve W)

K(y; v) = peA s =0 + )

< Y(v)

The class KC(7; ) is the class defined analogous to class recently studied by Altinkaya
and Yalgin [5].

v

EXAMPLE 1.3. Let ¢o(v) = (L
and maps U onto a circular shaped region in w-plane. Now

v

(5-v)

The function p(v) = is convex univalent

u2<p/(u) l/zgol(u) g g
o(v o(v v v
(@) \(e9)

5/3
We can see that the function G(v) = % +6% + <+655U”> maps the
( (BG—v) ) (W)
unit disc onto a cardioid region in the right half-plane (see Figure 1). Further, Figure 1
illustrates that the class KC(7; v) is non-empty, for the fixed value of v = 2. Note that

function p(v) = £ does not satisfy the condition (7) for all values of v(0 <y < 1).
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2. Coefficient Inequalities And Fekete-Szegd Inequality Of K7 (v; w, u, s, 0,1)

We will need the following inequality obtained by Ma and Minda [20] for the class
P. We will need the following lemmas to establish our main results.

LEMMA 2.1. ([14, Theorem 1)) If L(§) =1+ > (" € F, and p € C, then

r=1
|l = plpler| < 2max {1;|2p — 1]},

foralll <r <e-—1.

Note that the above results are generalization of the well-known results of Ma-
Minda [20, p. 162] and Livingston [19, Lemma 1].
Throughout this paper, we denote

r w1y ] I'(5)(0)n-1
L= [nt (1 (1)) Tt u(n—1) (n— 1)

which may be real or complex parameters.

THEOREM 2.2. If p(v) € KZ(v; w, u, 7, 0,1), then we have

1 [2y]|Ly }
8 ag] < = |7 +1 )
(8) oz T, [(1+7)
29| L] { Ly L [272+7+1]‘} 4|L4| 3
9 az| < ——————max< 1; | — — ’
9)  las| < 1 +7) [Ty I (1+7)? (T+)ITs[  2[T
and for all p € C
s — il < 27| Ly max{l. Ly  Li2y*+~+1] | 2p7LiTy }
21 = (1 +9) |y "Ly (1+7)2 (v +1)r3
(10) T2 T, oM. I2|°
(1+7) T2 Tj 2I'y I3

Proof. As ¢ € KZ(7; w, u, s, 0,v), by (7) we have

1
V2D (u, %, 0)0' (v) v2DZ (u, 2, 0)0' () \ 7
1 ve DF(u,x 0)e) ve DF(u,x o))

W o Dot m o)) T\ Dol odptey | | =V

Thus, let ¥ € P be of the form ¥(v) =1+ > ;7 J,0™ and defined by

o) = e,

On computation, the right hand side of (11)

(12) ¢[w(y)]:1+19121 [192—%2(1—%)];/%....

veU.
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Expanding (11), we have

1
V2D (u, 2, 0)¢! (v) VADE (w5 )¢ () \ Y

1 ve DF(u=0)e() ve DF(u,= o)) ] ] r ] 1
2 | DEw = o)o) T\ Dot s oy ) | STl )
(13) 4—72 [(1 +92) 4+ 2a9T9(y — 1) + a3l5[29% + v + 1] — 2a3Tsy(y + 1)} vi4
From (13) and (12), we obtain
1 9L
(14) a2:——{711—1]
Iy (1 + 7)
and

—~vL 9?2 L Ly [27? 1 2729, L
19 wm [ B (1 B Y]

Sl -2 .
(1+~)T3 2 Ly (14+7)2 1+~)3 2T

It is well-known that ;| < 2. Equations (8) can be obtained by applying the bounds
of ¥; in (14). From (15), we have

(16) L]

19?( Ly L1[272+7+1])‘ 27% |01 Ly | 3
(

as) < — g, T (o2 .
sl < E 2 UL T T aeap T )Ty 2Ty

Applying Lemma 2.1 together with inequalities ;| < 2 in (16), we get (9).
To establish (10), we consider

9 —”7L1 ’19% L2 L1 [2’}/2 + v+ 1] 2”)/2191[/1 3
- =|l——|h——=(1-=+ - +
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IERNGESY (v+1)
| L {19 A (1 _ L L 292 +v+1]  2pyLiT )]
(I+7)0s [ ° 2 Ly (1+7)? (v+1)r3
2y L 3
NI O A N
i+ \13 1) "\ 13
Using Lemma 2.1, we obtain the assertion (10). O

Letting u —+ 0, c =y =1 and @ = 0 in Theorem 2.2

COROLLARY 2.3. ([17, Corollary 1]) If p(v) € R(¢), then we have

ESEA
Lo 3
< |L 1, |——L — 42
|CL3|_| 1|{maX{7 Ll 1}+2|L1|+ }7

and for all p € C
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1

L
max{l, ’L—Q—Ll(l—p)'}+2|1—p|+—|3—2p| :
1

‘a3_pa§|§|L1| 2|L1|

Letting ¢(v) = (1 +v)/(1 — v) in Corollary 2.3, we get
COROLLARY 2.4. [17, Corollary 2] Let ¢ € A satisfy the condition

v2o' (1)

@)
Re A > 0.
p(v)
Then,
15
las| < 3, las| < =

and for a complex number p,

9 1
|as — pa| < 2 |max {1; [2p — 1]} +2[1 = p| + 7 [3 = 2] | .

3. Inverse Function Coefficient Estimates

Every function ¢(v) = v+> o~ , a,v™ in S has an inverse ¢!, defined by o' (p(v)) =
v,veUand p(¢H(w)) = w, (Jw| <r;r>1/4) where
(17)  x(w) = ¢~ (w) = w — aw® + (2a3 — az)w® — (5a3 — Sasas + ag) W' + -+

Now we will obtain the inverse function coefficient bounds for functions in KZ (v; w, u, s, 0,v).

THEOREM 3.1. Let ¢ € KZ(v; w, u, 3, 0,%) and let ¢~ be the inverse of ¢ defined
by

o Hw) =w+ dewk, (lw] <7y r>1/4),
k=2

then
1 27’L1| ]
do| < — | — +1
B < 5, [(Hw
and

Ly Li[29*+~+1] Ay 4T3

2v|L
ds SAmax 1;
|
3

|

(1+7) [T Ly (1+7)? (v +1I3
dy|Ly| |2 oy 3 2

Also, for all T € C, we have

2v|L L Ly [27? 1 2(1 = 2)yIL4 T
d3—7‘d§‘<—7| 1 max{l' 2 127+ +1] (T = 2)yInl

|

= (147) |l Ly (1+7)? (v+ 1)T3
L] |(r=2) ~| |3 (-2
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Proof. From p(v) = v+ ", a,v™ and (17), we have

dy = —ay and ds = 2a§ — as.

The estimate for |dy| = |as| follows immediately from (14). Letting p = 2 in (10), we
get the estimate |ds|. Now, consider

‘d3—7d3|:‘2a§—a3—7'a§}:|a3 (1 —2)a |
Changing p = (7 — 2) in the (10), we get the desired result. O

Letting u — 0, 0 =y =1 and @w = 0 in Theorem 3.1, we get the following result.

COROLLARY 3.2. If o(v) € R(¢) and let ¢! be the inverse of ¢ defined by
e (w) =w+ Y dyw®, (Jw <r;r>1/4),
k=2
then we have |dy| <1+ |Ly],

|d3| S |L1| max {1,

1
}+2|L1! + 5
and for all p € C
B3—7)

Letting ¢ (v) = 2% in Corollary 3.2, we get

|ds — 7d5| < \Lﬂmax{l; 5

}+2|L1(T—3>y " ‘Z -

COROLLARY 3.3. Let ¢ € A satisfy the condition

v2¢! (1)
ze ¢)

o(v)

Re

> 0,

and let =1 be the inverse of ¢ defined by
w) = w+dewk, (lw] <r;r>1/4),
then we have |do| <3, |d3| <%, and for all p € C

7
|ds — 7d5| < 2max {1; |(5 — 27)|} + 4|7 — 3| + ‘5 —

4. Logarithmic Coefficients

Milin in [21] highlighted the use of the logarithmic coefficients to resolve the bounds
of the Taylor coefficients of univalent functions. Refer to [1-4] for the detailed study
on the significance properties of the logarithmic coefficients.

The logarithmic coefficients ¢,, of a function ¢ € A such that SO( ) =# 0 for all
v € U is defined by

(18) log (v —ZZEV
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Now we will add additional criterion to the class KZ(v; w, u, s, 0,1), so that log-
arithmic coefficients of KZ(v; w, u, s, 0,1) is well-defined. That is, we let

LT (v; w, u, s, 0,9) = KZ(y; w, u, , o, w)ﬂ{cp is analytic in U : @ #0,v€E Z/{}.
Note that for all functions LI (v; w, u, 3, 0,1), the relation (18) is well-defined.

THEOREM 4.1. If o(v) € LKT (v; w, u, s, 0,v), with the logarithmic coefficients

given by (18), then,
1 2’Y|l;1| }
l) < +11,
1< a1 |7

ol < Y| LA L. Ly Li[2y*+v+1] vL1 I3
el s T m M\ L T T ar) )2
(L47) (T3] 1 (L+7) (v + I3
dy|Ly| | 1 Y 3 1
(1 ‘F”Y) 211% 113 2113 QIj% ’

For ;i € C we have
Ly Li2¥*+~+1  (L+p)yLils

L
I@——uﬁlé-—iﬂ—ﬂ——nmx{l

|

Proof. From ¢(v) = v+ Y o, a,v" and equating the first two coefficients of the

relation (18) we get
a9 1 a3
1 5 275 (a3 9 )

Using (8) and (10) in the above expression, we can find the estimates for ¢; and /5.
To find the estimate (4.1), consider

(14 7) || Ly (147)? (v+1)r3
(19) AL [A+p) v |3 Q4w
(1 + ’Y) 11% 113 2113 11% .

1 1+
\&ﬂﬁFQPT(QWﬂ.
Changing p = HT“ in (10), we get the desired result. ]

REMARK 4.2. For different choices of 1) and parameters involved in the Definition
1.1, the class KZ(v; w, u, », 0,1) reduces to classes impacted by conic regions but
classes like starlike, convex, and spirallike are not special case of KZ(v; w, u, s, 0,1).
Hence main results have lots of applications, here we pointed out only few of them.
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