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ESTIMATES FOR A SUBCLASS OF STARLIKE FUNCTIONS

INVOLVING A EXPONENTIAL FUNCTION

Kadhavoor R. Karthikeyan∗ and Dharmaraj Mohankumar

Abstract. In this paper, a new class of analytic function is defined by using an
analytic characterization which is influenced by the multiplicative derivative. Mul-
tiplicative derivative is defined in a domain which excludes zero, so here the defined
subclass did not involve swapping the ordinary derivative with a multiplicative deriv-
ative. But we have just used the motivation behind the purpose of such a restrictive
calculus, given the circumstances that we have a more versatile calculus of New-
ton and Euler. Estimates involving the initial coefficients, inclusion and closure
properties, which belong to the defined function class are our main results.

1. Introduction and Definition

We let S to denote the subclass of A which are analytic in U = {ν : |ν| < 1} with
the normalization φ(0) = φ′(0) − 1 = 0. Let P(ρ) (0 ≤ ρ ≤ 1) denote the class of
Carathéodory’s functions (see [13]). Famous subclasses of S are the so-called classes
of starlike and convex function which we will denote it by S∗ and C respectively.
Refer to [23], for formal definitions of various subclasses of S. Lewandowski et al. [18,
Theorem 1, pg. 54] established the following inclusion

(1) Re

[(
νφ′(ν)

φ(ν)

)γ (
(νφ′(ν))′

φ′(ν)

)1−γ
]
> 0 ⇒ φ ∈ S∗, (∀γ ∈ R; φ ∈ A) .

The class of functions φ ∈ A satisfying the differential inequality in (1) is known as
gamma starlike function and here we will denote the class of gamma starlike functions
as Lγ. In [5], Altinkaya and Yalçin studied a class of analytic functions satisfying the
differential characterization

(2) Re

{
1

2

(
νφ′(ν)

φ(ν)
+

(
νφ′(ν)

φ(ν)

) 1
γ

)}
> 0, (0 < γ ≤ 1) ,

where φ(ν) = ν +
∑∞

k=1 amk+1ν
mk+1 and ν ∈ U. Altinkaya and Yalçin studied the

class subject to satisfying a additional stringent condition.
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1.1. Multiplicative Calculus. Bashirov et al. [7] (also see [8, 9, 24]) studied the
properties of Multiplicative calculus which is not adaptable to many application prob-
lems when compared with the calculus due to Newton and Euler. The multiplicative
derivative denoted by φ∗ whose definition is given explicitly by

φ∗(x) = lim
h→0

(
φ(x+ h)

φ(x)

) 1
h

= e
φ′(x)
φ(x) = e[lnφ(x)]′ (x ∈ R),

where φ′(x) is the ordinary derivative. The ∗-derivative of φ at ν satisfies the same as
for the real variable but in neighborhood where φ(ν) ̸= 0. Influenced by multiplicative
derivative, Karthikeyan and Murugusundaramoorthy in [17] (also see [11]) introduced
a class of analytic functions R(ψ) satisfying the subordination condition

(3)
νe

ν2φ′(ν)
φ(ν)

φ(ν)
≺ ψ(ν),

where ψ ∈ P is starlike symmetric with respect to horizontal axis and is of the form

(4) ψ(ν) = 1 + L1ν + L2ν
2 + L3ν

3 + · · · , (L1 ̸= 0; ν ∈ U).

For the detailed analysis and closure properties of the class R(ψ), refer to [17]. For
details of other prominent studies in univalent function theory involving exponential
and logarithm, refer to [6, 12, 33] and references provided therein.

1.2. Objectives: A very limited number of studies on Geometric Function The-
ory involve expressions containing exponentials of some analytic characterization, al-
though the use of other special functions is not uncommon. The main purpose of this
study is to fill this gap. We intend to study a new family of analytic functions involv-
ing a differential operator, which was defined using Mittag-Leffler function. The main
result are the coefficient inequalities, which would help us understand the geometric
and algebraic properties.

1.3. A family of differential operator. Now we will give a short introduction to
the differential operator defined by Murat et al. [22]. Mittag-Leffler function, is a
special transcendental function and it reduces to a well-known elementary functions.
Refer to Srivastava [25–27] and Srivastava et al. [28–32] for details on Mittag-Leffler
function. The generalized Mittag-Leffler three parameter function Eσ

u,κ(ω) is popu-
larly known as Prabhakar function. Explicitly,

(5) Eσ
u,κ(ν) =

∞∑
n=0

(σ)nν
n

Γ (un+ κ)n!
, (ν, u, κ, σ ∈ C, Re(u) > 0),

where (x)n denotes the usual Pochhammer symbol. Motivated by Ibrahim and Darus
[15,16] and using (5), Murat et al. [22] ( [10,34]) defined an operator Dϖ

r (u, κ, σ)φ :
U −→ U by

Dϖ
r (u, κ, σ)φ(ν) = ν +

∞∑
n=2

[
n+

r

2
(1 + (−1)n+1)

]ϖ Γ(κ)(σ)n−1

Γ (κ + u(n− 1)) (n− 1)!
anν

n,

(6)

(ϖ, r ∈ N0 = {0, 1, 2, . . .}, ν, u, κ, σ ∈ C, Re(u) > 0) .
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Figure 1. Mapping of G(ν) if |ν| < 1

1.4. A new family of analytic functions. Motivated by class Lγ and the equation
(2), we introduce a new class influenced by the definition of multiplicative derivative.

Definition 1.1. For some fixed values of 0 < γ ≤ 1, ϖ, r ∈ N0 and ω, u, κ, σ ∈ C
such that ℜ(u) > 0, a function φ belongs to the class Kϖ

r (γ; ω, u, κ, σ, ψ) if it satisfies

(7)
1

2

 νe
ν2Dϖ

r (u,κ, σ)φ′(ν)
Dϖ
r (u,κ, σ)φ(ν)

Dϖ
r (u, κ, σ)φ(ν)

+

 νe
ν2Dϖ

r (u,κ, σ)φ′(ν)
Dϖ
r (u,κ, σ)φ(ν)

Dϖ
r (u, κ, σ)φ(ν)


1
γ

 ≺ ψ(ν),

where ψ(ν) ∈ P is of the form (4).

Remark 1.2. Letting u → 0, σ = γ = 1 and ϖ = 0 in Definition (1.1), the class
Kϖ

r (γ; ω, u, κ, σ, ψ) reduces to the class R(ψ) recently studied and introduced by
Karthikeyan and Murugusundaramoorthy in [17].

Letting u→ 0, σ = 1 and ϖ = 0 in Definition (1.1), the class Kϖ
r (γ; ω, u, κ, σ, ψ)

reduces to the class

K(γ; ψ) =

φ ∈ A;
1

2

νe ν2φ′(ν)
φ(ν)

φ(ν)
+

νe ν2φ′(ν)
φ(ν)

φ(ν)

 1
γ

 ≺ ψ(ν)

 .

The class K(γ; ψ) is the class defined analogous to class recently studied by Altinkaya
and Yalçin [5].

Example 1.3. Let φ(ν) = ν
(5−ν)

. The function φ(ν) = ν
(5−ν)

is convex univalent

and maps U onto a circular shaped region in w-plane. Now

G(ν) =
1

2

νe ν2φ′(ν)
φ(ν)

φ(ν)
+

νe ν2φ′(ν)
φ(ν)

φ(ν)

 5
3

 =
1

2

 ν(
ν

(5−ν)

)e 5ν
5−ν +

 ν(
ν

(5−ν)

)e 5ν
5−ν

 5
3

 .

We can see that the function G(ν) = 1
2

(
ν

( ν
(5−ν))

e
5ν
5−ν +

(
ν

( ν
(5−ν))

e
5ν
5−ν

)5/3
)

maps the

unit disc onto a cardioid region in the right half-plane (see Figure 1). Further, Figure 1
illustrates that the class K(γ; ψ) is non-empty, for the fixed value of γ = 3

5
. Note that

function φ(ν) = ν
5−ν

does not satisfy the condition (7) for all values of γ(0 < γ ≤ 1).
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2. Coefficient Inequalities And Fekete-Szegő Inequality Of Kϖ
r (γ; ω, u, κ, σ, ψ)

We will need the following inequality obtained by Ma and Minda [20] for the class
P . We will need the following lemmas to establish our main results.

Lemma 2.1. ( [14, Theorem 1]) If L(ξ) = 1 +
∞∑
r=1

ℓrξ
r ∈ F , and ρ ∈ C, then

|ℓε − ρℓrℓε−r| ≤ 2max {1; |2ρ− 1|} ,

for all 1 ≤ r ≤ ε− 1.

Note that the above results are generalization of the well-known results of Ma-
Minda [20, p. 162] and Livingston [19, Lemma 1].

Throughout this paper, we denote

Γn =
[
n+

r

2
(1 + (−1)n+1)

]ϖ Γ(κ)(σ)n−1

Γ (κ + u(n− 1)) (n− 1)!
,

which may be real or complex parameters.

Theorem 2.2. If φ(ν) ∈ Kϖ
r (γ; ω, u, κ, σ, ψ), then we have

(8) |a2| ≤
1

|Γ2|

[
2γ |L1|
(1 + γ)

+ 1

]
,

|a3| ≤
2γ|L1|

(1 + γ) |Γ3|
max

{
1;

∣∣∣∣L2

L1

− L1 [2γ
2 + γ + 1]

(1 + γ)2

∣∣∣∣}+
4|L1|

(1 + γ)|Γ3|
+

3

2|Γ3|
,(9)

and for all ρ ∈ C

∣∣a3 − ρa22
∣∣ ≤ 2γ|L1|

(1 + γ) |Γ3|
max

{
1;

∣∣∣∣L2

L1

− L1 [2γ
2 + γ + 1]

(1 + γ)2
+

2ργL1Γ3

(γ + 1)Γ2
2

∣∣∣∣}
+

4γ|L1|
(1 + γ)

∣∣∣∣ ρΓ2
2

− γ

Γ3

∣∣∣∣+ ∣∣∣∣ 3

2Γ3

− ρ

Γ2
2

∣∣∣∣ .(10)

Proof. As φ ∈ Kϖ
r (γ; ω, u, κ, σ, ψ), by (7) we have

(11)
1

2

 νe
ν2Dϖ

r (u,κ, σ)φ′(ν)
Dϖ
r (u,κ, σ)φ(ν)

Dϖ
r (u, κ, σ)φ(ν)

+

 νe
ν2Dϖ

r (u,κ, σ)φ′(ν)
Dϖ
r (u,κ, σ)φ(ν)

Dϖ
r (u, κ, σ)φ(ν)


1
γ

 = ψ [w(ν)] .

Thus, let ϑ ∈ P be of the form ϑ(ν) = 1 +
∑∞

k=1 ϑnν
n and defined by

ϑ(ν) =
1 + w(ν)

1− w(ν)
, ν ∈ U.

On computation, the right hand side of (11)

ψ [w(ν)] = 1 +
ϑ1L1

2
ν +

L1

2

[
ϑ2 −

ϑ2
1

2

(
1− L2

L1

)]
ν2 + · · · .(12)



Starlike Functions Involving A Exponential Function 69

Expanding (11), we have

1

2

 νe
ν2Dϖ

r (u,κ, σ)φ′(ν)
Dϖ
r (u,κ, σ)φ(ν)

Dϖ
r (u, κ, σ)φ(ν)

+

 νe
ν2Dϖ

r (u,κ, σ)φ′(ν)
Dϖ
r (u,κ, σ)φ(ν)

Dϖ
r (u, κ, σ)φ(ν)


1
γ

 = 1 + (1− a2Γ2)

(
1 +

1

γ

)
ν+

1

4γ2
[
(1 + γ2) + 2a2Γ2(γ − 1) + a22Γ

2
2[2γ

2 + γ + 1]− 2a3Γ3γ(γ + 1)
]
ν2 + · · · .(13)

From (13) and (12), we obtain

(14) a2 = − 1

Γ2

[
γϑ1L1

(1 + γ)
− 1

]
and

a3 =
−γL1

(1 + γ)Γ3

[
ϑ2 −

ϑ2
1

2

(
1− L2

L1

+
L1 [2γ

2 + γ + 1]

(1 + γ)2

)]
− 2γ2ϑ1L1

(1 + γ)Γ3

+
3

2Γ3

.(15)

It is well-known that |ϑ1| ≤ 2. Equations (8) can be obtained by applying the bounds
of ϑ1 in (14). From (15), we have

|a3| ≤
γ|L1|

(1 + γ)|Γ3|

∣∣∣∣ϑ2 −
ϑ2
1

2

(
1− L2

L1

+
L1 [2γ

2 + γ + 1]

(1 + γ)2

)∣∣∣∣+ 2γ2 |ϑ1L1|
(1 + γ) |Γ3|

+
3

2 |Γ3|
.

(16)

Applying Lemma 2.1 together with inequalities |ϑ1| ≤ 2 in (16), we get (9).
To establish (10), we consider∣∣a3 − ρa22

∣∣ = ∣∣∣∣∣ −γL1

(1 + γ)Γ3

[
ϑ2 −

ϑ2
1

2

(
1− L2

L1

+
L1 [2γ

2 + γ + 1]

(1 + γ)2

)]
− 2γ2ϑ1L1

(1 + γ)Γ3

+
3

2Γ3

− ρ

Γ2
2

(
γ2ϑ2

1L
2
1

(γ + 1)2
− 2γϑ1L1

(γ + 1)
+ 1

) ∣∣∣∣∣
=

∣∣∣∣∣ −γL1

(1 + γ)Γ3

[
ϑ2 −

ϑ2
1

2

(
1− L2

L1

+
L1 [2γ

2 + γ + 1]

(1 + γ)2
− 2ργL1Γ3

(γ + 1)Γ2
2

)]

+
2γϑ1L1

(1 + γ)

(
ρ

Γ2
2

− γ

Γ3

)
+

(
3

2Γ3

− ρ

Γ2
2

) ∣∣∣∣∣.
Using Lemma 2.1, we obtain the assertion (10).

Letting u→ 0, σ = γ = 1 and ϖ = 0 in Theorem 2.2

Corollary 2.3. ( [17, Corollary 1]) If φ(ν) ∈ R(ψ), then we have

|a2| ≤ 1 + |L1|,

|a3| ≤ |L1|
{
max

{
1,

∣∣∣∣L2

L1

− L1

∣∣∣∣}+
3

2 |L1|
+ 2

}
,

and for all ρ ∈ C
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∣∣a3 − ρa22
∣∣ ≤ |L1|

[
max

{
1,

∣∣∣∣L2

L1

− L1 (1− ρ)

∣∣∣∣}+ 2 |1− ρ|+ 1

2 |L1|
|3− 2ρ|

]
.

Letting ψ(ν) = (1 + ν)/(1− ν) in Corollary 2.3, we get

Corollary 2.4. [17, Corollary 2] Let φ ∈ A satisfy the condition

Re

ze ν2φ′(ν)
φ(ν)

φ(ν)

 > 0.

Then,

|a2| ≤ 3, |a3| ≤
15

2
,

and for a complex number ρ,

∣∣a3 − ρa22
∣∣ ≤ 2

[
max {1; |2ρ− 1|}+ 2 |1− ρ|+ 1

4
|3− 2ρ|

]
.

3. Inverse Function Coefficient Estimates

Every function φ(ν) = ν+
∑∞

n=2 anν
n in S has an inverse φ−1, defined by φ−1(φ(ν)) =

ν, ν ∈ U and φ(φ−1(w)) = w, (|w| < r; r ≥ 1/4) where

(17) χ(w) = φ−1(w) = w − a2w
2 + (2a22 − a3)w

2 −
(
5a22 − 5a2a3 + a4

)
w4 + · · · .

Now we will obtain the inverse function coefficient bounds for functions inKϖ
r (γ; ω, u, κ, σ, ψ).

Theorem 3.1. Let φ ∈ Kϖ
r (γ; ω, u, κ, σ, ψ) and let φ−1 be the inverse of φ defined

by

φ−1(w) = w +
∞∑
k=2

dkw
k, (|w| < r; r ≥ 1/4),

then

|d2| ≤
1

|Γ2|

[
2γ |L1|
(1 + γ)

+ 1

]
and

|d3| ≤
2γ|L1|

(1 + γ) |Γ3|
max

{
1;

∣∣∣∣L2

L1

− L1 [2γ
2 + γ + 1]

(1 + γ)2
+

4γL1Γ3

(γ + 1)Γ2
2

∣∣∣∣}
+

4γ|L1|
(1 + γ)

∣∣∣∣ 2Γ2
2

− γ

Γ3

∣∣∣∣+ ∣∣∣∣ 3

2Γ3

− 2

Γ2
2

∣∣∣∣ .
Also, for all τ ∈ C, we have∣∣d3 − τd22

∣∣ ≤ 2γ|L1|
(1 + γ) |Γ3|

max

{
1;

∣∣∣∣L2

L1

− L1 [2γ
2 + γ + 1]

(1 + γ)2
+

2(τ − 2)γL1Γ3

(γ + 1)Γ2
2

∣∣∣∣}
+

4γ|L1|
(1 + γ)

∣∣∣∣(τ − 2)

Γ2
2

− γ

Γ3

∣∣∣∣+ ∣∣∣∣ 3

2Γ3

− (τ − 2)

Γ2
2

∣∣∣∣ .
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Proof. From φ(ν) = ν +
∑∞

n=2 anν
n and (17), we have

d2 = −a2 and d3 = 2a22 − a3.

The estimate for |d2| = |a2| follows immediately from (14). Letting ρ = 2 in (10), we
get the estimate |d3|. Now, consider∣∣d3 − τd22

∣∣ = ∣∣2a22 − a3 − τa22
∣∣ = ∣∣a3 − (τ − 2)a22

∣∣ .
Changing ρ = (τ − 2) in the (10), we get the desired result.

Letting u→ 0, σ = γ = 1 and ϖ = 0 in Theorem 3.1, we get the following result.

Corollary 3.2. If φ(ν) ∈ R(ψ) and let φ−1 be the inverse of φ defined by

φ−1(w) = w +
∞∑
k=2

dkw
k, (|w| < r; r ≥ 1/4),

then we have |d2| ≤ 1 + |L1| ,

|d3| ≤ |L1|max

{
1;

∣∣∣∣L2

L1

+ L1

∣∣∣∣}+ 2|L1|+
1

2
,

and for all ρ ∈ C∣∣d3 − τd22
∣∣ ≤ |L1|max

{
1;

∣∣∣∣L2

L1

− L1 (3− τ)

∣∣∣∣}+ 2|L1(τ − 3)|+
∣∣∣∣72 − τ

∣∣∣∣ .
Letting ψ(ν) = 1+ν

1−ν
in Corollary 3.2, we get

Corollary 3.3. Let φ ∈ A satisfy the condition

Re

ze ν2φ′(ν)
φ(ν)

φ(ν)

 > 0,

and let φ−1 be the inverse of φ defined by

φ−1(w) = w +
∞∑
k=2

dkw
k, (|w| < r; r ≥ 1/4),

then we have |d2| ≤ 3, |d3| ≤ 17
2
, and for all ρ ∈ C

∣∣d3 − τd22
∣∣ ≤ 2max {1; |(5− 2τ)|}+ 4|τ − 3|+

∣∣∣∣72 − τ

∣∣∣∣ .
4. Logarithmic Coefficients

Milin in [21] highlighted the use of the logarithmic coefficients to resolve the bounds
of the Taylor coefficients of univalent functions. Refer to [1–4] for the detailed study
on the significance properties of the logarithmic coefficients.

The logarithmic coefficients ℓn of a function φ ∈ A such that
φ(ν)

ν
̸= 0 for all

ν ∈ U is defined by

(18) logφ(ν) = 2
∞∑
n=1

ℓnν
n.
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Now we will add additional criterion to the class Kϖ
r (γ; ω, u, κ, σ, ψ), so that log-

arithmic coefficients of Kϖ
r (γ; ω, u, κ, σ, ψ) is well-defined. That is, we let

LKϖ
r (γ; ω, u, κ, σ, ψ) = Kϖ

r (γ; ω, u, κ, σ, ψ)∩
{
φ is analytic in U : φ(ν)

ν
̸= 0, ν ∈ U

}
.

Note that for all functions LKϖ
r (γ; ω, u, κ, σ, ψ), the relation (18) is well-defined.

Theorem 4.1. If φ(ν) ∈ LKϖ
r (γ; ω, u, κ, σ, ψ), with the logarithmic coefficients

given by (18), then,

|ℓ1| ≤
1

2 |Γ2|

[
2γ |L1|
(1 + γ)

+ 1

]
,

|ℓ2| ≤
γ|L1|

(1 + γ) |Γ3|
max

{
1;

∣∣∣∣L2

L1

− L1 [2γ
2 + γ + 1]

(1 + γ)2
+

γL1Γ3

(γ + 1)Γ2
2

∣∣∣∣}
+

4γ|L1|
(1 + γ)

∣∣∣∣ 1

2Γ2
2

− γ

Γ3

∣∣∣∣+ ∣∣∣∣ 3

2Γ3

− 1

2Γ2
2

∣∣∣∣ .
For µ ∈ C we have

|ℓ2 − µℓ21| ≤
γ|L1|

(1 + γ) |Γ3|
max

{
1;

∣∣∣∣L2

L1

− L1 [2γ
2 + γ + 1]

(1 + γ)2
+

(1 + µ)γL1Γ3

(γ + 1)Γ2
2

∣∣∣∣}
+

4γ|L1|
(1 + γ)

∣∣∣∣(1 + µ)

Γ2
2

− γ

Γ3

∣∣∣∣+ ∣∣∣∣ 3

2Γ3

− (1 + µ)

Γ2
2

∣∣∣∣ .(19)

Proof. From φ(ν) = ν +
∑∞

n=2 anν
n and equating the first two coefficients of the

relation (18) we get

ℓ1 =
a2
2
, ℓ2 =

1

2

(
a3 −

a22
2

)
.

Using (8) and (10) in the above expression, we can find the estimates for ℓ1 and ℓ2.
To find the estimate (4.1), consider∣∣ℓ2 − µℓ21

∣∣ = 1

2

[
a3 −

(1 + µ)

2
a22

]
.

Changing ρ = 1+µ
2

in (10), we get the desired result.

Remark 4.2. For different choices of ψ and parameters involved in the Definition
1.1, the class Kϖ

r (γ; ω, u, κ, σ, ψ) reduces to classes impacted by conic regions but
classes like starlike, convex, and spirallike are not special case of Kϖ

r (γ; ω, u, κ, σ, ψ).
Hence main results have lots of applications, here we pointed out only few of them.
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https://doi.org/10.1007/978-3-031-37538-5_25

Kadhavoor R. Karthikeyan
Department of Applied Mathematics and Science,
National University of Science & Technology, Muscat P.O. Box 620, Oman.
E-mail : karthikeyan@nu.edu.om

Dharmaraj Mohankumar
Department of Mathematics for Innovation, Saveetha School of Engineering,
Saveetha Institute of Medical and Technical Sciences(SIMATS),
Thandalam, Chennai, 602 105, India.
E-mail : dmohankumarmaths@gmail.com

https://doi.org/10.1090/S0033-569X-09-01158-2
https://doi.org/10.3390/sym13122294
http://dx.doi.org/10.55579/jaec.202153.340
https://doi.org/10.3390/fractalfract6020054
https://doi.org/10.3390/math7060485
https://doi.org/10.1002/mma.5122
https://doi.org/10.1016/j.amc.2009.01.055
https://doi.org/10.37193/CMI.2020.01.13
https://doi.org/10.1007/978-3-031-37538-5_25

	1. Introduction and Definition
	1.1. Multiplicative Calculus.
	1.2. Objectives:
	1.3. A family of differential operator.
	1.4. A new family of analytic functions. 

	2. Coefficient Inequalities And Fekete-Szegő Inequality Of Kr(;,u,,,)
	3. Inverse Function Coefficient Estimates
	4. Logarithmic Coefficients
	References

