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SINGULAR DYNAMICS ON MANIFOLDS: A CARTESIAN
PRODUCT APPROACH TO HOMOTOPY GROUP

MOHAMMED ABU-SALEEM

ABSTRACT. In this paper, we present the induced singular dynamics of the Carte-
sian product manifold and their homotopy groups. We also analyze the induced
limit singular dynamics on the Cartesian product of manifolds and their associated
homotopy group. The role played by the dynamical manifold in the wedge sum of
manifolds and their homotopy group will be identified. We introduce a certain type
of conditional singular dynamical manifold for free group elements and its homotopy
group. Theorems concerning these relations are provided. The results we achieved
provide new insights into the relationship between singular dynamics and topology
by highlighting how a system’s history reflects the algebraic structure of its core
manifold.

1. Introduction and definitions

This paper explains singular dynamical manifolds from an algebra and topology
viewpoint. We point out what the dynamical Cartesian product Ny X Ny x ... X N,, by
the homotopy group m(N; X Ny X ... X N,,). Manifolds are defined as spaces carrying
algebraic and topological structure. If one manifold changed into another through
a certain transformation, then the first has a different algebraic structure than the
second.

A dynamical system is a mathematical model describing how a point changes in a
space over time. The math rules used to describe the swinging of a pendulum, The
way water flows in a pipe or the number of fish in a lake each spring are examples of
dynamical systems. A dynamical system has a state determined by a collection of real
numbers. Small changes in the state of the system correspond to small changes in the
numbers. The numbers are also the coordinates of a geometrical space-a manifold.
The evolution rule is a fixed rule describing how the system moves from now to the
future. The rule is certain: each current state results in one future state for a time step.
The idea of a dynamical system is based on Newtonian mechanics. In natural sciences
and engineering, the evolution rule of a dynamical system is given by a relation that
shows the system state only a short time ahead. The work in [6] studied topological
methods involving concentric manifolds.
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By studying dynamical systems, we learn laws that let us predict future states
from current ones. [15,17]. Let (Z,7) be a topological space, and let 7" C R be
a time domain. A dynamic transformation on Y is a family of continuous maps
U ={U,: 7 — Z t e T} satistying the following conditions: (1) ¥ : T x Z —
Z, defined by W(t,z) = W(z) is continuous with respect to the product topology
on T x Z. (2) Vo =id, (3) Uips(z) = Ui(Vy(2)), V2 € Z, Vt,s € T [8]. A subset
C of a space Z is a retract of Z if there exists a continuous map r : 7 — C, in
which r|C' = id(C) [12]. For the chosen point zy € Z, the k-th homotopy group of
(Z, zo), denoted by m(Z, z) is the set of all homotopy classes of continuous maps
I (S*, o) = (Z, ) in which (S*, sg) is the k-dimensional sphere with a chosen
basepoint xy [9,10]. Research on the homotopy groups of specific spaces has been
carried out in [7, 11,14, 16]. Consider spaces Z; and Zy with points z; € Z; and
29 € Zsy, then the wedge sum Z; Y Z, is formed by joining Z; U Z5 created by merging
z1 and zy into one point [9,13]. In this paper, we write f,, for the free group of rank
n. This work is devoted to the study of the k-th homotopy group mx(Z, zo) for k > 1.
Transformations on manifolds and graphs are discussed in [1-5].

2. The main results

DEFINITION 2.1. Let N be a topological manifold. Let ¥, : D, C N — N and
allow the domain to shrink over time ast =0, Dy =y, and t — t*, D, excludes some
submanifold (e.g., a point or region), representing a hole.

ExXAMPLE 2.2. Consider T' = [0,1] and let D; = S* — {(0,0,1 — )} C S?, with

U, : Dy — S?% defined by Wy(x) = z. Ast = 1, D; = S* —{(0,0,0)}, and as
t= 0, DQ - SQ - {(0,0, 1)}

DEFINITION 2.3. Let N be a topological manifold. A singular dynamic transfor-
mation on N is a family of maps W = {W, : D, — N;, t € T} satisfying:
the following conditions:
(1) Let G = {(t, 2) € T x N : z € D;} with the map V : G — N, defined by
U(t, z) = Wy(2), be continuous with respect to the subspace topology on G C T x N.
(2) Vo = id,.
(3) Uyis(2) = U (Vs(2)), Vo € N, Vt, s € T in which D, € N; C N. Holes are
formed in which z ¢ D, or ¥,(z) ¢ N;. Some manifolds, like a sphere, can lose parts
of themselves over time. This condition allows topology change; for example, S? and
S? — {p} are not topologically equivalent. For simplicity, we denote the singular dy-
namic transformation by singular dynamics. Such transformations appear in physics,
Ricci flow, geometry, and black hole formation. Also, we define the fixed point as the
point at which the singular dynamics remain unchanged over time.

EXAMPLE 2.4. Consider the manifold N = [0, 1] with the subspace topology from
R, and let T = [0,00). Define ¥V = {V, : D, — N, t € T} as follows D, = [0,1],Vt €
T (constant), N; = [0,e7!] C N with ¥,(z) = 2¢7",Vz € D;. Then, G =T x N =
[0,00) %[0, 1]. In this approach the map ¥ : G — N given by U(t, z) = Wy(z) = ze ' is
continuous on G since both z and e~ are continuous. Also, att =0, Uy(z) = 2, Vz €
Dy = [0,1], and Ny = [0,1] = N. Therefore, ¥y = id,. Moreover, Vt, s € T and
z € Dy =10,1], Us(z) = ze~*. Now, Uy(2) € D, since ¥4(z) € [0,e*] C [0,1] = Dy.
Thus, U, (V,(2)) = U, (ze7%) = ze~ ) = U, (2). Hence, Uy, ,(2) = U,(V,(2)). The
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topological change when N; = [0, e™"] begins at Ny = [0,1] at t = 0 and continuously
collapses to {0} as t — oo, introducing singularity and not holes.

EXAMPLE 2.5. Suppose that A C N is a closed subspace of a manifold N and
let t € (0,1] with Dy = N, Wy(2) € A, V2 € N and Wy|s = idy. If r : N — A is
continuous, in which r(z) = lini\lft(z) exists Vz € N. Then r is a retraction.

t—0

THEOREM 2.6. The limit of the singular dynamical system is the fixed point.

Proof. Suppose N' is a manifold and let,

Wl NP NB, ONU C Nt Wb WHNY) s NP2, N C N Wt Nt
Ntm  Ntm-1 C N'm guch that lim W!is the fixed point. O
m—o0

LEMMA 2.7. Let N be an arc-connected manifold, and consider a singular dynamic
mapping ¥ : N — N. Then there is an induced singular dynamic ¥ : mx(N) — m1.(V)
such that V(m(N)) is isomorphic to mp(W(N)).

Proof. The proof is obvious. n

THEOREM 2.8. If N1, N, ..., N, are arc-connected manifolds and ¥ is a singular dy-
namics from Wn( N; to itself, then there is a resulting singular dynamics ¥ of glwk (W)

=1

into itself that minimizes the rank of 'Zlﬂ'k (N;).
1=

Proof. Let U : i\:(l./\fi o il./\fi be a singular dynamic of il./\fi into itself. Then
U ziM — Z\:(l./\/'Z has the following forms:
In a case of \I/(Zi./\fz) =M YN Y . YTUN,) Y ... YN, for p=1,2,...n, we obtain
T( 5 m(N7) = ”’f”’(iM)) ~ TR (NL) # (NG # ook (U (N)) . % i (AG,). Since
rank(my(U(N,))) < rank(m,(N,)) it follows that W reduces the rank of Elm(/\/l)
Also, if U(YN) =N YN Y .Y VN, Y . Y U(N,) Y .Y N, for g =1,2,...,n,

i=1
p < q then U( * () = wk@(ii/\fi)) ~ Te(NL) * TR(NG) * ok T (T(N)) * ...
Te(W(N,)) * ... * m(N,) and so ¥ reduces the rank of El’]rk(./\/;) Similarly, if we

extend this process \II(WT; N;) = ,\Z\If(/\/}), we find that E(gl’ﬁk (N)) = ﬂk(\I’(i/\fl)) =

1=

1
ﬂk(\zllf(/\/;)) R~ %17Tk<\11(./\[l)) Hence, ¥ reduces the rank of gﬂk(N’”) O

THEOREM 2.9. There exists a sequence of singular dynamic V,, : .\7153 — A\T}lS}, q=
1= 1=
1, 2,...n, which induces a sequence of singular dynamic

U, glﬁk(S} — glﬂk(S}of glm(S}) into itself such that \Il_q(%lﬁk(S})) =Fonq

7

Proof. Let Uy : ‘iS} — lnflSil be a singular dynamic such that \Ijl(-isil) =

SEY Sy Y .Y Uy (SH Y ...y SEforp=1,2,..,n and U;(S}) # S} is a singular
dynamic with singularity as in FIGURE 1, then there is an induced singular dy-
namic Wy : % my(S}) = ¥ m(S}) such that Ui % mi(S})) = wk(qfl(frlsg)) and so
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FIGURE 1. Singular dynamic with singularity on S?

Ui * mi(S})) 2 mi(S1) + mi(S3) * oo x m(a(S))) * oo ¥ (). Since (U (S})) =
and 74 (S}) ~ Z, it follows that \If_( ;IW (SH) = F,_1. Also, let Uy : \nf Sil — ln(lSil be

a singular dynamic such that \Ifg( SZI) SIY Sy YWy (Sh)Y .. Y\IJQ(SI) .Y S for
p, q=1, 2,...,n, p<qand \112(51) # S, Wy(S/) # S/ then we can get the induced
singular dynamlc U, : ':klﬂk(sil) — flﬂk(S}) such that Wy glﬂk(S})) =F 2.

Likewise, by extending this process we obtain the singular dynamic ¥, : 4\_11(15141 —
,iS}such that \I/n(.iSil) = i\lfn(SZl) and W,(S}) # S}, which induces a singular
dynamic ¥, : glﬂk(S}) — %lﬂk(S}) such that WU, ( %lﬂk(S})) = Fo. O

THEOREM 2.10. Let Q,,, n > 2 represent the disjoint union of n discs on the sphere,
and let {¥,,, m € N} be a singular dynamic 52 — @, into itself, leading to an induced
singular dynamic U, : m;(S* — Q,,) = (5% — Q,,) such that m( lim (¥,,(S*—-Q,,)) =

m—r0o0

Fos if k=1
Fo if k=2
mx(S?) x mp(S?) if k> 3.

Proof. Let Q,, n > 2, be the disjoint union of n-discs on the sphere S?. Then we
can define a sequence of singular dynamics ¥,,, : S*> —Q,, — S? —Q,, m = 1,2, ...
such that lim (¥,,(5% — Q) = (S — Qp) Y (5% — Q,) with p+ ¢ = n, see FIGURE

m—0o0
2, thus m( lim (9,,(5% — Q,)) = m(S? — Q,) * m(S* — Q).
m—0o0
Fpo1  if k=1
Since (5% — Qp) = ¢ F1 if k=2
Wk(Sz) lf k Z 37
Fe1  if k=1
and Tk(SQ—Qq): F1 Zf k=2
m(S?) if k>3,
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FIGURE 2. The sequence of singular dynamics on S? — Q,,

lim Y™
m—co

Fp+q—2 if k=1
we obtain, 7rk( lim (0,,(S? — Q) =< Fo if k=2
e T (S?%) x T (S?) if k> 3.
F -2 Zf k=
Therefore, 7, ( lim (V,,(S? — ¥,)) =< F2 if k=2 O
m— 00

mu(S?) % mp(S2) if k>3

THEOREM 2.11. If N1, N>, ..., N, are arc-connected manifolds and VU is a singular

n J—
dynamic from IINj; to itself, then there exists an induced singular dynamic ¥ of

=1

Wk(,li-/\/z‘) into itself in which (wk(lzll_/\/;)) ~ (N X me(Ne) X o X g (U(N)) X .. X
Te(Ny) withp = 1,2, ...,n or & m(N7) X mp(N2) X .. X T (W(N,)) X .o X T (U(N)) X
WX Tp(N,) withp, q=1, 2,...,n, p<q,..., or = Wk(lzlllll(/\/;))

Proof. T(mu( HLAG)) = mu(W(HLANG)) ~ mu(WOND) e xmy(UONG)) = (L 0NG)
f[l./\fZ — ﬁlM be a singular dynamic from f[lj\/; into itself; then W is a continuous

map. Thus, we get the coordinate system of Z.1;11./\/;- included on the form {(U,, x U,, x

X U), (NG XN, x o x NG, )}, where N, s a one-to-one, bicontinuous function
from an open set U,, C R" — N for i = 1,2,...,n and {(U,,,N,,)} is the atlas

of Ni, Vi, U : HN — HN takes these forms: If \IJ(HN) U(U,, x Uy, X ... X
Uy, Noy ></\/'72>< ></\/'%) (U,, xU,, x. xU7n,\I/(U7p,N ) Ny XN, X XN, =
N XNy XX U(N,) X ... x N, for p=1,2,...,n, then \I/(Wk(I:IIA/;)) =7Tk(\I/(1:IlN;)) ~

TE(N1) X me(N2) X oo X T (U(N,)) X oo X Tp(N,). Also, if \If(ilzllj\/i) =U(U,, x U, x

- X Uva'n Xsz XX NG, ) = (Uyy X Usy X x Uy, W(U, N, ) WUy, N, ) NG, X
/\/AY2 X .. xN,, )=

NiXNoX XU (N) XU (N) X ... x M, forp, g =1, 2,...,n, p < g, thenﬁ(ﬂk(_ﬁlf\/})) =
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by continuing this process if ‘Il(fll./\/;) = U(U,, XUy X oo XUy, NG XN, X XN =
(WU, N, ) O(U, N, U(U,, NG)) = (NG X U(AG) X .o x W(AG), then,
Ty N)) = (W N) (M) % X m(B(N,) = m( TW(N). O

THEOREM 2.12. Let N7, N>, ..., N,, be arc-connected manifolds, and V is a singular
dynamic in which \D(lle) # Hl\If(M)

Then m( lim (xpm(ﬁlM)) 4 ﬁl o Tim (W, (D).
m—00 i= i= m—00
Proof. Let T" = S8' x 8! represent a torus. Set N7 =S, Ay =S', and k =1 and
consider the case whenever W(7T") = ¥(S!) x U(S'). Since lim (¥,,(S!) is a single
m—o0

point, we obtain 7711_:5%0 (V,,(SY) xrignoo(\lfm(sl) as a single point, which implies that
me( lim (¥,,(SY) x lim (¥,,(S')) = 0. For other cases, if U(T") # ¥U(S') x US'), we
alsomﬁgfe U(Th :nff(fsol) x St or U(T") = S' x ¥(S'), and so, g%oqu(Tl) = S
Thus, ﬂk(nli_rgo\llm(Tl)) = m(S') = F 1. Therefore, Wk(%i_{noo(\lfm(Tl)) # wk(%gnm(@m(sl))x
me( lim (W, (51). n
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3. Conclusion

In this article, the concept of singular dynamics on manifolds that provide geometric
and topological features is introduced. The homotopy group is affected by the induced
singular dynamics on a manifold or Cartesian product of a finite number of manifolds.
The homotopy group operates as a convincing algebraic and topological tool that takes
essential information about the connectivity and structure of a space, linking algebra
with topology and geometry in a profound way. In sum, these concepts highlight the
complexity and profundity of modern topology, where local and global viewpoints are
interconnected and abstract structures provide an actual understanding of the nature
of science.
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