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NONLINEAR n-TUPLE M-JORDAN #DERIVATIONS ON VON
NEUMANN ALGEBRAS

VAHID DARVISH, RAOF AHMAD BHAT, AND ABU ZAID ANSARI*

ABSTRACT. Let 2 be a factor von Neumann algebra and {2 preserves n-tuple A-
Jordan *-derivations on 2, that is, for every Ay, Ay, ..., A, € 2,

Q(A1[>A2l>...[>An) = Q(Al)DAQD...DAn—f—A11>Q(A2)[>...I>An
+..+ A A . >Q(A,)

where A, > A; = A;A; + MAjAY for A € R, A ¢ {0,£1}, then Q is additive *-
derivation.

1. Introduction

In recent years, numerous researchers have explored the preserver problems, which
involve characterizing maps on operator algebras that maintain certain functions,
subsets, relations, and so on. The central question is to identify intrinsic isomorphism
invariants between operator algebras. For instance, one area of focus is investigating
maps that preserve specific products, such as the Jordan product, Lie product, skew
Lie product, and others [3,7,11].

Let R and R’ be rings. We say that a map © : R — R’ preserves the product
or is multiplicative if Q(AB) = Q(A)Q(B) for all A, B € R. The question of when a
product-preserving or multiplicative map is also additive has been discussed by several
authors, as seen in [13] and related references.

In [13], Martindale proved the following theorem.

THEOREM 1.1. Let R be a ring containing a family of {e, : « € A} of idempotent
which satisfies:

1. xR = 0 implies x = 0.

2. If e,Rx =0 for each a € A, then x = 0.

3. For each a € A, eqze,R(1 — e,) = 0 implies e xe, = 0.

Then any multiplicative isomorphism of R onto an arbitrary ring is additive.

Inspired by this, numerous authors have focused on maps between rings (and al-
gebras) that preserve the Lie product [A, B] = AB — BA or the Jordan product
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Ao B = AB + BA (for more details, see [1,4-6,10-12,15]). These findings demon-
strate that, in a certain sense, the structure of the Jordan or Lie product alone is
sufficient to characterize the ring or algebraic structure. Over time, many mathe-
maticians have concentrated on the study of additive or linear Jordan or Lie product
preservers between rings or operator algebras. Such maps are commonly referred to
as Jordan homomorphisms or Lie homomorphisms. Here, we highlight several re-
sults [1,13,16,18,21].

Let R be a *-ring. For A, B € R, we define the *-Jordan product AbB = AB+BA*
and the *-Lie product [A, B], = AB — BA*. These products have proven to be
significant in various research areas, and their study has recently gained considerable
attention from many authors (for instance, see [2,5,15,16,20]).

Next, we define the A-Jordan x-product by A>y B = AB + ABA*. We say that a
map {2 is a A-Jordan *-derivation if it satisfies the property Q(Ap>y B) = Q(A) >y B+
Arvy Q(B). It is clear that when A = —1 and A = 1, the A-Jordan *-derivation map
corresponds to a -Lie derivation and a *-Jordan derivation, respectively [1]. Here,
we emphasize that whenever we say ) preserves derivation, it means that Q(AB) =
Q(A)B + AQ(B).

A von Neumann algebra 2 is a self-adjoint subalgebra of some B(H), the algebra of
bounded linear operators acting on a complex Hilbert space, which satisfies the double
commutant property: A = 2, where A = {T € B(H) : TA = AT, VA € 2} and
2" = {A'}. The center of 2 is denoted by Z(A) = A N2A. A von Neumann algebra
2 is called a factor if its center is trivial, i.e., Z(2() = CI. Clearly, if 2 is a factor
von Neumann algebra, it is prime, meaning that for A, B € 2, if AAB = {0}, then
A=0or B=0. For A € 2, the central carrier of A, denoted by A, is the smallest
central projection P such that PA = A. It is straightforward to observe that A is
the projection onto the closed subspace spanned by {BAz : B € A,z € H}. If A is
self-adjoint, the core of A, denoted by A, is given by sup{S € Z(2) : S = 5*, 5 < A}.
If A= P is a projection, then P is the largest central projection @) satisfying @) < P.
A projection P is said to be core-free if P = 0 (see [14]). It is evident that P = 0 if
and only if I — P = I, as shown in [8,9].

Recently, Yu and Zhang [22] proved that every non-linear *-Lie derivation from a
factor von Neumann algebra into itself is an additive *-derivation. Additionally, Li,
Lu, and Fang [4] investigated non-linear A-Jordan s-derivations. They demonstrated
that if A C B(H) is a von Neumann algebra without central abelian projections and A
is a non-zero scalar, then a map Q : 2 — B(H) is a non-linear A-Jordan *-derivation
if and only if Q2 is an additive x-derivation.

In [21], we showed that a *-Jordan derivation map (i.e., Q(A>B) = Q(A)> B+ Av
Q2(B)) on every factor von Neumann algebra 2 C B(H) is an additive x-derivation.

The authors in [10] introduced the concept of Lie triple derivations. A map Q : 2 —
2( is a nonlinear skew Lie triple derivation if it satisfies the equation Q([[A, B., C].) =
[[2A), B., Cl.+[[A, Q(B)]x, Cli+[[A, B, 2(C)]. for all A, B,C' € , where [A, B], =
AB — BA*. They showed that if € preserves the above characterizations on factor von
Neumann algebras, then €2 is an additive *-derivation. In [17], we proved the above
result for prime x-algebras.

In [19], we considered a map €2 on a prime *-algebra 2 that satisfies the following
conditions:

Q(AD)\BD)\O) :Q(A)D)\BD/\C—FAD)\Q(B)D)\C—l—AD)\BD)\Q(C)
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where Ay B = AB + ABA* for i,j € NJA € R, and |A\| # 0,1, then Q is additive.
Also, if (1) is self-adjoint, then € is a x-derivation.

In [23], the authors considered nonlinear -Lie higher derivations on factor von
Neumann algebras acting on a complex Hilbert space H with dim H > 2.

In this paper, motivated by the above results, we consider a map 2 on a factor von
Neumann algebra 2 that satisfies the following conditions:

QA > As>...b Ay = QAN A b A+ AIDQA)>. DA,
+...+A>A>...>QA,)

where A;>A; = A;A;+ XA A} for A € R, A ¢ {0, %1}, then 2 is additive *-derivation.
Moreover, at the end of Theorem 2.2, we provide an example (2.16) of a nontrivial
map that satisfies the condition 1.

REMARK 1.2. The preceding claim reveals an important difference between the
present result and our earlier result in [19]. In [19], which concerns nonlinear A-Jordan
triple *-derivations on prime *-algebras, the self-adjointness of ®(I) was imposed as
an additional hypothesis to conclude that & is a x-derivation. In the present n-
tuple setting, however, the n-tuple A\-Jordan x-derivation identity, together with the
additivity of Q, implies Q(il)* = —Q(i]) and Q(il) = iQ(]). Consequently, Q(I)* =
Q(I), so the self-adjointness of (/) follows automatically and need not be assumed
separately. Thus, in this respect, the present result improves the corresponding triple-
product result obtained in [19].

2. Main Results

By making use of an interesting result of Martindale [13], we have the following
partition of the von Neumann algebra 2. Let P; be a nontrivial projection in 2 and
Py = Iy — P;. Denote %;; = PRAP;, i, =1,2, then A = ZZ 1 Uy;. For every A e
we may write A = Ay + Ao + As + Ay, In all that follow when we write A;;, it
indicates that A;; € ;.

Our first theorem is as follows:

THEOREM 2.1. Let 2 be a factor von Neumann algebra. Then the map 2 : 2L — 2
satisfies in the following condition

QA > As> ... b Ay = QAN A . b A+ AIPQA)>... DA,
(1) —|—+A1I>A2D|>Q(An)

for all Ay, As, ..., A, € A where A;> A; = AjA; + NAAS for A € R, X ¢ {0,£1}, is
additive.

Proof. We give some claims that prove (2 is additive on each 2;;, ¢,7 = 1,2.
CrAamm 2.2. We show that (0) = 0.

We write
Q0) = QO0>0p>...>0)
= Q0)>0>...20+0>Q20)>0>...004+0>0>...>Q(0) = 0.
CrLAIM 2.3. For each A1 € ;1 and Ag; € Ao we have
QA1 + Agy) = QA1) + Q(As).
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Let T = Q(Ay; + Agp) — Q(A11) — Q(Agp). We show that T' = 0. It is easy to check
that

QD) >I>..oI>Pr (A +An) > P+ I0Q(I)> ... 01> Py (A + As) > Py

+ Ivi>.. bl P QA +An) b P+ Il 01> Py (A + Ag) > Q)
QUST..bIv P (A +An)> P)+ Q) >I>... 01> P A > Py)

+ QUpolv..pIbPrAnp P)+ Q) Is...0 1> P> (A + Ay Py

+ IoQ)pI>...0I> P> (A + Ag)> By
_|_
_l’_

IvIo...0QP)b (A +Ay) > P+ Il 1> Py (QA5) + Q(As)) > Py
+ Ivi>...0l>Pyb (A + Ag) > Q).
It follows that I I ...0 1> Po>T> P, =0. Since T' = T11 + 119 + To1 + Tha, so
Tio =15 =0.
On the other hand, we have
Q) Iv...oI>Xg> (A +An) b P+ 1oQU)>. .0 I> Xo b (A + Ag) > Py
+ ...
+ IvI>..p I X QA +Ayn) > P+ 1T . 01> Xoy > (A + Ag) > Q(P))
=QUpT...oI>Xgb> (A +A0)>P)+ Q)T 01> X > (A + Agp) > P)
+ IoQ)>...plp X (An+ Ao P)+ Il 1> Xo b (QA1) + QAn))> Py
+ Inlv...o1>Xo b (A + As) > Q(P)).

Then, we obtain I>1w>...> Xo; >T > P; = 0. So, T1; = 0. Similarly, by applying X
instead of X5 in the above, we have T5; = 0.

CrAM 2.4. For each Ajs € Ao and Ay € Ayy, we have Q(Ajs + Agy) = Q(Ap) +
Q(As).

Let T = QA2 + Agy) — Q(A12) — Q(Az1). As in the preceding claim, applying
the n-tuple A\-Jordan *-derivation identity gives I >---> 1> Po>T > P, = 0. Since
I X =(1+M)X, we obtain (Py>T) > P, = 0. Writing

a direct computation yields AT1 + AT}, + (1 + A)(Ta2 + AT3,) = 0. Comparing the
Peirce components, we get T15 = 0, Tho+ 1%, = 0. Taking adjoints gives T5,+AT5 = 0,
and hence (1 — A\?)Ty, = 0. Since A\ # +1, it follows that T, = 0.

Replacing P, by P; in the above argument gives T1; = 15, = 0. Therefore, T' = 0,
and consequently Q(Ajs + Ag) = Q(A12) + Q(Asg).

CrLAIM 2.5. For each Ay € 41, Ajp € Ui, Axp € Ay, we have
Q(A11 + A + Ag) = QA1) + Q(Ar) + Q(As).
We show that for 7" in 2 the following holds
(2) T =Q(A11 + Ajg + Ag1) — QA1) — QA1) — Q(A2) = 0.
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Q)b Ie...0 (P)> (A + A+ Agy) > Py

+ I Q) Ib...0 Py (A + A+ Ag) > P
+ ...
+ InIv.. . >QP)> (A + A+ Ay > Py

+ Ivl>...pI> P> QA+ A+ Ay b Py

+ IvI>...ol> Py (A + A+ Ay) > Q(P)
QU Iv...>I> P> (A + Ag + Ag) > By)

QU I>...>I>P>Aj>P)

+ QUrI>...pI>PypApbP)

+ QUrI>...pl> P> Ay P)
=QU)pIv...oI>Pyr(An+An+ Ap)p P

+ I QU)>Iv...>I> P> (A + Ae + Ay) > P
_|_
+
+
_|_

IbIe...>I>QP)> (A + Aip + A b Py
[D[D...D[DPQD(Q(All)+Q(A12)+Q<A21))I>P2
[D]D...D]DPQD(AH—I—A12+A21)I>Q(P2).

Then, we have

IviIv...pIvBPT>P=0.

341

So T1s = Ty = 0. By applying P; instead of P, in the above relation and Claims 2.3
and 2.4, we have T1; = Ty = 0.

CLAIM 2.6. For each A11 S 9[11, Alg € 9112, Agl € QlQl; A22 S 9(22 we have
QA+ Ap + Ao + Ag) = Q(A11) + Q(Ar2) + Q(A21) + Q(Az).

We show that for 7" in 2 the following holds

(3) T =Q(A1 + A + Aoy + Agp) — QA1) — Q(A12) — Q(Ag) — Q(Ag) = 0.

From Claim 2.5, we write

Q(I)D[DID...DPlb(A11—|—A12—|—A21—|—A22)
I>Q()>l...0 P> (A + Ag + Agy + Ag)

ID...DQ(Pl)D(A11+A12+A21+A22)
II>...>P>Q(A + Ag + Ao + Ag)
<[|>I|>...I>P1|>(A11—|—A12—|—A21—|—A22>)

Il
+ + o+ o095 95+ + + +

(IvI>..bP>AR)+QU>I>...0 P> Ay)
QU Iv...0o P> AL)+QUbI>...0 P> Ag)
(1.0 P> (A + Aa + Aoy + Ag)
IcQ)e ..o P> (A + A + Agp + Ag)

(IvI>...0 P> (A4 An+An)+ QU I>...> P> Ag)
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+ Ivi>...0Q(P)> (A + A + Ao + Ag).
+ Ivl>...0 P> (QA7) + Q(A) + Q(Ay) + Q(A))
So,
Ivivi>...0P>T =0.
Then (1 + A)" 2P, >T = 0 we have (1 + \)T1; + Ti2 + ATp; = 0. Since A ¢ {0,+1}
then T1; = Ty, = T1o = 0. Similarly, we can show that Ty = 0.
CrAmm 2.7. For each A;;, B;; € ;5 such that i # j, we have
Q(Ay + By) = Q(Ay) + Q(Bjj)-
It is easy to check that
(L+N)""2((P + Rij) (P + Sij) + NP; + Sij) (B + R,))
= (L4+ X" 2(Ri; + Sij + AS}; + AS;; R;))
From the above equation, we have
QU1+ X)"2(Rij + Si5)) + QAL+ X)"7255) + QAL+ X)"°Ry))
(I>...>1v (P + Rij)> (P + S5i5))
(I)>Iv...> (P4 Rij) v (P +S;5)
Iv Q) I>...>(P+ Rij) > (P + Sij)
oo+ I > QP+ Rij) > (P + 5i5)
IvIv...> (P + Rij) > QP + Si)
(H>I>...0 (P4 Rij)> (P +Si)
I Q) I>...0 (P + Rij)> (P +Si;)
oI I > (UP) + QR)) > P+ Sy
IvIs...>(P+ Rij)> (QUP)
Q(S;)=QU>Iv>...> P> P
QU Iv...>pR;>S;)+QU>Iv...>FP>S;)
QU I>... >Ry P) = Q1+ N)"2Ry;) + Q((1 + \)"2S;)
QAL+ X)"7285) 4+ QAL+ N)" 25, R}))

+t++ o+ ++ 0D

So,
QU1+ X" (Rij + Si5)) = Q1+ A)"2Ry;) + Q((1 + A)"7S).
Let
Aij= 1+ N"2R;;, By = (1+X\)"25,.
Hence
Q(Ay; + Bij) = Q(Ay) + QBy).
CLAIM 2.8. For each A;;, B;; € ;; such that 1 <7 < 2, we have
Q(A; + Bii) = Q(Ay) + QBy).
We show that
T = Q(Ai;; + Bii) — Q(A;) — Q(By;) =0.
We write
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+ ...
+ Ivlv...0QP)> (Ay+ By)+IvIvIv...o P> Q(A; + Bi)
=QU>I>I>...0 P (A;+ Bi))

QU IvI>...>P>A)+QUpI>I>...> P> By)
QU)vIvI>...0 P> (Ai+By)+IvQ)>I>...0 P> (A; + Bi)
+

+ IvIv...oQP)> (Ayi+ By) +IvIsIv...> P (QAx) + Q(By)).
Therefore, I>I>1>P;>T = 0. Since (14+A)""2P;»>T = 0 we have T;; = Ty; = T;; = 0.
From Claim 2.7, for every C;; € 2;; we have

Q) lvI>...> P> (A4 By Cy +I10QU)pI> ... P> (A + Bi) > Cij
+ ...

+ Ivlv...0QP)>(Ai+Bu)>Ciy+ 11> ...0 P> Q(A; + Biyi) > Cyj

+ Ivlv...0 P> (Ay+ Bi)>QC)

QU I>...pP>A;>Cy)+QUI> ... P> B> Cy)

Q) IvI>...> P> (A4 B> Cy +I1QU)>I>...0 P> (A + Biyi) > Cyj

+

+ [D[DDPZDA“—FB”DQ(OZJ)

SO7 IsI>. . .I>P,L'I>Tl>Cij = 0. We have (1+)\)n_3PZ'I>T|>CZ'j = 0, then (1—|—)\)”_2TMCZ] = 0.
So (1 4+ A" ?*T;;,CP; = 0 for every C € 2. Since the algebra is factor, P; # 0 and
A # —1 we obtain Tj; = 0.

Hence, the additivity of {2 comes from the above claims.

In the rest of this paper, we prove that €2 is x-derivation.

THEOREM 2.9. Let 2 be a factor von Neumann algebra and the map €2 : 2 — 2
satisfy in the following condition

QA > A ... Ay) = QAP A > A+ A >Q(A) >, > A,
(4) +. o+ A > A >Q(A4,)

for all Ay, Ay, ..., A, € A where A; > A; = A;A; + NAA] for i,j € NJA € R,
A ¢ {0,£1}, then Q is x-derivation.

Proof. We present the proof by several claims.

CrAamM 2.10. The element €(7) is self-adjoint.

Proof. By Theorem 2.1, the map 2 is additive. In particular,
Q(-4) = -Q(4)

for every A € 2. All iterated products below are associated from the left.
First, observe that

I>---plpilvil =1v--->Ilvil>il> 1,
-2 -3
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because both sides are equal to (1 + A\)""2(\ — 1)I. Applying the n-tuple A-Jordan
x-derivation identity to both sides and subtracting the resulting equalities, we obtain
2N(1+ X)"*(QT) + QI)*) = 0.
Since \ # 0, —1, it follows that
(5) Q)" = —=Q(l).
Next, we have
Io--pIpilpilvil =—1>--->Ipil>].
—— ——

n—3 n—2
Indeed,
I>->Ipil il >il = i(A—1)(1+ \)" 21,
n—3
whereas

I>->Ioil > T =—i(A—1)(1+ "2
Applying the deﬁningnidQentity to the preceding equality and using the additivity
of €1, we obtain
2(1 + M) [()\2 F A= DQGET) + AQGT) — i(A2 — 1)9(1)] —0.
By (5), this becomes
201+ N)" (N = 1)(Q@I) — i) = 0.
Equivalently,
2(A — 1)(1 + N)"*(QI) — (1)) = 0.
Since A # +1, we conclude that
(6) Qil) =iQ(I).
Taking adjoints in (6), we obtain
QG = —iQI)".
On the other hand, by (5) and (6),
Q@) = =Q@I) = —iQ(I).
Consequently, —i€Q2(1)* = —i€2(I), and hence Q(I)* = Q(I). Therefore, Q(I) is self-
adjoint. O]
Cram 2.11. If Q(I) is self-adjoint then Q () = 0.

Clearly, we have Q> I>...>Ipil>il)=Q(I>I>...0I>il>il>1). Then
Q) lv...olvil>il +1oQI)>...>il>il
+ ...
+ Ivlo...0iloQul)=Q)>I>...olvil>il>]
+ I QU)pI>...>il>il>]+ ...
+ Ivlv...olvil>il>Q(]).

Since Q(1) is self-adjoint from above equation we have

(L+N)"2GQ3ET) 4+ MQG)* + NiQT) + NiQET)* + Qi)
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— XiQ@T) + NiQ@T) — NiQ(I))
= (14+N"26GQ0T) + NQGT* — NiQGI* — NiQ@T) + Qi)
—iAQG)* —iIAQGT) +iNQ>T)Y).
Since A # —1, from the above equation we have Q(iI) + Q(il)* = 0, it follows that
(7) QL) = —Ql).

We have
QU Iv...olvilvil>il)=-QU>I>...>I>il>]).

Equivalently,
QD) l>...olvilsil>sil +1oQ)>...>I>il>il>il
+... .+ Ivl>...>I>ileil>Q>G])
=—QD)plv...olvil>I+1>Q)>...pI>il>]
+.. o+ Il >I>il>Q1)).
So,
Iviv..>IvQGH>idsil +IvI>...oI>il>Q>6]) >l
+Ivl>...oIvil>il> Qi)
=—UpI>..pI>QDril>l+Ivl>...0I1>Q6)> 1
+Ivl>...>Ivil>Q])).
Therefore we have
(1+N"2(AQET) — QGD)) + (1 4+ X" (=QGET) + M6 + MG — NQ3T)*)
+(1+ X" 2(Q@T) — M)
= —((1+ X" 726G — XQ(I)) + (1 4+ N)"2(Q@T) + AQET)™)
+(1 4+ X" 26Q(1) — MQ(D))).
Since A # —1 from (7) we have
ML) — QL) + N2Q(T) — AQ(GT) — QGT) + AT + AT
—NQGEI* + QL) — AQET) + AQ6T) — N2QT)
= —iQ(I) + NQI) — XiQ(I) + N2iQ(I) — Q@T) — AQET)* — AQ(3T)
—NQGEI)* — Q) + Q) — M) + N2Q(T).
Then we have
(8) AQUT) + AQET)* +9Q(T) — N4Q(T) = 0.
From (7) and (8) we have (1 — A\?)Q(I) = 0. We obtain Q(I) = 0.
Cram 2.12. If Q(7) is self-adjoint then Q(:iI) = 0.
For showing that Q (i]) = 0, we write
—QUpelv...>Ivid>ilei)=QU>IvI>...>I>il>]).
So
Ivis...oI>QE)vilvil + 11 0l >Q0) il
+ivl>...>il>il>Q6l)=—UII>...0I1>Q0)>1).
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It follows that
31+ N"2A=1)QGEI) = (1+N)"2(A=1)Q3]).
Finally we have
(9) 3Q(il) = Q).
From (9) we deduce that  (i/)=0.
CrLAIM 2.13. () preserves star.
Since Q(I) = Q(il) = 0, then
QU Iv...vA>ilvil)=1v1>...0QA) >l >il.
Therefore
(10) QUL+ A" 2N =1DA) = (1 +N)"2(A=1)QA).
On the other hand
QU I>...pivivA)=I1vI>...01>Q(A).

Therefore

(11) QUL+ 21+ NA) = (1+N)"2(1+NQ(A).
By summing and subtracting (10) and (11) respectively, we have
(12) QUL+ A" 24) = (1+N)"2Q(A)

(13) QAT+ N)"2A) = A1+ N)"2Q(A).
Therefore

QUelv...oIvAv)=I>I>...01>Q(A)> 1.
It follows that

QL+ N)"2(A+ AA")) = (1 4+ A)"2Q(A) + A1+ \)"*Q(A)*.
From (12), (13) and the additivity of £ we have Q(A*) = Q(A)*.
CrAmm 2.14. We show that Q(iA) = iQ(A) for every A € 2.
From (12) and (13) we have

(1+N"2(1=NQ6EA) = QU I>...cI>ilbA)
IvIe...>I>il>Q(A)
= (L+XN)"2(1 = N)iQ(A).

Then
(T+ X" 21 = NQ3EA) = (1+1)"2(1 — \)iQ(A).
Since A ¢ {0,%£1} we have Q(iA) = iQ2(A)

CrLAM 2.15. € is a derivation.
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For every A, B € 2 we have
Q1 +N"3(AB+ABA*) = QUvlIv...0I1>A>B)
= Ivi>...pIpQA>B+Ivi>...0 1> A>Q(B)
= (1+N)"2(Q(A)B+ ABQ(A)")
+(1+N)"2(AQ(B) + AQ(B)A*).
It follows that
QUL+ A" 2(AB+ ABAY)) = (1+N)"2(Q(A)B + ABQ(A))
+(1+ X" 2(AQ(B) + \Q(B)A%).
(14)
On the other hand
QL+ N)"2(AB - ABA*)) = QUb>IvI>...>(iA)>(—iB))
= I>...0I>QUA)> (—iB)
+I>...>I>iA>Q(—iB)
= (14+N)"%(QA)B — ABQ(A)*)
+(1+ A" 2(AQ(B) — AQ(B)A").
So
Q((1+\)"2(AB — ABA"))
= (1+N)""2(QA)B — ABQ(A)* + (1 + \)"*(AQ(B) — \Q(B)A®).
(15)
From (14) and (15) we obtain Q((1+A)"2AB) = (1+ )" 2((A)B + AQ(B)). From
(12) we have (1+M\)"2Q(AB) = (1+X)"%(Q(A)B+ AQ(B)). Since A ¢ {0, £1}, we
have Q(AB) = Q(A)B + AQ(B). O
Lastly, we provide an example of a nontrivial map ¥ on .%# that satisfies
V(A >---pA)=VYA)>-- b A, +-- -+ A > > U(A,)
forall A; € #,1=1,2,..n.

EXAMPLE 2.16. Consider 2 = Mj(C), the factor von Neumann algebra of all
2 x 2 complex matrices, equipped with the usual involution given by the conjugate

transpose. Let
0 —1
X = [1 ' ] |
Define the map Q : 2l — 2 by
Q(A) = XA - AX, Ael
A= |:771 772:| ’
N3 M4

Q(A) = N2 —MN3 T — M4 '
(4) [771—774 N2 + 13

Equivalently, for

we have
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Since X* = —X, the map 2 is an inner x-derivation. Indeed, for all A, B € 2,
Q(AB) = Q(A)B + AQ(B) and Q(A*) = Q(A)*. Hence, for the product Ar B =
AB + ABA*, we obtain

Q(Ar> B)

Q(AB + A\BA")
Q(A)B + AQ(B) + \Q(B)A* + ABQ(A")
Q(A)B + ABQ(A)" 4+ AQ(B) + XQ(B)A*
=Q(A) > B+ A Q(B).
Therefore, by induction, €2 satisfies
QA > Ay Ay) =Q(A) > A - DA+ -+ A Ay - > Q(A,)

for all Ay, As,... A, €2
Moreover,

Peli

is a nontrivial projection in 2, and €2 is a nonzero map.
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