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ON THE BIRKHOFF INTEGRAL OF FUZZY
MAPPINGS IN BANACH SPACES

CHUN-KEE PARK

ABSTRACT. In this paper, we introduce the Birkhoff integral of
fuzzy mappings in Banach spaces in terms of the Birkhoff inte-
gral of set-valued mappings and investigate some properties of the
Birkhoff integrals of set-valued mappings and fuzzy mappings in Ba-
nach spaces.

1. Introduction

Birkhoff [2] introduced the Birkhoff integral for Banach space valued
functions. Birkhoff integrability lies strictly between Bochner and Pettis
integrability when the range space X is nonseparable [2, 8]. Lately,
Several authors [4,7,9] have investigated the Birkhoff integral for Banach
space valued functions. Several types of integrals of set-valued mappings
were introduced by many authors. In particular, Cascales and Rodriguez
[3] introduced the Birkhoff integral of CW K (X)-valued mappings by
means of a certain embedding of CW K (X) into a Banach space. Several
authors introduced the integrals of fuzzy mappings in Banach spaces in
terms of the integrals of set-valued mappings. In particular, Xue, Ha
and Ma [10] and Xue, Wang and Wu [11] introduced integrals of fuzzy
mappings in Banach spaces in terms of Aumann-Pettis and Aumann-
Bochner integrals of set-valued mappings.
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In this paper, we introduce the Birkhoff integral of fuzzy mappings in
Banach spaces in terms of the Birkhoff integral of set-valued mappings
and investigate some properties of the Birkhoff integrals of set-valued
mappings and fuzzy mappings in Banach spaces and obtain convergence
theorems for set-valued mappings and fuzzy mappings in Banach spaces.

2. Preliminaries

Throughout this paper, (2,3, 1) denotes a complete finite measure
space and (X, || -||) a Banach space with dual X*. The closed unit ball
of X* is denoted by Bx«. CL(X) denotes the family of all nonempty
closed subsets of X and CW K (X) the family of all nonempty convex
weakly compact subsets of X. For A C X and z* € X*, let s(z*, A) =
sup{z*(z) : x € A}, the support function of A. For A, B € CL(X), let
H(A, B) denote the Hausdorff metric of A and B defined by

a€A beB

H(A, B) = max (sup d(a, B),supd(b, A)) ,
where d(a, B) = gnlg la — b|| and d(b, A) = inf1 |la — b||. Especially,
S ac

H(A,B) = sup |[s(z*, A)— s(z*, B)|
T*EBx*

whenever A, B are convex sets.

Note that (CW K (X), H) is a complete metric space with the follow-
ing properties:

(1) HAA,AB) = |A\|H(A, B) for all A,B € CWK(X) and \ € R;

(2) HA+C,B+C)=H(A,B) forall A,B,C € CWK(X);

(3) HA+ C,B+ D) < H(A,B) + H(C,D) for all A,B,C,D €
CWK(X).

The number [|A|| is defined by ||A|| = H(A, {0}) = sup ||z||.

z€A

Let u: X — [0,1]. We denote [u]" = {z € X : u(x) > r} for r € (0, 1]
and [u]® = cl{z € X : u(x) > 0}. u is called a generalized fuzzy number
on X if for each r € (0,1], [u]" € CWK(X). Let F(X) denote the set
of all generalized fuzzy numbers on X. For u,v € F(X) and A € R, we
define u + v and Au as follows:

(u+v)(x) = sup min(u(y),v(z)),
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Ow)(z) = u Gx) A0

Au =0, A=0, where 0 = X{0}-
For u,v € F(X) and A € R, [u+v]" = [u]" + [v]" and [Au]" = A[u]"
for each r € (0,1]. Hence u+ v, Au € F(X). For u,v € F(X), we define
u < v as follows:

u<wo if u(r) <wv(x) forall x € X.
For u,v € F(X), u <wv if and only if [u]" C [v]" for each r € (0, 1].
Define D : F(X) x F(X) — [0, +oc] by the equation
Du,v) = sup H(ul",[o]).

r€(0,1]
Then D is a metric on F(X). The norm |Ju|| of u € F(X) is defined by

[ull = D(u,0) = sup H([u]",{0}) = sup |[[u]"]]
re(0,1] re(0,1]

The mapping F : Q — CL(X) is called a set-valued mapping. F
is said to be scalarly measurable if for every x* € X* the real-valued
function s(z*, F(-)) is measurable. F' is said to be Effros measurable
(or measurable for short) if F~1(U) = {w € Q: Flw)NU # ¢} € &
for every open subset U of X. Note that measurability is stronger than
scalar measurability.

Let F': 2 — CL(X). Then the following statements are equivalent:

(1) F: Q — CL(X) is measurable;

(2) FFY A)={w e Q: F(w)NA# ¢} € X for every A € CL(X);

(3) (Castaing representation) there exists a sequence (f,) of measur-
able functions f, :  — X such that F(w) = cl{f,(w)} for all w € Q.

F :Q — CL(X) is said to be weakly integrably bounded if the real-
valued function |2*F| : Q — R, |[2*F|(w) = sup{|z*(x)| : z € F(w)}, is
integrable for every z* € X*. F: Q — CL(X) is said to be integrably
bounded if there exists an integrable real-valued function h such that for
cach w € Q, ||z|| < h(w) for all x € F(w). F: Q — CL(X) is said to
be scalarly integrable on Q if for every z* € X*, s(z*, F(-)) is integrable
on Q. F :Q — CL(X) is said to be scalarly uniformly integrable if
the set {s(z*, F(:)) : * € Bx-} is uniformly integrable. f :Q — X is
called a measurable selector of F': Q — CL(X) if f is measurable and
flw) € F(w) for all w € Q.
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A measurable set-valued mapping F' : Q@ — CWK(X) is said to
be Pettis integrable on Q if F': Q — CWK(X) is scalarly integrable
on 2 and for each A € ¥ there exists (P)/ Fdy € CWK(X) such
A
that s(x*,(P)/

A
(P) / Fdy is called the Pettis integral of F' over A [6].

Fdu) = /s(:z:*,F)du for all z* € X*. In this case,
A

A
A function f : Q — X is called summable with respect to a given
countable partition I' = (A,,) of Q in ¥ if f|4, is bounded whenever
p(A,) > 0 and the set

J(f.T) = {Zu(An)f(tn) € An}
is made up of unconditionally convergent series.

DEFINITION 2.1.[2]. A function f : Q — X is said to be Birkhoff
integrable on € if for every € > 0 there exists a countable partition I' of
Q2 in ¥ for which f is summable and || ||-diam (J(f,T")) < €. In this case,

the Birkhoff integral (B) / fdp of fis the only point in the intersection
Q

N {co(J(f, [')) : f is summable with respect to F} :

If f:Q — X is Birkhoff integrable on €2, then f : Q) — X is Birkhoff
integrable on every A € . Birkhoff integrability lies strictly between
Bochner and Pettis integrability. If f : Q@ — X is Birkhoff integrable,

then (B) / fdu = (P)/ fdu. When the range space X is separable,

Q Q
Birkhoff and Pettis integrability are the same. In the definition of the
Birkhoff integral, if the respective series

J(f.T) = {Z p(An) f(ta) + 1 € An}
is made up of absolutely convergent series, then f : {2 — X is said to be

absolutely Birkhoff integrable on € [1].

THEOREM 2.2.[5]. Let {+(Bx~) be the Banach space of bounded
real-valued functions defined on Bx- endowed with the supremum norm
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|-l|oo- Then the map j : CW K(X) — lo(Bx~) given by j(A) = s(-, A)
satisfies the following properties:

(1) j(A+ B) = j(A) + j(B) for every A, B € CWK(X);

(2) J(AA) = Aj(A) for every A > 0 and A € CWK(X);

(3) H(A, B) = [j(A) = j(B)l|o for every A, B € CWK(X);

(4) (CWK( )) is closed in £ (Bx+).

DEFINITION 2.3.[3]. A set-valued mapping F': Q@ — CW K (X) is said
to be Birkhoff integrable on ) if the composition j o F':  — (o (Bx~)
is Birkhoff integrable on €. In this case, for each A € X there exists

a unique element (B)/ Fdu € CWK(X), that is called the Birkhoff
A

integral of F' on A, such that j((B)/ Fdu) = (B) / jo Fdu.
A A

3. Results

A mapping F : Q — F(X) is called a fuzzy mapping in a Banach space
X. In this case, F" : Q@ — CW K (X) defined by F"(w) = [F(w)]" is a set-
valued mapping for each r € (0,1]. A fuzzy mapping F : Q — F(X) is
said to be measurable (vesp., scalarly measurable) if " : Q — CW K (X)
is measurable (resp., scalarly measurable) for each r € (0, 1].

DEFINITION 3.1. A fuzzy mapping F : Q — F(X) is said to be
Birkhoff integrable on € if for each A € ¥ there exists uy € F(X)

such that [ua]" = (B)/ EF"dy for each r € (0,1]. In this case, uy =
A
(B)/ Fdyu is called the Birkhoff integral of F on A.
A

THEOREM 3.2. Let F : Q — F(X) and G : Q — F(X) be Birkhoff
integrable on ) and A > 0. Then

(1) F + G is Birkhoff integrable on Q and for each A € ¥
(B) [ (F+Gin=(B) | Fau-+(B) [ G
A A A
(2) AEF is Birkhoff integrable on Q and for each A € ¥
(B) / AFdpu = \(B) / Fdy.
A A
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Proof. (1) Let F : Q — F(X) and G : Q@ — F(X) be Birkhoff
integrable on Q. Then for each A € 3 there exist ua,v4 € F(X)

such that [u.]” = (B) / Frdu, ua” = (B) / Grdp for cach r € (0, 1].
~ J A A
Thus j o F" and j o G" are Birkhoff integrable on © and j([ua]") =
3B) [ Fraw = [ Go Frdp, lear) =i(B) [ Grdw) = [ joGran
A A A A

for each 7 € (0,1] and A € ¥. Hence jo (F + G)" = jo (F" 4+ G) is
Birkhoff integrable on €2 and

7 ([wa]”) + 5([va])](z)
[ ([wal (=) + [ ([va] ) (=7)

(B) / Frdp))(a*) + [j(B) / & dp))(a”)
—(B) / jo Frdw)(z*) + [(B) / jo & dul(a")
—~(B) / jo (" + G")dul(z")

—(B) / jo (F+ Gy dul(z")

([ua +va])l(z")

for each 2* € Bx«, r € (0,1] and A € X. Hence j ([ua + va]") =
/jo (F + G)"dp for each 7 € (0,1] and A € ¥. Thus [ug + va]” =
A

(B) / (F+G)"dp for each r € (0,1] and A € . Hence F+@ is Birkhoff
A
integrable on  and for each A € ¥

(B) /A(F + G)dp = up +va = (B) /A Fdu+ (B) /A Gy,

(2) Let F' : © — F(X) be Birkhoff integrable on Q and A > 0.
Then there exists us € F(X) such that [u4]" = (B)/ F"dy for each

A
r € (0,1]. Since j([Aual") = Aj([ua]") for each r € (0,1] and A € %,
using the same method as (1) we obtain that AF' is Birkhoff integrable
on €2 and for each A € ¥
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(B) /A AFdp = \(B) /A Fdy.
O

LEMMA 3.3. Let F': Q - CWK(X) and G : Q@ - CWK(X) be
Birkhoff integrable set-valued mappings. Then

(1) if F(w) = G(w) p-a.e., then (B)/ Fdu = (B)/ Gdy for each
Aey; . A

(2) if X is separable and (B)/ Fdu = (B)/ Gdyu for each A € X,
then F(w) = G(w) p-a.e. ! !

Proof. (1) Since F' : Q@ — CWK(X) and G : Q@ — CWK(X)
are Birkhoff integrable on ), j o F' and j o G are Birkhoff integrable

on € and there exist (B)/ Fdp, (B)/ Gdp € CWK(X) such that
A A

3B [ Faw) = (B) [ 5o Pdu, i(B) [ Gaw) = (B) [ o G tor
each AAG 3. ! . !
If Flw)=G(w) p-a.e., then (jo F)(w) = (j o G)(w) u-a.e. Hence

3B) [ Fan) = B) [ jordu=B) [ ioGau=i(5) [ Gan
for each A € X. Thus
@' (B) | Pd) = i((B) | Fa)(a)
= i(B) [ Gt
~s(a".(B) [ G

for each z* € Bx- and A € X. Since (B)/
A

for each A € ¥, by the separation theorem (B) /
A
for each A € %.

Fdu, (B) /A Gdp € CWEK(X)

Fdu = (B)/AGdu
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(2) If (B) / Fdy = (B)/ Gdy for each A € 3, then
A A

(B)/Ajoquzj((B)/qu = j(( /Gdu /joGdu

for each A € . Since X is a separable Banach space, by [2, Theorem
24] (jo F)(w) = (joG)(w) prae. and so H(F(w), G(w)) = | (jo F)(w) -
(j 0o G)(W)|loo = 0 pa.e. Hence F(w) = G(w) p-a.e.
O
THEOREM 3.4. Let F : Q — F(X) and G : Q — F(X) be Birkhoff
integrable on Q. If F(w) = G(w) p-a.e., then (B)/ Fdy = / Gdp
for each A € X.

Proof. Since F : Q — F(X) and G : Q — F(X) are Birkhoff in-
tegrable on €, for each A € ¥ there exist ua,vqs € F(X) such that

[ua]l” = (B)/ Frdu, [va]" = (B)/ G"dy for each r € (0,1]. If F(w) =

G(w) p-a.e., then F"(w) = G"(w) p-a.e. for each r € (0,1]. By Lemma

3.3 [ua]” = (B)/ Frdy = /G dp = [v4]" for each r € (0, 1] and
A

AGZandSO(B)/

Fdy=uy=vy= (B )/GduforeaChAGE. O
A

A

If X is separable and F': Q@ — CW K (X) is Birkhoff integrable on €,
then

(B)/ Fdu = {(B)/ fdu - f is a Birkhoff integrable selector of F}
A A

for each A € ¥ [3].

LEMMA 3.5. Let X be separable and let F' : Q@ — CWK(X) and
G : Q — CWK(X) be Birkhoff integrable set-valued mappings. If

F(w) € G(w) on (2, then (B) / Fdu C (B)/ Gdu for each A € X..
A A

Proof. Since F: Q@ - CWK(X) and G : Q — CW K(X) are Birkhoff
integrable on  and F(w) C G(w) on €, for each A € ¥
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(B)/ Fdu (B)/ fdp - f is a Birkhoff integrable selector of F}
A A

C {(B) / gdyu : g is a Birkhoff integrable selector of G
A
= (B) / Gdp.
A
O

_ THEOREM 3.6. Let X be separable and let F Q — F(X) and
G : Q — F(X) be Birkhoff integrable on Q. If F(w) < G(w) on €2, then

(B)/ Fdp < (B)/ Gdy for each A € X,
A A

Proof. (1) Since F : Q@ — F(X) and G : Q — F(X) are Birkhoff
integrable on €, for each A € X there exist us,va € F(X) such that
[ual” = (B)/ Frdp, [va]” = (B)/ G"dy for each r € (0,1]. If F(w) <
- A N 5 A
G(w) on §, then F"(w) C G"(w) on Q) for each r € (0,1]. By Lemma
3.5 [ual” = (B)/ Frdu C (B)/ G"dp = [v4]" for each r € (0,1] and

A A
SO (B)/ Fdp=uy <vp = (B)/ Gdp for each A € ¥,
A

A
U

LEMMA 3.7. Let X be separable. If F': Q@ — CWK(X) and G : Q —
CW K(X) are measurable, integrably bounded and Birkhoff integrable
set-valued mappings, then H(F,G) is integrable on ) and

H((B) /Q Fdp, (B) /Q Gdu> < /Q H(F,G)dp.

Proof. Since F': Q - CWK(X) and G : Q@ — CWK(X) are mea-
surable, there exist Castaing representations (f,,) and (g,) for F and G.
Since f,, and g,, are measurable for all n € N|

H(F(w),G(w)) =

max (sup ut 1) ~ )l sup nf () ~ )]

n>1~Z
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is measurable. Since F' : Q@ — CWK(X) and G : Q@ — CWK(X) are
integrably bounded, there exist integrable real-valued functions h; and
hy on € such that for each w € Q, ||z]| < hy(w) for all z € F(w) and
||| < ho(w) for all z € G(w). Hence

H(F(w),G(w)) < H(F(w),{0}) + H(G(w),{0}) < hi(w) + ha(w)

for each w € Q. Therefore H(F,G) is integrable on 2. Since F : Q —
CWK(X)and G : Q — CW K(X) are Birkhoff integrable on 2, joF' and

joG are Birkhoff integrable on €2 and there exist (B) / Fdu, (B) / Gdu
Q Q

€ CWK(X) such that j((B) / Fdu) = (B) / joFdu and j((B) / Gdp)
Q Q Q

= (B) / joGdu. Since X is separable, by [3, Proposition 3.2] (B)/ Fdu
Q

= (P) /Q Fdp and (B) /Q Gdp = (P) /Q Gdp. Hence ’

i (@) [ Fin o) [ ca) - Hj((B) [ Faw -5 [ Gdu)Hoo
= swp |li(B) [ ") = (B [ Gl

T*EBx*

= s |ster.(B) [ P st (B) | Gdu)‘
T*EBx* Q Q

= swp st () [ i) = s () [ )
T*EBx* 9] Q

= sup /s(m*,F)d,u—/s(x*,G)d,u'
z*EBx* (9] Q

< sup / s(a", F) — s(a*, G)| du
Q

< [ sw [s@ F) - (@ 6)] dn

Q J?*EBX*

:/QH(F,G)du
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A fuzzy mapping F : Q — F(X) is said to be integrably bounded if
there exists an integrable real-valued function h on 2 such that for each

we Q, ||z]| < h(w) forall x € Fo(w), where ﬁo(w) =cl <U0<T§1F’”(w)).

THEOREM 3.8. Let X be separable. If F: Q — F(X) and G : Q —
F(X) are measurable, integrably bounded and Birkhoff integrable fuzzy
mappings, then D(F,G) is integrable on Q and

D ((B) / Fdp, (B / Gdu) / D(F

Proof. Since F : Q — F(X) and G : Q — F(X) are measurable,
there exist Castaing representations (f) and (g;) for F" and G" for
each r € (0,1]. Since f! and g/ are measurable for all n € N,

H(F"(w),G"(w))

= max (sup uf £2(0) ) sup ut ) — FE))

n>1k

is measurable for each r € (0,1]. Hence D(F(w), G(w)) =

supys; H(F"™(w), G™(w)) is measurable, where {r : k € N} is dense in
(0,1]. Since F: Q — F(X) and G : Q — F(X) are integrably bounded,
there exist integrable real-valued functions h; and hs on €2 such that for
each w € Q, ||lz]| < hi(w) for all z € F%w) and ||z|| < ho(w) for all
z € G°(w). Hence

D(F(w),G(w)) < D(F(w),0) + D(G(w),0) < hy(w) + ha(w)

for each w € €. Therefore D(F, G) is integrable on 2. By Lemma 3.7

H((B)/Qﬁrdu, (B)/Qéfdu) < /QH(FT,(;T)CZM
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for each r € (0, 1]. Hence

D ((B) /Q Fdu, (B) /Q édu>
(o 4] [ ]
:Tz%p”H <(B) / F"du, (B) /Q érd#)

gsup/HFTGT

re(0,1]

g/ sup H(F",G")dp
Q

re(0,1]
/Dﬁé
O]

THEOREM 3.9. Let F,, : Q — CW K(X) be a Birkhoff integrable set-
valued mapping for each n € N and let F' : Q — CWK(X). If (F,)
converges uniformly to F' on €, then F' : Q@ — CWK(X) is Birkhoff
integrable on ) and

Jim (B) /Q Fody = (B) /Q Fdp.

Proof. Since F,, : Q@ — CW K(X) is Birkhoff integrable on 2 for each
n € N, jo F, is Birkhoff integrable on 2 and there exists (B) / F.du e
Q

CWK(X) such that j((B)/F du) = (B)/j o F,du for each n €

N. Since (F,,) converges uniformly to F' on €2, (j o F},) also converges
uniformly to jo F on . By [1, Theorem 4] j oF is Birkhoff integrable on

2 and hm (B)/joF dp = (B)/joqu. Hence F': Q@ - CWK(X)
Q
is B1rkhoff integrable on €2 and
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lim H <(B) /Q Fody, (B) /Q qu)
-y (o ) (o )]
/Qjand,u—/QjoquHOO:O.

Thus lim (B)/Fndu: (B)/Fd,u.
Q Q

n—oo

n—oo

zlim‘

]

A set-valued mapping F' : Q@ — CWK(X) is said to be absolutely
Birkhoff integrable on € if the composition j o F' : Q — (. (Bx+) is
absolutely Birkhoff integrable on €.

From [1, Theorem 7] and [1, Corollary 8], we can obtain the following
two theorems using the same method in the Theorem 3.9.

THEOREM 3.10. Let F, : Q@ — CWK(X) be a Birkhoff integrable
set-valued mapping for each n € N and let F' : Q@ — CWK(X) be a
set-valued mapping such that (F,)) converges to F' almost uniformly on
Q. If there exists an integrable real-valued function h on ) such that
|Fr(w)]] < h(w) for all n € N and almost all w € 2, then F' : Q —
CW K (X) is absolutely Birkhoff integrable on ) and

lim (B) /Q Fody = (B) /Q Fdp.

THEOREM 3.11. Let F, : Q@ — CWK(X) be a Birkhoff integrable
set-valued mapping such that j o F,, is measurable for each n € N and
let F': Q — CWK(X) be a set-valued mapping such that (F,,) converges
to I’ almost everywhere on (). If there exists an integrable real-valued
function h on 2 such that || F,,(w)| < h(w) for all n € N and almost all
w e Q, then F : Q — CWK(X) is absolutely Birkhoff integrable on §)

and
lim (B)/Fndu—(B)/qu.

F:Q — F(X) is said to be j-measurable if j o F" : Q — loo(Bx-) is
measurable for each r € (0, 1].
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THEOREM 3.12. Let X be separable and let F, : Q — F(X) be a
j-measurable and Birkhoff integrable fuzzy mapping for each n € N. If
(F,) converges to F: Q — F(X) on Q and there exists an integrable
real-valued function h on Q such that | FO(w)| < h(w) on Q for alln € N,
then F : Q — F(X) is Birkhoff integrable on Q and

lim (B) /Q Fdu = (B) / Fdy.

n—oo Q

Proof. Since (F,) converges to ' on €, for each ¢ > 0 and w € Q

there exists N € N such that n > N = D(F,(w), F(w)) < e. Hence
IF°(@)|l = D(F(w),0) < D(F(w), Ex(w)) + D(Fn(w),0)
<IN @)] + e < h(w) +e

for each w € Q. Since € > 0 is arbitrary, ||F°(w)|| < h(w) on Q. Thus
F: Q — F(X) is integrably bounded. Since F, : Q — F(X) is Birkhoff
integrable on Q for each n € N, F!' : Q — CWK(X) is Birkhoff in-
tegrable on Q for each n € N and r € (0,1]. Since F, : Q — F(X)
is j-measurable for each n € N, j o F : Q — ((Bx-) is measurable
for each n € N and r € (0,1]. Since (F,) converges to F on Q, (F")
converges to F" on Q for each r € (0,1]. Since Hﬁno(w)H < h(w) on Q
for each n € N, | E," (w)|| < h(w) on Q for each r € (0,1] and n € N.

By Theorem 3.11, F" : Q — CWK(X) is Birkhoff integrable on (2 for
each r € (0,1]. Let A € ¥. Then there exists M, € CW K(X) such that

M, = (B)/ F"dy for each r € (0,1]. For 71,y € (0,1] with r; < 7o,
A

F(w) D F2(w) for each w € Q. By Lemma 3.5 M,, = (B) / Frdp D
A

(B)/ F"2dy = M,,. Let r € (0,1] and (r,,) be a sequence in (0, 1] such
that ;11 <71y <1y <---and lim 7, = 7. Then F"(w) = N, F™(w)
on €. By [10, Lemma 4.2], liT;;?(x*,Fr"(w)) = s(z*, F"(w)) on § for
each 2* € X*. Hence T}Egj;og F)Y(w) = (j o F")(w) on Q. Since

G0 F) (@)oo = [IE™ ()| < [|F°(w)]| < h(w) on Q for each n € N, by
[1, Corollary 8] jo F" : Q — (., (Bx~) is Birkhoff integrable on Q and
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lim (B) / jo F™du = (B) / j o F"du. For each 2* € Bx-,
A A

n—oo

s(a®, M,,) — sz, M,)| = s(a:*,(B)/AF""du)—s(:c*,(B)/Aﬁ"du)‘

~ () / Frodp)) (") — [((B) / Frdp)(z")

~|i(B) / jo Fndp(a*) — [(B) / jo Frdu)(a)

< ‘(B)/joﬁ’""du—(B)/jOﬁrdu” — 0 as n — oo.
A A

Thus lim s(z*, M, ) = s(z*, M,) for each x* € Bx~ and so
n—oo
lim s(z*, M,,) = s(z*, M,) for each z* € X*. By [10, Lemma 4.2,

n—oo

M, =N, M,,. Let My = X. By [10, Lemma 4.1], there exists us €
F(X) such that [us]” = M, = (B)/Frdu for each r € (0,1]. Hence

F : Q — F(X) is Birkhoff integrable on Q. By Theorem 3.8 and the
Lebesgue Convergence Theorem,

D ((B)/Qﬁndu, (B)/Qﬁdu> < /QD(Fmﬁ)du%o as n — 00.

Thus lim (B) /Q F,du = (B) / Fdy.

n—o0 QO
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