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ON LINEAR GROUPOIDS AND QUADRATIC ALGEBRAS OVER

REALS

Young Hie Kim, Hee Sik Kim, and Sun Shin Ahn∗

Abstract. In this paper, we characterize quadratic algebras over reals having iden-
tity, and show that there is no proper quadratic algebra with identity satisfying the
inverse axiom over reals.

1. Introduction

The theory of groupoids [1,2] has been introduced by some researchers. It has been
combined with the theory of general algebraic structures [3–5]. One of the methods
for the generalization of axioms is to employ special functions, i.e., by using of proper
mappings, we may generalize axioms in mathematical structures.

The notion of BCK-algebras was formulated by Iséki. The motivation of this
notion is based on both set theory and propositional calculus (see [6–8]). Recently,
as the generalization of the groupoid theory, general algebraic structures have been
developed combined with BCK-algebras.

The notion of a linear groupoid has been applied to the Fibonacci sequences in
groupoids. Using the notion of a flexibility, the linear groupoid was used to the study
of the Fibonacci sequence in groupoids [9]. It was also applied to the study of several
types of groupoid induced by two-variable functions [10]. Recently linear groupoids
were applied to the groupoid theory which contain some special elements and pseudo
inverses. They found suitable linear groupoids when a pseudo inverse has a fixed
point [5]. Kim et al. [4] introduced the notion of generalized commutative law in
algebras, and showed that every pre-commutative BCK-algebra is bounded. In the
study of pre-commutativity in groupoids, they proved that if a linear groupoid is
left-(right-) pre-commutative, then it is abelian. Hwang et al. [3] discussed on some
implicativities for groupoids and BCK-algebras. They characterized linear groupoids
for implicative groupoids.

Kim and Lee [11] introduced the notion of a quadratic BG-algebra, and obtained
that quadratic BG-algebras, quadratic Q-algebras and quadratic B-algebras are log-
ically equivalent on a field X with |X| ≥ 3, and they showed that every quadratic
BG-algebra is a BCI-algebra. Kim and Kye [12] applied the quadratic algebras to
BF -algebras, and showed that every quadratic BF -algebra is also a BCI-algebra.
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In this paper, we discuss some properties of quadratic algebras over reals having
(left-, right-) identity, and show that there is no proper quadratic algebra with identity
satisfying the inverse axiom over reals, i.e., there exist only linear groupoids satisfying
such properties. We find a suitable example of a “monad” over reals which does not
satisfying the associative law and the inverse axiom.

2. Preliminaries

Let R be the set of all real numbers. We define a binary operation “∗” on R by

x ∗ y := Ax2 +Bxy + Cy2 +Dx+ Ey + F(2.1)

for all x, y ∈ R, where A,B,C,D,E, F ∈ R. We call such a groupoid (R, ∗) a
quadratic algebra [3–5,9, 10] over reals.

We may define several binary operations on R by, e.g., x ∗1 y := x2 + xy − y2 −
3x+ 2y + 1, x ∗2 y := 2x2 + 3xy − 5y2, x ∗3 y := 2x+ 3y − 4, x ∗4 y := x+ y, · · · . All
(R, ∗i) are examples of quadratic algebras.

Especially, if A = B = C = 0 in (2.1), then

x ∗ y = Dx+ Ey + F.(2.2)

We call such an algebra (R, ∗) a linear groupoid [11,12] over reals. If D = E = 1 and
F = 0 in (2.2), then x ∗ y = x+ y for all x, y ∈ R, which is an example of an additive
group of real numbers.

As always it becomes a question of interest to attempt to determine all quadratic
algebras which are groups. We begin by a stepwise procedure.

Let (X, ⋆) be an algebra (or a groupoid) and let e ∈ X. e is said to be a right
identity if x ⋆ e = x for all x ∈ X; a left identity if e ⋆ x = x for all x ∈ X; an identity
if it is both a left identity and a right identity.

3. Main results

In this section, we discuss left and right identity and the inverse axioms on quadratic
algebras over reals, and linear groupoids over reals.

Theorem 3.1 Let (R, ∗) be a quadratic algebra over reals. If (R, ∗) has an identity
e, then there exists B ∈ R such that

x ∗ y = Bxy + (1−Be)(x+ y − e)(3.1)

for all x, y ∈ R.
Proof. Let (R, ∗) be a quadratic algebra over reals with an identity e. Then

x = x ∗ e = Ax2 +Bex+ Ce2 +Dx+ Ee+ F for all x ∈ R. It follows that

(3.2) A = 0, Be+D − 1 = 0, Ce2 + Ee+ F = 0.

Since e ∗ x = x for all x ∈ R, we have x = Ae2 + Bex + Cx2 +De + Ex + F for all
x ∈ R. It follows that

(3.3) C = 0, Be+ E − 1 = 0, Ae2 +De+ F = 0.
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From (3.2) and (3.3), we obtain A = C = 0, D = E = 1−Be and F = −De. Hence

x ∗ y = Bxy +Dx+Dy −De

= Bxy + (1−Be)(x+ y − e),

proving the theorem.
Corollary 3.2. If B = 0 in Theorem 3.1, then x ∗ y = x+ y − e and the identity

e can be chosen arbitrary in R.
Corollary 3.3. If 1−Be = 0 in Theorem 3.1, then x ∗ y = 1

e
xy.

Proof. If 1−Be = 0, then e ̸= 0, and hence x ∗ y = Bxy = 1
e
xy.

A quadratic algebra (R, ∗) is said to be proper if it is not a linear groupoid over
reals. An algebra (groupoid) (X, ⋆) is said to have an inverse axiom if for any x ∈ X,
there exists x̂ ∈ X such that x ⋆ x̂ = x̂ ⋆ x = e where e is an identity of (X, ⋆).

Theorem 3.4. Let (R, ∗) be a quadratic algebra with identity e. If (R, ∗) has the
inverse axiom, then it is a linear groupoid .

Proof. Let (R, ∗) be a quadratic algebra with identity e. Then, by Theorem 3.1,
there exists B ∈ R such that x ∗ y = Bxy + (1 − Be)(x + y − e) for all x, y ∈ R. If
B = 0, then x ∗ y = x+ y− e. Given x ∈ X, if x̂ is an inverse of x, then x ∗ x̂ = e. It
follows that x+ x̂− e = e, i.e., x̂ = 2e− x is an inverse of x.

Assume B ̸= 0. Then (R, ∗) is a proper quadratic algebra. If 1 − Be = 0, then
x∗y = Bxy for all x, y ∈ R. If we assume x̂ is an inverse of x, then x∗x̂ = e. It follows
that Bxx̂ = e for all x ∈ R. If we take x := 0, then e = 0 and hence 0 = 1−Be = 1,
a contradiction.

Assume 1−Be ̸= 0. Let x̂ be an inverse of x. Then e = x∗ x̂ = Bxx̂+(1−Be)(x+
x̂− e) = [Bx+ 1−Be]x̂− (1−Be)e. It follows that

(3.4) [Bx+ 1−Be]x̂ = (2−Be)e.

If we take x := e − 1
B
, then Bx + 1 − Be = 0, i.e., the left side of (3.4) becomes

a zero, and hence the right side of (3.4) should be zero, i.e., (2 − Be)e = 0. If
e = 0, then x = e− 1

B
= − 1

B
. If x̂ is an inverse of x = − 1

B
, then 0 = e = (− 1

B
) ∗ x̂ =

B(− 1
B
)x̂−(1−B0)(− 1

B
+ x̂−0) = −x̂+ 1

B
+ x̂ = 1

B
, which is a contradiction. If e = 2

B
,

then x = e− 1
B
= 1

B
. It follows that 2

B
= x∗x̂ = 1

B
∗x̂ = B( 1

B
)x̂+(1−B 2

B
)( 1

B
+x̂− 2

B
) =

x̂− (x̂− 1
B
) = 1

B
, a contradiction. This proves the theorem.

Remark. As we have seen in Theorem 3.4, if a quadratic algebra (R, ∗) with identity
e has the inverse axiom, then it should be a linear groupoid. Hence there exists no
proper quadratic algebra (R, ∗) having an identity and the inverse axiom. We discuss
the associative laws as follows: Let (R, ∗) be a quadratic algebra with identity e. By
Theorem 3.1, there exists B ∈ R such that x ∗ y = Bxy + (1−Be)(x+ y − e) for all
x, y ∈ R. Given x, y, z ∈ R, we have

(x ∗ y) ∗ z = B(x ∗ y)z + (1−Be)(x ∗ y + z − e)

= Bz[Bxy + (1−Be)(x+ y − e)]

+(1−Be)([Bxy + (1−Be)(x+ y − e)] + z − e)

= B2xyz +B(1−Be)(x+ y − e)z +B(1−Be)xy

+(1−Be)2(x+ y − e) + (1−Be)z − e(1−Be)

= B2xyz +B(1−Be)(xy + yz + xz − ez)

+(1−Be)2(x+ y − e) + (1−Be)z − e(1−Be)
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and

x ∗ (y ∗ z) = Bx(y ∗ z) + (1−Be)(x+ y ∗ z − e)

= Bx[Byz + (1−Be)(y + z − e)]

+(1−Be)[x+Byz + (1−Be)(y + z − e)− e]

= B2xyz +B(1−Be)(xy + xz − ex) + (1−Be)x

+B(1−Be)yz + (1−Be)2(y + z − e)− e(1−Be)

= B2xyz +B(1−Be)(xy + yz + xz − ex)

+(1−Be)x+ (1−Be)2(y + z − e)− e(1−Be).

If we let x := 1, y := 2, z := 3 in (x ∗ y) ∗ z and x ∗ (y ∗ z), then

(1 ∗ 2) ∗ 3 = 6B2 +B(1−Be)(11− 3e) + (1−Be)2(3− e) + (3− e)(1−Be)

and

1 ∗ (2 ∗ 3) = 6B2 +B(1−Be)(11− e) + (1−Be)2(5− e) + (1− e)(1−Be).

Hence (R, ∗) does not satisfy the associative law. We summarize:

Theorem 3.5. Let (R, ∗) be a quadratic algebra with identity e, where x ∗ y :=
Bxy+(1−Be)(x+ y− e) for all x, y ∈ R. If (R, ∗) is a semigroup, then either B = 0
or 1−Be = 0.

Corollary 3.6. Let (R, ∗) be a quadratic algebra with identity e, where x∗y := 1
e
xy

for all x, y ∈ R. Then (R, ∗) is a semigroup, but it has no the inverse axiom.

Proof. Given x, y, z ∈ R, we have (x ∗ y) ∗ z = 1
e
(x ∗ y)z = 1

e
(1
e
xy)z = 1

e2
xyz =

1
e
x(1

e
yz) = x ∗ (y ∗ z), proving that (R, ∗) is a semigroup. Since (R, ∗) is a quadratic

algebra, by Theorem 3.4, it has no inverse axiom.

Corollary 3.7. Let (R, ∗) be a linear groupoid with identity e, where x ∗ y :=
x+ y − e for all x, y ∈ R. Then (R, ∗) is a group.

Proof. Given x, y, z ∈ R, we have (x∗y)∗z = x∗y+z−e = x+y+z−2e = x∗(y∗z).
As we have seen in the proof of Theorem 3.4, every element x of R has its inverse
x̂ = 2e− x. Hence (R, ∗) is a group.

We have a question. Are these groups isomorphic as groups? The answer is affir-
mative.

Proposition 3.8. If we define x ∗ y := x + y − e1 and x ⋆ y := x + y − e2 for all
x, y ∈ R, where e1 ̸= e2, then (R, ∗) is isomorphic to (R, ⋆) as groups.

Proof. Define a map φ : (R, ∗) → (R, ⋆) by φ(x) := λ(x − e1) + e2 for all x ∈ R
where λ ̸= 0. We claim that φ is a homomorphism of groups. Given x, y ∈ R, we have
φ(x∗y) = λ(x∗y−e1)+e2 = λ(x+y−e1−e1)+e2 = [λ(x−e1)+e2]+[λ(y−e1)+e2]−e2 =
φ(x) + φ(y)− e2 = φ(x) ⋆ φ(y).

Define a map ψ : R → R by ψ(x) := 1
λ
(x − e2) + e1. Then we have (φ ◦ ψ)(x) =

φ(ψ(x)) = λ(ψ(x)− e1)+ e2 = λ[ 1
λ
(x− e2)+ e1− e1]+ e2 = x− e2+ e2 = x. Similarly,

we have ψ ◦φ = 1R. Hence φ is a bijective function. This proves the proposition.

Remark. Among quadratic algebras over reals, a linear groupoid (R, ∗) of the form
x ∗ y := x+ y − e for all x, y ∈ R, e ∈ R, forms a group. By Proposition 3.8, there is
a unique linear groupoid which is a group up to an isomorphism. Hence there is no
proper quadratic algebras over reals which are groups.
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4. Conclusion

In this paper, we discussed on linear groupoids and quadratic algebras over reals.
We found that there is a unique linear algebra over reals which is a group up to an
isomorphism. Hence there is no proper quadratic algebras over reals which are groups.
Moreover, if B ̸= 0 and 1 − Be ̸= 0, then the quadratic algebras (R, ∗) over reals,
where x ∗ y := Bxy + (1−Be)(x+ y − e) for all x, y ∈ R, has an identity e, and has
no inverse axiom. Moreover, it does not satisfy the associative law. This shows that
we found a good example of a “monad” which is neither a semigroup nor a group. It
may helpful to provide suitable examples in the study of general algebraic structures.
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