Korean J. Math. 34 (2026), No. 3, pp. 371-392
https://dx.doi.org/10.11568 /kjm.2026.34.3.371

REGULARITY OF CERTAIN SANDWICH SEMIGROUPS OF
LINEAR TRANSFORMATIONS DEFINED BY THE NOTION OF
CHARACTER

PICHANAN TANG-ON anD JITTISAK RAKBUD*

ABSTRACT. In 2024, Tang-On and Rakbud introduced the concept of the character
of a partial linear transformation between vector spaces. Moreover, the authors
defined a class of sandwich semigroups of partial linear transformations, utilizing
the notion of the character. In this paper, our primary objective is to investigate
the regularity of elements in these sandwich semigroups.

1. Introduction

In this paper, the domain and range of a relation « are denoted by Dom(«) and
Ran(«), respectively. For any nonempty sets X, Y and Z, the composition of a
relation o from X into Y and a relation § from Y into Z, denoted by «o 3 (or simply
af3), is defined as follows:

aof={(zr,2) e X xZ:JyeY,(x,y) €aN(y,z2) €}

According to the definition of the composition, for any function f and an element z
of Dom( f), we denote the image of x under f by (x)f.

In semigroup theory, for any nonempty sets X and Y, a function whose domain is
a subset of X and whose range is a subset of Y is called a partial transformation from
X into Y (or simply on X if X =Y'). Note that &, regarded as a function from &
into a nonempty subset of Y, is also a partial transformation from X into Y. A partial
transformation from X into Y whose domain is exactly X is called a full transforma-
tion from X into Y (or simply on X if X =Y7). A partial or full transformation from
X into Y is commonly called a transformation from X into Y. Furthermore, in this
paper, the sets of all partial transformations and full transformations from X into Y
are denoted by P(X,Y) and T(X,Y), respectively. Notice that T'(X,Y) C P(X,Y).
In the case where X = Y, the sets P(X,Y) and T(X,Y’), which are semigroups
under composition, are simply denoted by P(X) and T'(X), respectively. For any
SCPX,Y)and a € P(Y,X)\{9},if foaoge Storall f,g €S, then S equipped
with the binary operation e, defined by f e, g = f o« o g is a semigroup, called a
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sandwich semigroup of transformations from Xinto 'Y (with the sandwich transforma-
tion o) and denoted by S,. For any f € P(X,Y) and 0 € P(Y,X),if fofo f = f,
we call f a O-idempotent transformation. It is clear that an element f of a sandwich
semigroup of transformations Sy from X into Y is an idempotent element of Sy if and
only if it is a #-idempotent transformation.

For any f € P(X,Y), A C Dom(f) and B CY, let f|a be a function from A into
Y defined by (x)f|a = (x)f for all z € A, called the restriction of f to A, and let

(A)f ={yeY :Fx e A (x,y) € f}
and
(B)f'={reX:3yeB,(z,y) € f},

which is simply denoted by (2)f~! when B = {z} for some z € Y. From the definition
of the composition, we have for all ¢ € P(X,Y), f € P(Y,Z), A C Dom(g o f) and
B C X that A C Dom(g), (A)g € Dom(f), (A)go f = ((A)g)f and (B N Dom(g o
fge f=((BNDom(g))g N Dom(f))f.

Over the past half-century, the regularity of semigroups of transformations has
been extensively studied by numerous researchers. Most of these studies have focused
on the regularity of specific semigroups, although some general investigations have
also been conducted (see [1,2,4-6]). A notable contribution in that direction was
the work of K. D. Magill Jr. and S. Subbiah [2]. In that paper, the authors carried
out a general study on the regularity of sandwich semigroups of transformations and
applied their findings to particular cases. We summarize some of their key definitions
and results below.

DEFINITION 1.1. [2, Definition 2.1] Let X and Y be nonempty sets, and let Sy be
a sandwich semigroup of transformations from X into Y. A subset A of Y is called an
S-retract of Y if there exists an idempotent element f of Sy such that A = Ran(f).

DEFINITION 1.2. [2, Definition 2.2] Let X and Y be nonempty sets, and let Sy be
a sandwich semigroup of transformations from X into Y. For any subsets A and B of
Y, we say that A is S-isomorphic to B if there exist f,g € S such that (A)fo f C B,
(B)ogC A, (Ao fob og)|A =ids and (fogofo f)|, = idp. In this situation, the
map (# o f)‘A is called an S-isomorphism from A onto B.

The following theorem is a general result established by Magill and Subbiah con-
cerning the regularity of elements of sandwich semigroups of transformations between
sets.

THEOREM 1.3. [2, Theorem 3.2] Let X and Y be nonempty sets. Also, let Sy be a
sandwich semigroup of transformations from X into Y, and let f € Sy. If f is regular,
then Ran(f) is an S-retract of Y. Moreover, the following statements are equivalent.

(1) f is regular.

(2) There exists an S-retract A of Y such that (f o f)] , 1s an S-isomorphism from
A onto Ran(f).

(3) There exists A C 'Y such that (6o f) !A is an S-isomorphism from A onto Ran(f).

In order to apply Theorem 1.3 to the sandwich semigroups P(X,Y )y and T'(X,Y )y
when 6 € T'(Y, X), for all nonempty sets X and Y, the following lemma was provided.
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LEMMA 1.4. [2, Lemma 5.1] Let X and Y be nonempty sets, and let § € T'(Y, X).
Also, let S be either P(X,Y) or T(X,Y). Then, for any A,B C Y, the function
(0o f)|A is an S-isomorphism from A onto B if and only if (6 o f)‘A is a bijective
function from A onto B and 9|  1s Injective.

By Theorem 1.3, together with Lemma 1.4, the following results were obtained.

THEOREM 1.5. [2, Theorem 5.3] Let X and Y be nonempty sets, and let 0 €
T(Y,X). Then, for any f € Sy, where S is either P(X,Y) or T(X,Y), the element f
is regular if and only 1'f9|Ran(f) is injective and (y) f~*NRan(f) # @ for ally € Ran(f).

THEOREM 1.6. [2, Theorem 5.4] Let X and Y be nonempty sets with | X| > 1 and
Y| > 1, and let 0 € T(Y, X). Then the semigroup Sy, where S is either P(X,Y) or
T(X,Y), is regular if and only if 0 is a bijective function from Y onto X.

According to Definition 1.2, we observe that for any sandwich semigroup Sy of
transformations from a set X into a set Y and any element f of S, if (0o f)’ 4 Is an

S-isomorphism from a subset A of Y onto another subset B of Y, then (6 o f)| Rt
bijective, and both 0| 4 and 9|  are injective. This observation, along with Theorem
1.3, implies that 0| Ran(f) is injective for all regular elements f of Sy.

Recall that for any nonempty set X, a family 2 = {H; : i € I} of nonempty
subsets of X such that X = J,.; H; and H; N H; = @ for all 4,5 € I with i # j, is
called a partition of X. Now, we are going to refer to the work of Sanyatit et al. [6].
In that paper, the authors defined, for any partition 5 = {H; : i € I} of a nonempty
set X and a subset A of X, the set

ind(A):={iel:HNA+# o},
called the index of A. For any nonempty sets X with a partition s = {H; : i € I}
and Y with a partition & = {K : j € J}, the following sets were defined:
Py x(X,)Y) ={feP(X,Y):VieI3jeJ (Dom(f)NH)fCKj},

Quwx(X,Y):={f € Py »(X,Y): Vi€ ind(Dom(f)), H; C Dom(f)}
and
Twy(X,Y)={feT(X,)Y):Viel3jeJ (H)f C K}
Extending the notion of the character introduced by Purisang and Rakbud [3], for

every f € Py »(X,Y), the character of f, denoted by YY), was defined as the
function from ind(Dom(f)) into J given by

¥(i, j) € md(Dom(f)) x J, (i) X' = j & (H; " Dom(f))f C K;.

It is worth noting that the notion of the character, as introduced in [3], has been
adopted and applied in several works of M. Sarkar, and S.N. Singh [7-11]. The
following results, concerning a key property of the character, were established in [6].

PRrROPOSITION 1.7. [6, Proposition 2.1] Let X, Y and Z be nonempty sets with
partitions & = {H; i€ I}, # ={K; :j € J} and 2 = {Q, : | € E}, respectively.
Also, let g € Py »(X,Y) and f € Py o(Y,Z). Then the following statements hold.

(1) go f € Py o(X,Z), in particular, go f € Qur 2(X,Z) if g € Qur.»(X,Y) and
[ €Qu oY, Z),andgof € Ty o(X,Z)ifg € Ty »(X,Y)and f € Ty o(Y, 7).
(2) X(gof) g X(g) o X(f)
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(3) X9 o x) C X if and only if (H; N Dom(g))g N Dom(f) # @ for all i €
(4) If f € Qv .2(Y,Z), then x19°5) = x(9) o x (),

Extending the sets introduced by Rakbud [4], the following sets associated with
each nonempty subset S of P(/,.J) were also defined in [6]:

QY (X Y)={f € Qua(X.Y): XV €8}
and
Tﬁ(g,)%(Xv Y)={fe€Twr»(X,Y): YW e st

Note that Q5" (X,Y) = Qr,»(X,Y), and that if S C T(I, ), then

S S
T, (X,Y)=Q% ,(X.Y),
in particular,
TS (X Y) = QG (XY) = T (X,Y),

For each element a of Q. #(Y, X) \ {@}, and for every sandwich semigroup S, () of
transformations from I into J, statement (4) of Proposition 2.1 induces a correspond—

ing sandwich semigroup of transformations from X into Y, namely Q(}‘;) (Y, X)qa. The

main objective of [6] was to investigate the regularity of elements of QS;)%(Y, X)a
with an application to Q. »(X,Y) and Py »(X,Y). This investigation was carried
out using Theorem 1.3.

Motivated by the work of Sanyatit et al. [6], Tang-On and Rakbud [12] considered
vector spaces expressed as internal direct sums of families of nonzero subspaces, in-
stead of the setting of nonempty sets with partitions as in [6]. In place of general
transformations, the authors focused on linear transformations. Based on this frame-
work, they formulated the notion of character to align naturally with the structure
and properties of vector spaces and linear mappings. Furthermore, they defined cer-
tain sets of linear transformations, analogous to those introduced in [6], using this
redefined notion of character. In this paper, we aim to investigate the algebraic prop-
erties of these sets as semigroups, with particular emphasis on the regularity of their
elements.

2. Preliminaries

In this section, we summarize and extend the results on the regularity of certain
sandwich semigroups of transformations from the index set of one family of vector
spaces into the index set of another, provided by Tang-On and Rakbud [12].

For any indexed families of vector spaces % = {U; :i € I} and ¥ ={V; : j € J},
let

Py, (1,J)={f € P(I,J):Vie Dom(f),dim(U;) < dim (Viys) } .

Py ,(1,J)={f € Py ,(I,J): f is injective} ,
and
Ty, (1,J) =Py (I, J)NT(I,J)
={feT(I,J):Vie Il dm;) < dim (Vyy;)}.
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The two sets P, ,(I,J) and T}, (I, J) were first introduced in [12]. For any indexed
families of vector spaces 7 ={U;:i €1}, # ={V;:je€ J}and 2={W,: 1 € E},
it is clear that g o f € P}, o(I, E) for all g € P}, ,(I,J) and f € P} 5(J, E).

Throughout the remainder of this section, let = {U; :i € [} and ¥ ={V; : j € J}
be indexed families of vector spaces. Also, let S be either P}, (I, J) or ﬁ;}[(f ,J)or
T% »(1,J), and suppose that S # (). Furthermore, let 7 be an element of T'(J, I') such
that foyog € Sforall f,g € §. The following results generalize Lemma 1, Theorem 2
and Theorem 3 from [12], respectively, to include the case where S = ﬁ;‘f (I, J). The
corresponding proofs follow similarly to those in [12], with only minor adjustments
required.

LEMMA 2.1. For any f € S, and A, B C J, the function (y o f)‘A is an S-
isomorphism from A onto B if and only if v|p is injective, (7y o f)‘A is a bijective
function from A onto B and

dim (U;) < dim (V((iow)*l)((vofmrl)
for all i € (B)~.

Proof. (=) Suppose that (y o f)’ 4 1s an S-isomorphism from A onto B. Then
(vof) ’A is a bijective function from A onto B and 7|B is injective. We also have that

there exists g € S such that (v o g)‘B = ((vo f)‘A)fl. Hence, for any i € (B)~, we

get
(Gl (Genl) ™ = (00l ") ves =09

which implies
-1
») )
as required.
(<) Suppose that (v o f)‘A is a bijective function from A onto B, 7’3 is injective
and

dim (U;) < dim (Vi;,) =dim | V
() (Vi) ( (@r)(eof)

dim (U;) < dim

V((i) (’Y|B>1> (e A)fl

for all i € (B)y. We will show that (yo f)|, is an S-isomorphism from A onto B. To

prove this, let
1

-1 _
9=0lp) (el
if S is either P}, ,(I,J) or ﬁ}j([, J), and let g : I — J be defined by

(i)g = {((2) (7‘3)_1> (('Y °© f)‘A)_l if i € (B)y,
(0)f otherwise,

if Siis T (I, J). Then g € S and (j)yog = (j) ((VOf)‘A) Y€ Aforall j € B,
which implies that (B)yog C A. Additionally, (i)yo foyog =1 for all i € A and
(j)yogoryo f=jforall j € B. These observations show that (yo foyog)|, =ida
and (yogo~yo f)! 5 = idp, respectively. Therefore, (y o f )‘ , is an S-isomorphism
from A onto B. O
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By Theorem 1.3, along with Lemma 2.1, the following theorem is obtained.

THEOREM 2.2. Let f € S,. Then f is regular if and only if 7y|gan(y) Is injective
and for all j € Ran(f), there exists k; € J such that (k;)~ o f = j and dim(Uy;),) <
dim (Vk].).

Proof. (=) Suppose that f is regular. Then, by Theorem 1.3, there exists A C .J
such that (yo f )} ,, is an S-isomorphism from A onto Ran(f). Moreover, by Lemma

2.1, it follows that y|ran(s) is injective, (y o f)} , is a bijective function from A onto
Ran(f) and

dim(Uy;),) < dim (%)((vofmrl)

for all j € Ran(f). For each j € Ran(f), by the bijectivity of (qof)|A : A — Ran(f),
we choose k; = (5) ((v o f)’A)_l. Then (k;)y o f = j and dim(U;),) < dim (V},) for
all j € Ran(f).

(<) Suppose that ¥|ran(s) is injective, and that for all j € Ran(f), there exists
k; € J such that (k;) vof = j and dim(Uy;),) < dim (V4,). Let A = {k; : j € Ran(f)}.
Then (yo f)‘A is a bijective function from A onto Ran(f) with (5) ((y o f)‘A)f1 =k
for all 7 € Ran(f). Thus, by Lemma 2.1, the function (y o f )‘ 4 Is an S-isomorphism
from A onto Ran(f). Therefore, by Theorem 1.3, we conclude that f is regular. [J

For all j € J, let j = {i € I : dim(U;) < dim(V})} .

THEOREM 2.3. Suppose that m > 1 for all j € J. In the case where § =
1% 4(I,J), suppose further that there exist k € J and g € T}, ,,(I,J) such that

Ran(y) C k and k ¢ (I \ Ran(vy))g. Then S, is regular if and only if v is a bijective
function from J onto I, and for all f € S and j € Ran(f), there exists i € (j)f*
such that dim (U(j)v) < dim (‘/(7;)7—1).

Proof. (=) Suppose that S, is regular. We first show that 7 is a bijective function
from J onto I. Suppose to the contrary that v is not bijective. Then we have two
cases to consider as follows.

Case 1 7 is not injective: Let v, u € J be such that v # p but (v)y = (u)7y. Fix two
elements p of 7 and ¢ of fi such that p # ¢. If S is either P}, ,(I,J) or f’}f’t%f(l, J),
and let f : {p,q} — J be defined by (p)f = v and (q)f = p. In the case where
S=Ty »,J), let f:I— Jbe defined by

v if i =p,
(@)f=qr ifi=gq
(i1)h  otherwise,

where h is a fixed element of S. Then f € S, and 7|gan(y) is not injective. Hence, by
Theorem 1.5, the function f is not regular, a contradiction.

Case 2 7 is not surjective: If S is either P, , (I, J) or 13}%([, J), let f = h|nRran~
where h is a fixed element of S. In this situation, since Dom(f) = I \ Ran~, by
Theorem 2.2, it follows that f is not regular. In the case where S =T, (I, J), let
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f I — J be defined by

. k if 1 € Ran(vy) C 75,
i =1% an(7)
(1)g otherwise.

Then f € S. Since k ¢ (I \ Ran(v))g, we get ((p)g)f~* N Ran(y) = 0, where p is a
fixed element of I \ Ran(y). Hence, by Theorem 1.5, the function f is not regular.
This also contradicts the regularity of S,,.

We have now shown that ~y is bijective. To prove the second statement, suppose
to the contrary that there exist f € S and j € Ran(f) such that dim (U(j)w) >
dim (‘/(Z'),Y—l) for all i € (j)f~!. Then, by Theorem 2.2, we immediately get that f is
not regular, which contradicts the regularity of S,,.

(<) Suppose that v is a bijective function from J onto I, and that for all f € S and
J € Ran(f), there exists i € (j)f~! such that dim (U(j)y) < dim (V(m_l). To prove
that S, is regular, let f € &,. Then, by the first assumption that v is injective, we
get that v|gan() is injective. Next, let j € Ran(f). Then, by the second assumption,
there exists 7 € (7)f~! such that dim (U(j)w> < dim (‘/(7;)771) Thus, by Theorem 2.2,
we obtain that f is regular. m

REMARK 2.4. In the case where all vector spaces U; and V; have the same dimen-
sion, we have that P}, ,(I,J) = P(I,J) and T}, ,(I,J) = T(I,J), and that J=1
for all j € J. Under this condition, it is clear that Theorem 2.2 agrees with Theorem
1.5. Moreover, if v is bijective, then the condition that for all f € S and j € Ran(f),
there exists ¢ € (j)f* such that dim (Uj),) < dim (V{;),-1), is automatically satis-
fied. Additionally, if |I| > 1 and |J| > 1, then the condition that there exist k € J and
9 € Ty (I, J) such that Ran(y) C k and k ¢ (I \ Ran(y))g, also holds. Therefore,
under these assumptions, Theorem 2.3 agrees with Theorem 1.6.

3. The character of a linear transformation

In this paper, for any vector space U and V' over the same field, a linear transforma-
tion from a subspace of U into V is called a partial linear-transformation from U into
V. Let PL(U,V) and L(U,V) denote the sets of all partial linear-transformations
and linear transformations from U into V', respectively. The set of all zero linear
transformations in PL(U, V) is denoted by Z(U,V'). The element of Z(U, V) whose
domain is {0} is denoted by e .

In [12], Tang-On and Rakbud introduced the notion of the character of a partial
linear-transformation. We now recall this concept, along with related definitions, as
presented in their work.

For any vector space U, a family % = {H; : i € I} consisting of nonzero subspaces
of U is called a direct-sum partition of U if U = ,.; H;. Analogous to the definition
introduced by Sanyatit et al. [6], for any subspace W of a vector space U, equipped
with a direct-sum partition ¢ = {H; : i € I}, let

indW)={iel:HNW#{0}},

which is called the index of W.
Now, let U and V be arbitrary vector spaces over the same field F, and let 7 =
{H;:iel} and # = {K,:j€ J} be arbitrary direct-sum partitions of U and V/,
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respectively. Analogous to the sets of transformations defined by Sanyatit et al. [6],
let

PLyw(UV)={T € PL{U,V):VieI,3j € J,(H;NnDom(T))T C K;},
PLy (U V) ={T € PLypy(UV) Vi€ LT|y oo
QL (U V) ={T € PL% (U, V) :Vi € ind(Dom(T)), H; C Dom(T') }

is injective} )

and
Ly (U V)={TeQL ,(U,V):Dom(T)=U}.
In the case where U = V|, I = J and H; = K; for all i € I, we simply denote
the sets PL s » (U, V), PL}&%(U, V), QLY (U, V) and Ly (U, V) by PL(U),
pPL*,(U), QL*,(U) and L*,(U), respectively. From the definitions of PL » (U, V),
PL% (U, V) and QL% (U, V), the following statements clearly hold.
(i) Z(U,V) C PLy (U, V).
(ii) For all T'e PL(U,V), the element T belongs to PL s » (U, V) if and only if for
all i € ind(Dom(T")) with (H; NDom(7T)) T # {0}, there exists j € J such that
(H; "Dom(T))T C K,;. ¥ T € PLyy(U,V), then T € PL%, ,(U,V) if and
only if T ADom(r) 1S Mjective for all i € ind(Dom(T)).
(iii) An element 7" of Z(U, V) belongs to PL%, (U, V) if and only if Dom(7T") = {0},
that is, T' = ew,y)- In fact, ew,v) € QLE*%“%/(U, V).
(iv) Z(U, V)N L}f,X(Uv V) =0.
For each T' € PL s _»(U,V), the character of T, denoted by x™), is a function
from a subset of I into J defined by

V(i,j5) € I x J,(i))x'") = j < ((H; " Dom(T)) T # {0} A (H; " Dom(T)) T C K)

if T ¢ Z(U, V), and x'") = & otherwise. It is evident that y*) is a well-defined
function for all T € PLy » (U, V)\ Z(U, V).
We now define, for each '€ PL(U, V), the set
ind*(Dom(T")) ={i € [ : (H;NDom(T))T # {0}}.
Then, for any T' € PL(U, V'), the following statements clearly hold:
(i) ind*(Dom(7")) C ind(Dom(T"));
(ii) If T HyDom(r) 1S Mjective for all i € ind(Dom(7)),
then ind*(Dom(7")) = ind(Dom(T"));
(iti) ¥ € P(I, J) with Dom (x™) = ind*(Dom(T)) and Ran (x'*)) C ind(Ran(T));
(iv) If T € PL%, (U, V), then Dom (x7) = ind(Dom(T));
(v) If T € QL3 (U, V), then x) € P}, ,(1,J) with dim (Ran(T") N K 1)) >
dim(H;) for all i € Dom(x™)).
Next, we study an important property of the character concerning composition.
The following lemma will serve as a useful tool in establishing this property.

LEMMA 3.1. Let U, V and W be vector spaces over the same field, with direct-sum
partitions ¢ ={H;:ie€l}, ¥ ={K;:je J} and 2 = {Q,: | € E}, respectively.
Also, let S € PL(U,V) and T € PL(V,W). Then, for all j € J, if there exists i €
ind(Dom(S o T')) such that S‘HmDom(S) is injective and (H; N Dom(S)) S C Kj, then
j € ind(Dom(T)).
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Proof. Let j € J, and suppose that there exists i € ind(Dom(SoT)) with S}HmDom(S)
injective and (H; N Dom(S)) S C K. Since ¢ € ind(Dom(S o T")), it follows that H; N
Dom(SoT") # {0}. Thus, by the injectivity of S}HmDom(S), we get (H; N Dom(SoT))S
# {0}. Since (H; N Dom(S o T))S C Dom(7") and Dom(S o7") C Dom(S), we obtain
(H;NDom(SoT))S C K;NDom(T). Hence, K; N Dom(T") # {0}. O

Analogous to Proposition 1.7, the following proposition concerning the behavior of
the character under composition was also stated in [12] without proof.

PRrOPOSITION 3.2. [12, Proposition 4] Let U, V and W be vector spaces over
the same field, with direct-sum partitions # = {H;:i € I}, # ={K;:j € J} and
2 ={Q, : | € E}, respectively. Also, let S € PLy » (U, V) andT € PLy o(V,W).
Then the following statements hold.

(1) SoT € PLy o(U W). In particular,

PL% o(UW) if S€ PL ,(U,V) and T € PL%y (V. W),
SoT € QL o(UW) ifSeQLy ,(UV) and T € QLY ,(V,W),
Ly o(UW)  ifS€ Ly (U V)and T € L7y ,(V,W).

(2) ((5T) € () 6 (D).

(3) X o xT) = x(5°T) if and only if Dom (X( ) X(T)) C Dom(x%°T), which is
also equivalent to the condition that ((H; N Dom(S5))S N Dom(7T))T # {0} for
all © € Dom (X(S) o X(T)).

(4) If T € QL% o(V, W), then x5°T) = x(5) o (@)

Proof. (1) It is straightforward to show that S oT € PL o(U W), and that
SoT € PLiy ,(U,W) if S € PL% ,(U,V) and T € PL%, ,(V,W). Next, we
show that if § € QL% , (U, V) and T € QL ,(V,W), then S o T € QL% ,(U, W).
Suppose that S € QL%, (U, V) and T € QL% 5(V,W). Then SoT € PL%, ,(U,W).
It remains to show that H; C Dom(S o T) for all i € ind(Dom(S o T)). Let i €
ind(Dom(S o T')). Then i € ind(Dom(S)). Since S € QL% ,(U,V), we get H; C
Dom(S). Moreover, there exists j € J such that (H;)S C Kj. Accordingly, by
Lemma 3.1, we have j € ind(Dom(7T)). Since T" € QL% 5(V, W), it follows that
K; C Dom(T'), which implies (H;)S € Dom(T"). Therefore, H; C Dom(S o T"), which
shows that SoT € QL%, »(U, W) as desired. Finally, it is clear that if S € L%, , (U, V)
and T € L'y ,(V,W), then So T € L’y (U, W).

(2) To see that 5T C oy et (i,1) € 7). Then {0} # (H; N Dom(S o T))
SoT C Q. Let w be a fixed nonzero element of (H; N Dom(S oT))S oT. Then,
by the linearity of S o T', there exists u € H; \ {0} such that (u,w) € S oT. Hence,
there exists v € V such that (u,v) € S and (v,w) € T. Since T is linear and w # 0,
we have v # 0. Thus, (H; N Dom(S))S # {0}. Moreover, there exists j € J such
that (H; N Dom(S))S C Kj, which implies that (i,5) € x*). Since (v,w) € T,
it follows that (K; N Dom(T))T # {0} and {0} # (K; N Dom(T))T C @;. This
shows that (j,1) € x™; hence, we conclude that (i,1) € x* o x(™). Accordingly,
A 5T) C 1 (8) 6 1D,

(3) It is evident that the necessity holds. Now, we prove the sufficiency. Sup-
pose that Dom( %) 0 x™) C Dom(x%°"). To see that x*) o x) C x5°T) let
(i,1) € X o xT). Then i € Dom (x**) o ™) C Dom(x*") = ind* (Dom(S o T))
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Furthermore, there exists j € .J such that (i,7) € ¥ and (j,1) € x™. Hence,
(H; "Dom(S))S C K; and (K; N Dom(7T))T" C Q;. Thus, (H; ﬂDom(SoT))S -
(H; N Dom(S5)) S C Kj. Since (H; " Dom(SoT))S C Dom( ), we get (H;NDom(So
T))S C K;NDom(T). Accordlngly, (H; " Dom(S o T)) SoT C (K;nDom(T))T C Q.
Finally, since i € ind* (Dom(S o T))), we obtain (i,1) € 7).

(4) Suppose that T € QL%, ,(V,W). To prove that X5 C ) o ™) it suf-
fices to show that Dom (x*¥) o x) C Dom (x*°?)). Let i € Dom (x*) o x(7).
Then there exists j € Dom(x(")) = ind(Dom(T')) such that (i,5) € x*¥. This im-
plies that {0} # (H;NDom(S))S C K; € Dom(T). Since (H; NDom(S))S #
{0}, we get H; N Dom(S) # {0}. Therefore, by the injectivity of T‘K]_, we ob-
tain ((H; N Dom(S)) S NDom(T)) T = ((H; N Dom(S)) S) T # {0}, which yields that
i € Dom (x*°7)). Accordingly, x*°7) = x5 o x(T). O

Additional properties of characters are presented below.

PROPOSITION 3.3. Let U and V' be vector spaces over the same field, with direct-
sum partitions € = {H;:1 € I} and # = {K;:j € J}, respectively. Also, let

T € PLy »(U,V), and let A be a subspace of Dom(T'). Then the following statements
hold.

(1) Tl C X(T)‘ind(A)’ which becomes equality if T € PL, ,(U,V).
(2) For any subspace B of V., if T € PL%, ,,(U,V) and (A)T C B, then (ind(A))x™
C ind(B).

Proof. (1) Let A be a subspace of Dom(T). We first show that y(4) C y () ‘ind(A).
Let (i,7) € x"l4). Then (H;NA)T # {0} and (H;NA)T C K;. These im-
ply that ¢ € ind(A) and (H;NDom(T))T C Kj, respectively. Hence, (i,7) €
XD linaca).  Therefore, we get y@14) C X(T)‘in a(a) 8s required. Now, suppose that
T € PL ,(U V). To see that xTla) = X(T)Lnd(A), let (i,7) € X(T)}ind(A)' Then
H; N A # {0}. Since T‘HmDom(T) is injective and {0} # H, N A C H; N Dom(7T),
it follows that (H; N A)T # {0}. Moreover, because (i,j) € X(T)‘ind(A)

get (H;NA)T C (H;NDom(T))T C K;. Therefore, (i,5) € x14). Consequently,
NGNS

C XD, we

ind(A)
(2) Let B be a subspace of V. Suppose that 7' € PL%, ,(U,V) and (A)T C B. To

see that (ind(A))x™) C ind(B), let i € ind(A). Then H;N A # {0} and (H; N A)T C
BN K ;). Since T‘HmDom(T) is injective and H;NA # {0}, we get (H; N A)T # {0}.
Therefore, B N K@) # {0}, which implies that (i)x") € ind(B). O

PROPOSITION 3.4. Let U and V' be vector spaces over the same field, with direct-
sum partitions # = {H;:i€ 1} and # = {K;:j € J}, respectively. Also, let
T € PLy (U, V) be such that Dom(T') = @, cinamom(ry Pom(T) N H;. Then the
following statements hold.

(1) If D) is injective, then T is injective.
(2) Ran () = ind(Ran(T)).

Proof. (1) Suppose that x(*) is injective. To see that T is injective, let u € Dom(T)\
{0}. Then there exist distinct elements iy, is, ..., i, of ind(Dom(7)) = Dom (x*),
together with an element (uy,us, ..., u,) of [[_, H;, N Dom(T) \ {0}, such that u =
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n .
> heq k. Foreach k =1,2,..., n, since T' H,, "Dom(T)

Additionally, since x*) is injective, the elements (1) x*), (i2) x (i) X are
all distinct. Moreover, for every k = 1,2,...,n, since i, € Dom(x(?)), it follows that
(H;, NDom(T)) T C Ky Since (iy) x D), (i2) X7, ..., (in) x'T) are all distinct
and (ug) T € Ky for all k =1,2,... n, we have by the directness of the sum
> jes K that (w)T =70, (u) T # 0. Therefore, T'is injective.

(2) Let j € ind(Ran(7)). Then Ran(7') N K; # {0}. Fix v € Ran(T") N K; \ {0}.
Then there exists u € Dom(T") such that v # 0 and (v)T" = v. Since Dom(7T) =
Dcindom(r)) Pom(T)NH;, there exist distinct elements iy, ia, ..., i, of ind(Dom(T')) =
Dom (™), together with an element (uy, ua, ..., u,) of [[_; Dom(T)NH;, \ {0}, such
that uw = Y up. Thus, v = (u)T = Y7, (ug) T Since (ug) T € Ky, \ {0} for
all k = 1,2,...,n and v € K}, by the directness of the sum ), ; Kj, it follows that
(i1) X7 = (i5) X = -+ - = (i) XV = j. Hence, j € Ran (x7). O

is injective, we have (uy) T # 0.
n ..

PropPOSITION 3.5. Let U, V and W be vector spaces over the same field, with
direct-sum partitions # = {H;:i €1}, # ={K;:je J} and 2 = {Q,: 1 € E},
respectively. Also, let S € PL%, (U, V) and T € PL*, ,(V,W) be such that
Dom(S) = @ieind(Dom(S)) Dom(S)N H; and Dom(T') = @jemd(Dom(T)) Dom(T)NK;. If
SoT # ey and X is injective, then Dom(SoT) = Dcind(Dom(sory) Pom(SoT)NH,.

Proof. Suppose that S o T # ey, and that %) is injective. We want to show
that Dom(S o T) = @ieDom(x<S°T)) Dom(S o T) N H;. To do this, it suffices to show
that Dom(SoT) C ZieDom(X(S°T>) Dom(SoT)NH;. Let u € Dom(SoT)\ {0}. Then
u € Dom(S) and (u)S € Dom(T). Since x®) is injective, statement (1) of Proposition
3.4 implies that S is injective. Hence, (u)S # 0. Since (u)S € Dom(T'), there exist
distinct elements ji, ja, ..., jm of Dom (X(T)), together with an element (vy,vo, ..., Vp,)
of [T, Dom(T) N K, \ {0}, such that (u)S =", v. Since u € Dom(S), there exist
distinct elements i1, 19, ..., 7,, of Dom (X(S)), together with an element (uy, ua, ..., u,) of
[T;—, Dom(S) N H;, \ {0}, such that v = >, ug. Thus, (u)S = >"7_, (ux)S. Note
that (ux) S € Ky \ {0} for all k = 1,2,...,n. Moreover, since x) is injective,
the elements (i1) x\%, (i2) X, ..., (i,) x*®) are all distinct. Hence, by the directness
of the sum ) jes Kj, we get n = m. After reordering the indices if necessary, we
may assume that j, = (i) x* and vy = (uy)S for all k = 1,2,....n. For each
k=1,2,..,n, since (iy) x*¥) = ji € Dom (x7), it follows that i, € Dom (x5°1)).
Therefore, u = >, u; € ZieDom(X(SOT)) Dom(S o T') N H;. O

We define another interesting subset of PL s (U, V) as follows: Let

QLY (U V)e =T €QLYy ,(U,V):Dom(T) = @  HipU{ewn}-

i€ind(Dom(T))

It is clear that L%, , (U, V) C QL% ,(U,V)g. The following corollary follows imme-

diately from Proposition 3.5.

COROLLARY 3.6. Let U, V and W be vector spaces over the same field, with
direct-sum partitions # = {H;:i €1}, # ={K;:je J} and 2 = {Q,: 1 € E},
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respectively. Also, let S € QL%, ,(U,V)g and T € QL% o(V,W)g. If Y9 is injec-
tive, then S oT € QL .y o(U W)E,.

4. Some sandwich semigroups of linear transformations defined by the
notion of the character

In this section and throughout the remainder of the paper, let U and V' be vector
spaces over the same field, with direct-sum partitions 5 = {H; :i € [} and & =
{K; : j € J}, respectively. For any nonempty subset S of P}, ,(I,J), let

QLJ/ /(Ua V>* = {T S QL}’%(U: V) : X(T) c S}’

QLY (U V), ={T € QLY (U V))e : X € S},
and

LY U V) ={Tely (UV): XD es}.

In particular, we denote QL5 ") (U, V)2, by QL' (U, V). Note that the first
and third sets were originally 1ntroduced by Tang-On and Rakbud [12]. Based on the
proof of Proposition 5 in that paper, we now restate the proposition in a modified
form as follows.

PROPOSITION 4.1. [12, Proposition 5] Let f € P, ,(I,J). Then there exists an
element T' of QL% ,,(U,V)g such that X" = f. Moreover, if f € T3 »(I,J), then
we can choose such a linear transformation T' from L%, ,, (U, V).

From Proposition 4.1, we have for any nonempty subset S of P, (I, .J) that the
sets QL;‘;),%(U, V)* and QL(;;{%(U, V)% are not empty. Moreover, L;?%(U, V) #£ o
when SNT%, ,(I,J) # @. Note that

QL 0.7) = Qi vy,
and that
QLY (U V) = QLY (U V), =LY, (U.V)
if S is a nonempty subset of 1%, (I, J); hence, in this situation, the set L %ﬂ (U V)

may be regarded as a special case of both QL%%(U, V)* and QL%’X(U, V)& In
particular,

. T, o (1.J) (I,) . T, o (I,J) .
Ly 0.) = L vy = rlp " wovy = ol wvys,
PROPOSITION 4.2. Let R € QL}7%(M U), and let S, ») be a sandwich semigroup of
transformations from I into J with S C P}, (I, J). Then SoRoT € QL;‘?&{X(U, V)*
for all S,T € QL;‘;{X(U V)*. Moreover, if every element ofS is injective and R €
QLY »(V,U)g with ") injective, then So Ro T € QL (U, V)5 for all S,T €

QLS (U V)5,
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Proof. Let S|T € QLS;)’%(U, V)*. Then, by statements (1) and (4) of Proposition
3.2, we have So RoT € QLE)‘;)’%(U, V)*. If every element of S is injective and
R € QLY ,(V,U)g with ") injective, then, by Corollary 3.6, we get So RoT €
QL x (U V)i forall ST € QL » (U, V). O

From now on, we fix an element R of QL% ,,(V,U) \ {ewv)}, and also fix a
sandwich semigroup of transformations S, from [ into J with & C P}, (L J).
Then, by Proposition 4.2, a sandwich semigroup of transformations from U into V,

namely (QL,(;? +(U, V)*) , is obtained. Additionally, if every element of S is injective
A, R
and R € QL% (V. U)g with Y injective, we obtain another sandwich semigroup

of transformations from U into V', namely (QL;‘? »(U, V)é) . In particular, when
: R

S = ]3;20%/([, J), we have the sandwich semigroup <@/:;a » U, V)@>
’ ’ R

5. Regularity of elements of (L(S{J/(U, V)*) and (QL(;;)%(U, V)é)

R R

Throughout this section, the vector spaces H; and K; are assumed to be finite
dimensional for all ¢ € [ and j € J. We aim to investigate the regularity of

(L;‘;{%(U, V)*)R when § C T, (I, J), and of (QL(}‘;)Y(U, V)é)R when every ele-

ment of S is injective and R € QL% ,(V,U)g with x") injective. To proceed, we
use the following lemma from Magill and Subbiah [2], restated in a form adapted to
the present setting.

LEMMA 5.1. [2, Lemma 3.1] Let Z and W be nonempty sets. For any f € P(Z, W)
and 0 € P(W, Z), the transformation f is §-idempotent if and only if (y)0 o f =y for
all y € Ran(f).

Additionally, Definition 1.1 and Definition 1.2 are also modified here to align with
our current framework.

DEFINITION 5.2. Let X and Y be nonempty sets, and let H C P(X,Y). Also,
let 0 € P(Y,X). A subset A of Y is called an (H,0)-retract of Y if there exists a
g-idempotent transformation f in S from X into Y such that A = Ran(f).

DEFINITION 5.3. Let X and Y be nonempty sets, and let H C P(X,Y). Also, let
6 € P(Y,X). For any subsets A and B of Y, we say that A is (H,0)-isomorphic to
B if there exist f,g € H such that (A)fo f C B, (B)fog C A, (Hofoﬁog)}A =1idyu
and (fogofo f)!B = idp. In this situation, the map (0 o f)}A is called an (H,0)-
isomorphism from A onto B.

The following lemmas will serve as our primary tools for the investigation.

LEMMA 5.4. Lety € P}, (I, J), and let A be a subspace of V such that dim (H;) <
dim(AN K),) for all i € Dom(y) and A = D ¢;nq
transformation and ind(A) = Ran(vy), then there exists an R-idempotent transfor-
mation T in QL% ,(U,V)g such that A = Ran(T) and X" = ~. Moreover, if
v €Ty (I, J), then such an R-idempotent transformation T' can be chosen from

(4) ANK;. Ify is a x"®-idempotent
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Proof. Suppose that 7 is a y®-idempotent transformation and ind(A) = Ran(y).
Then, by Lemma 5.1, we have (j)x) o~y = j for all j € Ran(y). Let W =
EzeDom(w) H;. Since the sum » .., H; is dlrect the sums >, p,.,) Hi is also di-
rect; hence, W = @;cpom(,) Hi- Slnce () x®y = j for all j € Ran(y), we ob-

tain for every j € Ran(y) that (j)x® € (j)y~*. First, let j € Ran(y) be ar-

bitrarily given, and let %} be a basis for A N K;. Since R’ ANK, is injective, the
set (¢}) R is a linearly independent set of H; ) with [(€) R| = [€}]. For each

i€ ()77, let BY be a fixed basis for H; 1f i # (5)x'®, and let % Lm bea
fixed basis for H; ) that contains () R. Since '%)(j)x““) contains (‘KJ)R with
€| = ]( )R[ and dim (H;) ) < dim (AN K;), we get ‘%((j))xm) = (¢;) R. For
each i € (j)y "\ {(H)x™®}, by the inequality dim(H;) < dim (AN K;), we fix an

-1
injective function fi from e%’-(] into €. Note that (R‘ %)> is a bijective function

from (€)) R = B, onto €. Let B; = Ui, 21, and let Tg" - B — V be
defined by
. £ ifie (v \{U)x"},
Téy)’%w = -1 R
i (RL@) if i = (5)x\".
Then To(j) 4 is injective for all i € (j)y~'. Additionally, Ran <Téj) 20 > =
o T

and Ran (Téj)u(j)) CEifi# (j)xP. Let =
defined by Tp| , @ = T for all 7 € Ran(). Moreover, let T be the linear extension of
Ty to W. We claim that T € QL% (U, V)g,and T is R-idempotent with A = Ran(T')
and xI) = ~. Obviously, ind(Dom(7T')) = ind(W) = Dom(y). Since T|gg;j> = Téj)’%m

is an injective function from %’fﬂ into K(;), for all j € Ran(y) and i € ()7, we

get T| . 1s an injective linear transformation form H; into K, for all i € Dom(~).
This implies that T' € PL%, (U, V) = QL% ,(U,V)g with xT) = 4. It is clear that
T e L%’%(U, V)ity €T} ,(I,J). For each j € Ran(y), since Ran <T(j) Pt > C e

for all i € (j)v'\ {(j)x'®} 20 >:<€j,wegetRan< 0_):‘@-
(J)X (7) ’
AﬂK , the set

for all j € Ran(fy). Let € = UJGRM(7 C;. Slnce A=,

% is a basis for A. From the definition of 7', we have (#)T = (UjeRan(V) %y-) T =

Ujeran(y) (Z5) T = Ujcran(y) €5 = €~ This implies that Ran(T') = A. To complete
the proof, it remains to Show that T is R-idempotent. By Lemma 5.1, we will prove
that (v)RoT = v for all v € Ran(T") = A. To this end, let v € €. Then there exists
J € Ran(v) such that v € 6. Thus,

(v)RoT = <(U)R“fj) T|(‘5j)R - <(U)R“fj> Téj)‘(‘@”j)R B (w)RL’fj) (R‘%)l -

Therefore, T' is R-idempotent as required. O

LEMMA 5.5. Let T' € QL% (U, V)g \ {ewyv)}. Then the following statements
hold.

AB;,andlet Ty : B — V be

jE€Ran(y)

jE€Ran(y
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(1) Ran(T) = @) cqpaniyny Ran(T) N K.

. () .
(2) For all j € Ran(x'"), Ran(T) N K; = Zie(j)(xm)‘l

Proof. (1) Since the sum . ; K; is direct, the sum > . ) Ran(T) N K is
also direct. To prove that Ran(T") = @D cpan( ) Ran(T) N Kj, it remains to show
that Ran(T) € >° cran(ymy Ran(T) N K;. Let uw € Dom(T) \ {0}. Since Dom(T') =
Dicind(Dom(ry) His there exist distinct elements iy, iy, ..., i, of ind(Dom(T")) = Dom(x™),
together with an element (uy, ug, ..., uy) of [[4_; Hi, \ {0}, such that u = >_7_, u. For
each k =1,2,...,n, since u, # 0 and T‘H% is injective, we get 0 # (ux) T € K;, )\ ).
Therefore, (u)T =3 p_, (ur) T € 3 can(ymy Ran(T) N Kj.

(2) Let j € Ran (x™). It is clear that Y el B(x™) 1 (H;) T C Ran(T) N K;.
To see that the reverse inclusion holds, let v € Ran(T) N K;. Then there exist
distinct elements i1, ig, ..., i, of ind(Dom(7")) = Dom (X(T)), together with an element
(uy,ug, ..., un) of T[p_; Hi, \ {0}, such that >, (ux)T = v. Note that (uz)T €
Ran(T)NK;, )y \{0} forallk = 1,2,... n. Since Ran(T") = @B ;cgan () Ran(T)NK;
and v € Kj, it follows that i, € (j) (X(T))fl for all Kk = 1,2,...,n. Hence, v €
S ey ()T 0

PROPOSITION 5.6. For any subspace A of V. and H C P}, ,(I,J), the set A

is a (QL (U, V)@,R> -retract of V if and only if there exists a x®-idempotent
transformatwn v in H such that ind(4) = Ran(y), A = @D;cgan,) A N K; and
dim (H;) < dim (AN K),) for all i € Dom(y).

(H:)T.

Proof. Let A be a subspace of V', and let H C P{;}}X(I, J).
(=) Suppose that A is a (QL;{?%(U, V)&, R) -retract of V. Then there exists an

R-idempotent transformation 7" in QLSZ,{) (U, V)% such that A = Ran(T'). By state-
ment (2) of Proposition 3.4, we get ind(A) = ind(Ran(T)) = Ran(x?)). Furthermore,
by statement (4) of Proposition 3.2, the function (7’ is a y(®-idempotent transfor-
mation in H. Moreover, by statement (1) of Lemma 5.5, we get A = Ran(T) =
@jeRan(X(T)) Ran(T) N Kj. Finally, since T' € QL%, , (U, V), we have dim (H;) <
dim (Ran(T) N K x<T)) for all i € Dom (x™).

(<) Suppose that there exists a x-idempotent transformation ~ in H such that
ind(4) = Ran(y), A = @Djcran() A N K and dim (H;) < dim (AN K),) for all
i € Dom(vy). Then, by Lemma 5.4, there exists an R-idempotent transformation 7" in
QL%?%(U, V)% such that A = Ran(7"). Therefore, Ais a (QL%?X(U, V)&, R) -retract
of V.

PROPOSITION 5.7. Let A and B be subspaces of V such that A = @4y AN K
and B = @,,q5 BN K. Also, let H C Py, ,(I1,J) and T € Q') (U, V). Then
(RoT) ’A is a (QL(;;)J/(U, V)%,R) -isomorphism from A onto B if and only if the
following conditions hold:

(i) (x"™® o X(T))‘ind(A) is an (H, x®))-isomorphism from ind(A) onto ind(B);
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(ii) (ROT)|AOK- is an isomorphism from ANK; onto BN K ;) (rer) for all j € ind(A).

Proof. (=) Suppose that (R o T)}A is a (QLS;?X(U, Ve R) -isomorphism from A

onto B. Then (A)(RoT) C B. Moreover, there exists S € QL(;?%(U, V)% such that
(B)(RoS)C A, (RoToRoS)|, =ids and (RoSoRoT)|, =idp. To get that
(x o x (M) ’ind(A) is an (H, x'®))-isomorphism from ind(A) onto ind(B), we prove the
following statements:

(a) (ind(A))x! ) o x") C ind(B);

(b) (ind(B))x™® o x%) C ind(A);

(c) (X(R) o X(T) o X( ) X(S)) ind(a) = idinaay;

(d) (X(R) o X(S) o) X(R) o X(T)) ind(B) = idind(B)-
Since (A)(RoT) C B and (B)(Ro S) C A, by statement (4) of Proposition 3.2 and
statement (2) of Proposition 3.3, we get (ind(A))x"®ox™ = (ind(A4))x#?) C ind(B)
and (ind(B))x" o x¥) = (ind(B))x#>%) C ind(A). Since (RoT o Ro S)|, = idy,
by statement (4) of Proposition 3.2 and statement (1) of Proposition 3.3, it follows
that (X(R) o X(T) o X(R) o X(S)) |jnd(A) — X((ROTOROS)‘A) — X(idA) — idind(A) Slmllarly,
since (RoSoRo T)!B = idg, we obtain (X(R) ox® oy o X(T)) ‘md( B) = idinq(B)-

Accordingly, (x" o x(™) ‘ nd(4) is an (7—[ X(R))-isomorphism from ind(A) onto ind(B)
as required. This implies that x(°D| = (x™ o X(T))|ind(A) : ind(A) — ind(B) is
bijective. Additionally, since RoT € QL% (V) and A C Dom(RoT'), we have ind(A) C

ind(Dom(R o T')) = ind"(Dom(R o T')). Thus, by the inclusion (A)(RoT) C B, we
get (ANKj) (RoT) C BN K ;) mer forall j € ind(A). Furthermore, since (ROT)‘A

is a bijective function A onto B and X(ROT)|A = (

have for each j € ind(A) that (R o T)‘KﬂA is a bijective function from A N K onto
BN K( )y (FoT) -

(<) Suppose that Condltlons ( ) and (ii) hold. Then, by condition (i), the function
(ROT)‘ind(A) = (xB oxM) |, wa(a) | nd(A) = ind(B) is bijective. It also yields that

Y o X(T))‘ind(A) is injective, we

X

there exists v € H such that (x! ) o) |md( B = (X(ROT)‘md(A)> 1- This implies that
ind(4) € Ran(y) and ((j)x"D) x® € (j)v for all j € ind(A). Let j € Ran(7)
be arbitrarily fixed. For each i € (j)y~!, let %’ be a fixed basis for H;, and let
Bi = Uie(jyy ,%’i(j). Then, by the 1nequahty dlm(HZ) < dim(K;) for all ¢ € (j)y 1,
we fix, for each i € (j)y~!, an injective function f ' from %i(j) into K;. If j ¢ ind(A),
let SJ) B; — V be sunply defined by 2 = f for all i € (j)y~'. Assume

that j € ind(A). In this case, we have ((])X(ROT)) Y € (j)y . Let & be a basis
for AN K, and let €; = (&) RoT. Then, by condition (ii), the set € is basis for

BN K(j)yror). In this case, we replace the basis %’< (R (R for H((j)X(RoT))X(R) by

another fixed one containing (¢}) R. Let & be a basis for K containing &;. Since
dim (H((j)X(RoT))X(R)> < dim (K;) and |(€,) R| = €| = |&], it follows that
K

RoT))X(R) \ ( S |‘§j/ \ 6‘3‘ .
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(¢;) R into
& \ &;. In this case, we replace the function f (7) by the one defined by

((j)X<ROT>)X(R)

Therefore, we are able to fix an injective function g; from %’EJ&)X( RoT) )y (0 \

()

(0xF) () — 9

2(7) .
%((j)x<R°T))X(R> \@)E

and
1

(4)
((j)X(ROT>)X(R)

(€))R - <R|‘5j>1 ° <(RO T”@')

Note that by condition (ii) and the injectivity of R‘ , the function f0) is
K ((j)X(ROT))X(R)

well-defined. Similar to the case when j ¢ ind(A), let S(()j ) AB; — V be defined by
Sé”‘@;; = fl-(j) for all i € (j)y~!. Now, we have, for every j € Ran(y), the function

Séj) : B; — V, as defined above. Let & = U;cpani) D5 and Z = 3 i cpany) Hj-

Hj; so, % is a basis for Z. Additionally, let Sy : & — V
be defined by Sy 2 = S(()j ) for all j € Ran(y), and let S be the linear extension
of Sy to Z. It is easy to see that S € QL » (U, V); with X = ~; thus, S €
QL(;;? +(U,V)5. Finally, we will show that S satisfies the condition for (R o T)| 4 to
be a (QLS;?%(U, V)&, R)—isomorphism from A onto B. By condition (ii) and the
assumption that A = @94y A N Kj, we immediately have A C Dom(R o T) and

j€ind
(A)RoT C B. For each j € ind(B), let k; = (j) (X(ROT) ind(A)>
for BN K; and (%j,) R C Dom(S) for all j € ind(B), we get for each j € ind(B) that
6r;, € Dom(R o S). Thus, by the assumption that B = @jeind(B) B N Kj, we obtain
B C Dom(R o S). Moreover, since

-1
. Since 6}, is a basis

-1

(#,) RoS = ((4,) R) (R|%kj>1 o (rem,, )
= (&) RoT) ((ROT)\&J_)_1 =&, CA

for all j € ind(B) and B = @ c;q5 B N K, we get (B)Ro S C A. Note that for
each j € ind(A), we have

(v)(RoTOROS){gj

()T, ) (RoS),

((wrom)|, ) R) (Rl,) o ((Rom)],) "
(&), ) ((RoT)|,) =2



388 P. Tong-On and J. Rakbud

for all v € &;. Since A = B ;¢;,q(4) AN Kj, it follows that (RoT o Ro S)|A = id4.
For each j € ind(B), we see that if k € ind(A) such that (k)x(#°?) = j, then

(W)(RoSoRoT)|, = (W)(RoS)|, ) (RoT)|,

= (@ (rl,) "o (rom)],) ) (RoT,
. ((’U) ((ROT)|£,I€>_1) (RoT)|, =v

for all v € 6j. Since B = @ciqp) B N K, we obtain (Ro So Ro T)‘B = idp.
Therefore, (R o T)}A is a (QL%?%(U, V)&, R) -isomorphism from A onto B. O

If § C Ty (I, J), then QLY (U, V)5 = L) (U, V)*. In this situation, we
deal with the semigroup (LS;) »(U, V)*)R. If every element of S is injective and
R € QLY ,,(V,U)g with Y% is injective, then the semigroup (QL;‘;{X(U, V)é)

arises in this case. From Theorem 1.3, Proposition 5.7 and Proposition 5.6, the regu-
larity of (L,(‘;)’E%/(U, V)*)R and (QL(;? »U, V)je)R can immediately be characterized

as follows.

THEOREM 5.8. Let A beeither L) (U, V)" or QLY (U, V)5, where L) (U, V)*
is considered when S C T, (I, J) and QLS;)’%(U, V)% is considered when every el-
ement of S is injective and R € QL% ,,(V,U)s with x) injective. Then, for any
T € Ag, the following statements are equivalent.

(1) T is regular.

(2) There exist a subspace A of V' and an idempotent element v of S, (r) such that
ind(A) = Ran(y), A = @jeRan(v) AN K;, dim(H;) < dim(AN K,) for all i €
Dom(y), (x! o x™) |
and (R o T)!AOK_
all j € Ran(7).

(3) There exists a subspace A of V such that A = @jeind(A) ANK;, (X(R) o X(T)) |ind(A)
is an S-isomorphism from ind(A) onto Ran (")) and (Ro T

ind(A) is an S-isomorphism from Ran(v) onto Ran(x(™)

is an isomorphism from AN K; onto Ran(T') N K ;),rer) for

)’Aij is an iso-

morphism from AN K onto Ran(T) N K ;) rer) for all j € ind(A).

6. Regularity of elements of specific sandwich semigroups of linear trans-
formations

In this section, we assume that H; and Kj are finite dimensional for all ¢ € I and
7 € J. We will apply Theorem 5.8 to investigate the regularity of the semigroups
(L (U V), and <QL%%(U, V)@>R, where R € L% ,(U,V). To this end, we
first present an auxiliary lemma, analogous to Lemma 3.10 in [6], which will serve as
a preparatory step toward establishing our main result.
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LEMMA 6.1. Let Z, Y and W be vector spaces over the same field, and let S €
PL(Z)Y) and T € PL(Y,W). Then, for any nonzero subspace B of Ran(T'), there
exists a nonzero subspace A of Dom(S) such that (S o T)|, is an isomorphism from
A onto B if and only if (v)T~' N Ran(S) # {0} for allv € B\ {0}.

Proof. Let B be a nonzero subspace of Ran(T').

(=) Suppose that there exists a nonzero subspace A of Dom(S) such that (SoT)| ,
is an isomorphism from A onto B, and let v € B\ {0}. Then there exists u € A\ {0}
such that (u)S o T = v, which yields that (u)S € (v)T~! N Ran(S). Since S‘A oT =
(So T)|A is injective, we get S’A is injective. This implies that (u)S # 0. Therefore,
(v)T~' N Ran(S) # {0}.

(<) Suppose that (v)T~'NRan(S) # {0} for all v € B\ {0}. Let & be a basis for
B. Since (v)T~' N Ran(S) # {0} for all v € %, we have for each v € £ that there
exists z, € (v)T~! such that 2, # 0 and z, € Ran(S). Thus, for each v € £, there
exists a, € Dom(S) such that a, # 0 and (a,) S = z,. Let A = ({a, : v € #}). Then
A is a subspace of Dom(S). Since ({a, : v € B}) SoT ={((a,) S)T :v € B} = A, it
follows that (A)SoT = B. Hence, (SoT)| , is a surjective function from A onto B. To
prove injective, let a € A\ {0}. Then there exist distinct elements vy, vo, ..., v, of B
and ay,aq,...,a, € F\ {0} such that a = )" | a;a,,. Thus, the linear independence
of A, we get

(@)SoT = (Zn: aiavi) SoT = Zn:ai ((a,,)S)T = Zn:aivl- # 0.

Therefore, (SoT) ‘ , is a injective. Consequently, (SoT) ‘ 4 1s an isomorphism from A
onto B. ]

For the remainder of this section, we assume that R € L%, ,(V,U). In the case
of the semigroup (@; + (U, V)@) . we further suppose that x* is injective. The
A, R

following theorem states the main result of this section.

THEOREM 6.2. Let A be either Ly (U, V) or QL (U, V)e. Then, for any
T € Ag, the element T is regular if and only if x®) ’Ran(x<T)) is injective and for each

Jj € Ran (X(T)), there exists k; € J satisfying the following conditions:
(i) (k) X ox™ = j;
(i) dim(H ;) ) < dim (Kj,);
(ili) (v)T7'N (Kyx,) R # {0} for all v € Ran(T) N K; \ {0}.

Proof. Let S be T3, ,,(I,J) or ﬁ;}x(], J)if Ais L%, (U, V) or C/ZI;O’%(U, Ve,
respectively. Also, let T € Ag.

(=) Suppose that T is regular. Then, by Theorem 5.8, there exists a subspace A
of V satisfying the following conditions:

(a) (x®) ox™D) }ind(A) is an S-isomorphism from ind(A) onto Ran (x™);

(b) (Ro T)‘Aij
J € ind(A).

is an isomorphism from A N K; onto Ran(T") N K ;),mer) for all
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is an S-isomorphism from ind(A) onto Ran (y), we have
. ind(A) —

Since (x o x™) [ 4

by Lemma 2.1 that X(R)‘Ran(x
Ran(y(?)) is bijective. We also get

vy, 18 injective and (x®) o x1)) }ind(A)

dim (H;) < dim [ K
((') (x®

-1
R) oy (T
Ran(X(T)) )((X( Jox(T))

for all i € (Ran(x™ o x(®), which is equivalent to

Aim (Hm) < dim <K<j>((x<R>OX<T>>\A)1>

for all j € Ran (X(T)). Let 5 € Ran (X(T)). Then, by the surjectivity of the function
(x") o x1)) |ind(A), there exists k; € ind(A) such that (k;)x® o xT) = j. Since

(kj)x" o X" = j and k; € ind(A), we have (j) (x® ox™)],) ' = k;. Hence,
dim (H(j)X(R)) < dim (Ky,). Additionally, since (RoT)}Akaj : ANKy, — Ran(T)NK;
is bijective, we obtain by Lemma 6.1 that (v)T*N(Ky,) R # {0} for all v € Ran(T")N
K3\ {0}.

(<) Suppose that y*

—1
ind(A))

|Ran(X(T)) is injective and for each j € Ran (X(T))7 there

exists k; € J satisfying the following conditions:
(1) (k) X" o X = j;
(i) dim(H ) m) < dim (K, );
(iii) (v)T7' N (Ky,) R # {0} for all v € Ran(T) N K; \ {0}.

Note that by statement (2) of Proposition 3.4, we have Ran (X(T)) = ind(Ran(7")),
which implies that Ran(T)NK; # {0} for all j € Ran (x). For each j € Ran (x(7),
since (0)T~' N (Ky,) R # {0} for all v € Ran(T) N K, \ {0}, by Lemma 6.1, there
exists a nonzero subspace A4; of Ky, such that (RoT)| A is an isomorphism from A;
onto Ran(T) N K. Let A = ®jERan(x(T)) Aj. Now, we show that AN Kj, = A; for all

j € Ran (x'™)). To prove this, let j € Ran (x). It is clear that A; C AN Kj,. Let
r € ANK,,;. Sincex € A= @TGR&H(X(T)) A, there exist distinct elements ji, jo, ..., Jn
of Ran (x(™), together with an element (ui,us,...,u,) of []|_, Aj, \ {0}, such that
T = Zz L W Since u; € Kk forall [ =1,2,...,n and z € Kj;, by the directness of
the sum Z c; K;, we have n =1and k;, = k Thus, z = u; € AJ, and so, we get
AN Kk = Aj as desired. Since AN Ky, = A; for all j € Ran ( ), it follows that
ind(A) = {k; : j € Ran (x7) }. Smce (k;) xB )OX( = j for all j € Ran (x™), the

function (x®) o x1)) }ind : ind(A) — Ran (x) is bijective. Since dim(H ;) x)) <

dim (K, ) and k; = () ((X<R> oxT
each j € Ran( )) that

-1
for all j € Ran (x™), we have for

ind(A))

ind(A

dim(H ;) ) < dim (K

(j)((X(R)oX(T)>
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Recall that x| Ran(x(™)) is injective. Moreover, we have shown that (xx™)

ind(A)
is a bijective function from ind(A4) onto Ran (x™) and
dim(H- (R)) S dim | K -1
(x (j)((X(R)OX(T)) ind(m)
for all j € Ran (X(T)). Therefore, by Lemma 2.1, the function (X(R) ) X(T)) |in a(4) is

an S-isomorphism from ind(A) onto Ran (X(T)). Since the followings hold:
(a) {k] ] S Ran (X(T)>} == lnd(A) and A = ®j€Ran(X(T)) A] == @jERaH<X(T)) A N

)‘A_ is an isomorphism from A; = AN K}, onto Ran(7T) N K; = Ran(T") N
K(kj)X(RoT) for all j € Ran (X(T)),

by Theorem 5.8, the linear transformation 7' is regular. O]
The following proposition provides a simple necessary condition for both semi-

groups (L%, (U, V))R and (QL; » (U, V)@> to be regular, under certain circum-

b b R

stances.

PROPOSITION 6.3. Let A be either L%, ,(U,V) or @;%(U, V). Suppose that

> 1 for all j € J. In the case where A = L%7%(U, V'), suppose further that there

i
exist k € J and g € T3 ,, (I, J) such that Ran(vy) C k and k ¢ (I\ Ran(y))g. If A is
(R

regular, then Y is bijective.

Proof. Suppose that Ag is regular. Then, by Proposition 4.1 and statement (4)
of Proposition 3.2, it follows that S, is regular, where S = T7%, ,(I,J) if A =
L5y (U, V) and 8 = Pl (1, J) if A= QL. (U, V)s. Thus, by Theorem 2.3, the

function Y9 is surjective. O

In the case where |I| > 1 and all vector spaces H; and K have the same dimension,

the bijectivity of y#? is also a sufficient condition for the semigroup é\L; (U V)g
to be regular. This is stated in the following proposition.

PROPOSITION 6.4. Suppose that |I| > 1, and that all vector spaces H; and K;
have the same dimension. Then (@;a » U, V)EB> is regular if and only if ") is
’ R

bijective.

Proof. By Proposition 6.3, it remains to show that the sufficiency holds. Suppose
that y*) is bijective. To see that Ap is regular, let T € Ag. Since x* is injective, the
injectivity of x'|gau( ) follows immediately. Next, let j € Ran(x™)) be arbitrarily
given. Then, by the injectivity of x(™), there exists a unique ¢ € I such that (i)™ = j.
Moreover, by the surjectivity of y¥, there exists k € J such that (k)x" = i.
Since all elements of .7 and ¥ have the same dimension, we have dim H (G)x® =
dim K; = dim K} and (K) R = H;. By statement (2) of Lemma 5.5, we have (H;)T =
Ran(T') N K. This implies that (v)T~' N (K}) R # {0} for all v € Ran(T) N K; \ {0}.
Therefore, by Theorem 6.2, the linear transformation 7' is regular. O
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